





v PROBLEM 9.1

Determine by direct integration the moment of inertia of the shaded area with
respect to the y axis,

’_SOLUTION
By observation y= ﬁJr Y
b e
Now di, =x*  dd=x"[(h-y)dx] 2
w12 )a ;
= X A —
[ s «
b X
Then I p = Id] y = L hix (I —-];J dx
I
4
=i lxg—jc—— or 1, mib3h <
3 4b N T2
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v PROBLEM 9.2

Determine by direct integration the moment of inertia of the shaded area
with respect to the y axis.

X
o £ =

SOLUTION

At x=g, v=da: a:ircw or k=d’
[
2
Then y:ﬂu “
x Ax.ol IR
Now dfyzxz dA = x*(ydx) i\a{:i
=x2 Logv l=atxde %
X
Ti d 2 g L s 2 2
ten I, = I I},—L a’xdx=a 5% ) M?[(Za) —{a)’]
of 1’!,x§a4 |
2
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PROBLEM 9.3

Determine by direct integration the moment of inertia of the shaded area with
respect to the y axis.

T
| SOLUTION
y= kxz 3 T
For x=a: b= ka' ’ 5
Iy i
k= -—b— i ;3 F‘{ i
a b *
WSRO ¥ P I NV
| P R
Thus: V= w%xz
a
dA = (b y)dx
2 2 2 b z
dl, =x"dAd=x"(b— y)dx=x b x” |dx
23
a b 1 1 2
f= fat, = [ b~ 2 o= —alb— 2 a [ =2
., ) '[D(r azx x 3& Sa) f 15GJ1
PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies; Inc. All rights teserved. No part of this Meanual may be displayed,

reproduced or distributed i any fornt or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitied b y MeGraw-fill for their individual course preparation. Ifvou ave a student using this Manual,
you are using it without permission.

1379




PROBLEM 9.4

Determine by direct integration the moment of inertia of the shaded
area with respect to the y axis.

SOLUTION

2
y=4h —{—%
a a
T~ |,
b 3\ b dA = yd
' ’)(wﬁ:i'zi')t ., 2
[ a A dl, = x*dd =ahx’ | = \dx
o o
3 4
al X7 x
[=an|| =~ |a
) hjﬂ P x
4 5 3 3
1, =4k e S g S I =tha 4
da  54° o 4 5 SS
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PROBLEM 9.5

Determine by direct integration the moment of inertia of the shaded

area with respect to the x axis,

SOLUTION

By observation

or

Now

Then

y=—x “
3y
v=2y Z 4
h l \-t!
dl, = y?dA = y* (xdy) L—x
b x ]
I v
oo
b4
=2
7 id
_ _ h b 3
'[.\’— jdlxm J;} "}i;y dy
\ h
=5 ly4 or I = lbh3 <
R4, :

4
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i
e wreea |

X

PROBLEM 9.6

Determine by direct integration the moment of inertia of the shaded
area with respect to the x axis.

SOLUTION

At x=a, y=a:

Then

Now

Then

3
PRIt W
dl ==y de=—|—| dx %
37473
(i}
=£de
3y
a 6 2a
fr:jdz\: 1 gpale| L1
ot x 3 2 X P
x-—wl— 6 1 -~~—--} or I_r=—1~a4 ‘
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PROBLEM 9.7

Determine by direct integration the moment of inertia of the shaded
area with respect o the x axis.

|—_SC)LUTIOM
See figure of solution of Problem 9.3.
b
e iy y:__i‘x
a
T = =
I 3 I 3 1 3 1b1 ]
5 T & T dl, = bdx =y de = —b dy — ——x°d}
I y 4 3 3 a
‘L l i af | 3 1]}3 I
= dl =] | =bh it A
1= fa, [ : o fa
_153 llbj_fim imJ_Jajﬁ
3 347 3 2
o jﬁw_l_ abaziab3 [\_:“2—‘67[)3 ‘
21 21 21 7
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v o PROBLEM 9.8

Determine by direct integration the moment of inertia of the shaded
area with respect to the x axis.

SOLUTION

See figure of solution of Problem 9.4.

. X
vy vy~ )~
a

1
dl. =~ ydx
PR

3
1 pay x|
I = J-dly =3 L [/11 +(h, *hl);} dx

4 1
1 x a
=il i+ (hy —R)— | |
12{‘ (s ‘)a] By~ by

, —hy

o« (1 - 4)M_am(h§+lzf)(h2+fel)(h2—lvl)
12{h, ~ Iy} 12 Iy, ~hy

[7) )
I, = E(hf w15 )(hy + ) 4
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v PROBLEM 9.9

{1 — kyli) . . . . . . .
LA Determine by direct integration the moment of inertia of the shaded
b arca with respect to the x axis.

y =l — k¥

l<—:¢:-

a 1
SOLUTION
Ty ar
%
At x=0,p=0: h=c(1-0) or ¢=h
At x=a,y =0 0=b(1—ka") or k=-|1/—2
o
1/2
X
Then y=b l~;f]7~_£
1 1“ 2T
Now dl, ==’y =~ bl 1- = || o
¥T3 3 a2
P, PR N .
or dl =—p 13— 3 efx
73 LR
, _ _ al | TN
Then fj,xjd/,\_:zjugb 13205435 2
312 2 sr2 ¢
:—2—453 x—ZL%—%L—EIS, or Ix.ziab“" <4
3 d”? 2a 547 YOS
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PROBLEM 9.10

Determine by direct integration the moment of inertia of the shaded area with

respect lo the x axis.

SOLUTION
Atx=a,y=b
Then

Now

Then

K—c\ l—-—dx

b=ke™ or k=-—

xia xta-1

b
y=—g" " =he
e

1 4 | JP
dl =— v de=—(be™ Y dx
P 3( )

I e
- §b3e3(.\r’a %)dx

a 3
I = J-d]. ZJ l Bl op o b a GAta1)
X X 0 3 3 3

I DL PR
_m()-mab (1-¢7)

[e

0

or

I, =0.1056ab" 4
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v PROBLEM 9.11

Determine by direct integration the moment of inertia of the shaded
area with respect to the x axis.

l‘**f(l f Dt -

SOLUTION
At x=3a, y=»h b=k(3a—a)’ _
l.f
- Ay
84
Then —vibm(x—a)3
4 8a° e
Now d]xm%ySa[r
3
1l b
=~§[é—a7(x~a)3} dx
b o
= e (x - g} dx
1536(4)( )
W b o P [1 &
Then [i=3dl =| ——(x—aYdt=——| —(x—a)"
! I ! -[ 153()aq( ) 1536a” 10( ) "
b3
153600 47" 0

or [ miab‘% 4
15

X

PROPRIETARY MATERIAL, © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manyal may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used bevond the limited
distribution to teachers and educators permitted by MeGrav-Hill for their individual cotrse preparation. [fyou are a student using this Manual,
you are using it without permission.

1387




g =ell —kx172)

y=—c{l ~kx\?)

PROBLEM 9.12

Determine by direct integration the moment of inertia of the shaded
arga with respect to the y axis.

SOLUTION

At x=0, y=h

x=a, yp=0

N

Then

b=c(1-0) or ¢=b

0=c(l-ka"™) or k=

1/2

HY
a
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Y __ PROBLEM9.13

Determine by direct integration the moment of inertia of the shaded area with
respect to the v axis.

SOLUTION
At x=a, y=5h; b= ke 4
% —-I rd&

or k=2

e

b xfa xla—1
Then y=—e" =he X

(24
Now dl, = x*dd = x*(y dx)

— x2 (bex!uuldx)

Then I, = jd]y - .[ ]“ b2t g

Now use integration by parts with

2 yin—
u=x dv=e"""dyx
d = 2xdx p = ge!
o
v xla— |
Then J xe" dy = I:x ae"" I (ae™ Y2y dx
0

(T 7, ‘-i
- 2aJ‘ xe ey
o

Using integration by parts with

xla—t
u=x dv=e"""dx

du = dx v = get!

Then I, { ~—2a[(me”" ! I (ae*’*™ ’)a’x]}

{ ZCzr[ar7 (@M l)[ :I}

=b{a’ ~20[@® ~ (&’ ~a’e )]} or I,=0264a’h 4
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y PROBLEM 9.14

Determine by direct integration the moment of inertia of the
shaded area with respect to the y axis.

e g i et i ¥
SOLUTION
At x=3a, y=b: b=k(3a—a) 4
SU— rdx
b
or ko=
8’
Then yﬁii(xma)‘% "
Ba’
2 2 2| b 3
Now dl, =x"dAd=x"(ydx)=x g—é—(xua) dx
a
= J)—{ (0 =3xa+3xa’ —a Ydx
Ba
Then I, = ja'z = j Mh S 33 —a' )
¥ ¥ P 8a3

3(1
:J{ﬁ lx(’—zax5+ia2x4—~l—a3x3
8a' | 6 5 4 3

o

b 1 ;3 s 3 1 3
:g{[g(sa)( m-ga(sa)S +Za2{3a)4 ~—3~a3(3a) }

| Xyl 3 5.3 2o 14
[6(") Sa(@)’ +=a(@) 3a(a)]}

or 1,=343q’h <«
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y PROBLEM 9.15

Determine the moment of inertia and the radius of gyration of
the shaded area shown with respect to the x axis.

X
SOLUTION
Al x=a, y =y =k » b=ma or m:!i B /L{.
a
o
; b 2L
Vi b=ka’ or k=— T
a \L1z S
Then ¥ = -l—)~x
a
or ¥, =
hEy Y
and V= l%wx}
J
) a4 v
01 Xy = };2-1'_3“ 113
Now dA = (x, — x))dy
| 4 3 a
“(};,7;)1 “"E}’]d}’
" oy
- - Y -
Then A——JdA-2La NWMT’;}} dy
b
3T 4 b,
= T - =—ab
{4 PR TS )
a a
Now di =y dd = y* {};ﬁ "3 % y]dy
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Then

and

PROBLEM 9.15 (Continued)

P (A 7 S
]szjna([Jlf3y bJ dy

b
- Za[imlm Pl Hiy4:|

10 13- 4" |,
3
g2t 309 1o
Y4 yab 5

or

= —ah’ 4
16
y
5
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PROBLEM 9.16

Determine the moment of inertia and the radius of gyration of the shaded
area shown with respect to the x axis.

F’SOLUTION

For

Thus,

¥ =k ) = HpX 3 52*-3&1%' T—
x=0 and p =, =b '
b=k 1’):.»’(.2a”2 1 ¥ 4 1

b b x

Ky =—5 Ity =15 — L ek

a a a
_ b o b

A ~;—5)~ Y2 =";17§"x

dAd = (y, ~ y )dx dy T4+J,

- [ b 12 b 2 R R )

A—[,[luzl w;ix dx Y 1 =3fa—\'—ﬁ

o)
A 2 b’ bg? I " I 'ff,
347 34
A:iab
3

1
di, = ;;yldx - y, Jdx

3
10 ¥y _lj_l %y

<
3 a2 3a°

p b opa Y2 b’ 6
J.l W L dx——~—- xd),
a 3q°

3 52 RN
b b (iwijab‘ ]'3%611)34

3 (3) 3457 15 2 £
kfxi\u:@ k‘:b\/E 4
4 @ tN3s
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Y PROBLEM 9.17

Determine the moment of inertia and the radius of gyration of the
shaded area shown with respect to the y axis.

<
SOLUTION
3 [J 1
At x=a, y=y=h W b=ka’ or k=- ‘-&*‘ rd“‘
o
b
Voi b=ma or m=—
o
\“h *
Then ¥ o= ﬁ;x‘]
K
b
Yo =X
a
b b
Now dd =y, = y)dx=| —x—— x| dx
a
Then 4= jdAwQJ.ﬂﬁ >c——1—~v3 dy
’ o al\ az ) v
= 2~{){lx2 —»sz‘*] slab
al 2 4q s 2
/
Now dl, = x’dA = x* [i‘C“LA Ja’\
) a4
Then 1, = Ja’] =7 b 2(A~~Lx1jdx
A 0 o
! 1 LT _
:23 lx“wlﬁxﬁ or 1, xia:*!) <
ai 4 6 q o Y06
I, i ,
and kf, S A mla“ or  k, =9 4
YA ab 3 NG

PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Compasics, Inc. All rights reserved. Ne part of ithis Manual may be displayed,
repraduced or distribufed in any form or by any means, without the prior written permission of the publisher, or used bevond the limited
distribution to teachers and educators permitted by MeGraw-ITill for their individual course preparation. If vou are o stident using this Moanual,
you are using Hwithout permission.

1394



i PROBLEM 9.18

Determine the moment of inertia and the radius of gyration of the
shaded arca shown with respect to the y axis.

I “ 1

SOLUTION

See figure of solution on Problem 9.16.

1
A=ab dl, =xPdd=x (p, - y )

] b b b 0 b a
2 )
1, = I X 5 x' i x* dx = e j ¥y - 5 J- el
0 a a a7 do 0

a
%2 5
1

[},:%.L_%.ﬂ_z(gwwja% Iy.—_—g—aab <
N R O 5

I, 2a’b
kf,:&:v(ﬁn—h—l k,=a E |

A b ‘ 35
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Y PROBLEM 9.19

y=ns+ b Determine the moment of inertia and the radius of gyration of the
' shaded area shown with respect to the x axis,

f§=¢sin Ex
! !
a @ {
SOLUTION
»: Atx=2q, y=0: 0 =csink(2a) 4 % jrd&
dak = or k= e
2a
\ﬁ
At x=a, y=i hzcsinﬁz(a) or c=h x
2a
v,i At x=a, y=2h 2h=ma-—b
At x=2aq, yv=0: O=m(2a)+b
Solving vields m= —~2~h~, b=4h
a
Then 2 :hsinﬁx ¥y m—gﬁx+4h
2a a
i
:gi(wx+ 2a)
o
Now dAd ={y, —y])dx=[—2—ﬁ(~x%2a)*hsin£x}dx
a 2a
2a
Then A= jdA = _[ h [g(~x + 2a) —sin —E—x} elx
a 7] 2a

1 2a x|
= h{im—(wx + 2a) + Mcos%x}
a T 2a |,

= h[[m-zi’-}rl(w + 2(1)2} = ah(f w%)
/4 a T

=0.363384h
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PROBLEM 9.19 (Continued)

Find: 7, and £,

(I 1)1 24 Y ox Y
We have di, =| =y, ~—y [dx=—<i “—{(-x+2a) | ~] hsin—x | tdv
A3 3 3| a 2a
8 5 .3 T
= | e (=X + 2 -8 - X
3 [aﬁ( *+2a) 2u
2l 8 r
Then I =1dl, = | —|—=(-x+2a) ~sin’ x|
* J * -[a 3 [a‘"‘( ) 2g } *
Now sin’ @ = sin (1 — cos” @) =sin@ —sin Pcos’ &
3 p2a
Then I, i -%(—x.+2a)3—(sinfwstinﬁxcosgfwa dx
T3 e | 2a 2a 2a
3 2
m-@m —Ew(mx+2a)4+—2£cos——7~[—x—~2£cos3£x
3L & /4 2a  3m 2a |,
3
:f}w mgfih[”%ﬁ +—g—(——a+2a)4
3 n 3r) o
el
3 T
1, =0.52520ak’ or 1 =0.525¢"" o
3
and §2 =L 052520al or  k =1202h <
A 0363380k ’
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v PROBLEM 9.20

Determine the moment of inertia and the radius of gyration of the

y =iy })
shaded area shown with respect to the y axis.

17 =€ sin A\
! /3 43 = % :
SOLUTION
) - = (- — el 4
¥ Atx=2a, y=0 0 =csink(2a) K‘“”*d*
2ak=nx or k:ir— Yy
2a
. 4
Al x=a, y=h h=csin—i(a) or c=h A
2a
¥ Atx=a, y=2 2h=ma-b
At x=2a, y=0: O=m{2a)+b
Solving yiclds m:——z—ﬁ, bh=4h
a
Then Y mhsinf—x Vs :m—zﬁx+4h
2a a
x%ﬁ(mr-i-ZcI)
a
Now dA=(y, ~ p)dx 2[%(mx+ Za)—hsinﬁwx}dx
a 2a
. 2a 12 .x
Then A:Id/f:j Bl = {(—x+2a)—sin—x | dx
Il ha 2(1
2
:h[ul(wxﬂ— 2a)’ +~2~5{cos~g~x}
a T 2a |,
=h[[wgﬁj+}w(-a+2a)2:|=ah(lw—3mj
) a T

={.36338ak
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PROBLEM 9.20 (Continued)

Find: 1, and k},

f

We have dl, = A =x {[-2—& (—x+2a)—h sin«éﬁx}d‘(}
a

e}

- h[-—zu (—x” + 2ax”) ~ x” sin —ﬂ—x] dx
P 2a

Then I

2a
Idiy 2 L h[—j—(-—ﬁ +2ax?y - x* sinv;"-x} dx

7]

Now using integration by parts with

2 ., T
u=x" dv = §in - x ¢l
a

du=2xdx vm—gﬂcosix

T 2a
Then sz sin— x dly = x* (m?ﬁcosf—x —.[ ——z—qcosi{ux (2x dv)
2a i 2 ¥ 2a
T
Now let u=x dv = cos—x dx
2a
du = dx vzggsin—ﬁ—x
T 2a
Then J‘*Zsin—z—xdxm—gﬁxzcosixwkﬂﬁ X —z—ﬂsinix - gﬁsiuix dx
2a 7T 2a Fia b1 2a T 2a
[y =h —%(——ix4 +g~ax3]
al\ 4 3
5 1 2er
2a , T 8a~ . 7@ 10a’ T
| ==X o8 x4+ xsin X+ COS— X
7T 2a P 2a P 2a
9
<A L ea ¢ 2a@ap |- 2 ay +1%4
al 4 3 T e
20 1, 4 2 . 5] 84°
—hi—| —— (&) +—ala) |-—(a
a[ 4() 3 ()} Ez()
=0.613454"h or 1,=0613a"h 4

I 3
and §2 =22 L 001345aTh or  k, =1299a 4

YT AT 0.36338ak
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PROBLEM 9.21

Determine the polar moment of inertia and the polar radius of gyration
of the shaded area shown with respect to Point P.

SOLUTION
tt
A
@Ny,
e
=,
P A
We have di = YA =y [(x, — x)dv]
a 2
Then [ = 2{ J 12 (2a—a)dy + f y2(2a-())aﬁi}
2 ]
@ 2a
I 4 | 3}
=2qal—y | +2a|—
|:3 g i|€) [3 y a
- Lol 2 (a3 o3
- 2{({5({;) }+§ut(2a) (a) ]}
=10a*
Also dl, = x*dAd = x*[(y, — y, )dx]
a ., 2a 8
Then I,=2 j X (2a—a)dx + I 2 (2a—0)dx
bl o
=10a"
Now Jp =1, +1,=10a" +10a" or  J,=20a" 4
4
and ki = Ir . 20a
A (Aa)2a) - (2a)a)
= 3395;2 or  kp=1826a 4
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I— ﬁj—rf “ 7-1 PROBLEM 9.22

Determine the polar moment of inertia and the polar radius of gyration
of the shaded area shown with respect to Point P.

SOLUTION
|- e a |

2 e
| p /£,
% ki
w%-kg#%:w((ﬂﬂy)

dd = xdy = %(a + )y

1 a al 1 ool , &Y 3, 3,
A= g dd= 1 —(a+p)dy=—jay+5r| =—|a” +— |[=Zg" A==
5 J.”cz J.Gz(a V)dy 2ay 7| Z(a 5 4a 2(1 <
1 5 a 5] 1 pa 5 3
—_— = i = P e = — ¥ (j
7 Iy dA LJ Sat == L (ay” +y")dy
3 4(?
=la~%-—+—J—j— . l+~L a4:ll~a4 [‘.=ia4 <]
21 3 4 o 2\3 4 212 12
L[ va=t [ a
A ERREY N R
1 1 pa R 1|1 01 . a1 15 4
—]J:ﬁj aty)ydy=—I—{a+y)y| =—|(2a) ~a" |=—a
2T et 24‘4( el 96[( ’atl=g
i‘[‘:ia‘l 1‘],m~§~a4 <]
2 Y 32 S 16
7 5 28+15 43
From Eq. (9.4): Joy=d +] =—a*+ gt = 2 |4 J,=—a' 4
404 oL TR g ( 43 Ja TR
, Bat 43 4
o=k z;szl:i*?——mi<:2 k,=a a3 ky =0.773a 4

A da T2 - 72
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y PROBLEM 9.23

{a) Determine by direct integration the polar moment of inertia of the annular
area shown with respect to Point O. (b) Using the resull of Part o, determine
% the moment of inertia of the given area with respect to the x axis.

SOLUTION
(a) dA =2mudu

9
2 2 JIL
dly =u"dA =u"(2nudu) o
A x
= 27ru° du \K:: R,

.
Jo= [, =27 L’zﬁdu N
1
L v J iz[Réqu <
4 % ¢] 2 1

(hy TFromEq.(94). (Notebysymmetry.) [ =1,
Jo=1,+1,=21,

i =—;—J0=§—[R§MR;] I, z%[kg—fe{‘] <

PROPRIETARY MATERIAL, © 2010 The MeGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyend the limited
distribution to teachers and educators permitled by MeGraw-Hill for their individual course preparation. If you are a student using this Manual,

You are using it without permission.

1402




PROBLEM 9.24

(@) Show that the polar radius of gyration &, of the annular area shown is
approximately cqual to the mean radius R, =(R, +R,)/2 for smafl values
x of the thickness ¢= R, — R,. (b) Determine the percentage error introduced

by using R, in place of &, for the following values of ¢/R,,; 1,4, and L.

SOLUTION
(¢)  From Problem 9.23:
x
Jo =" R =R
BV Re
z 4 pd i)
e do ALE-#] ¢
o 1 _p?
A 78 -R)
kh = [RZZ + R‘z]
Thickness: 1= R, — R,
Mean radius: R, = é—(RI + Ry}
I [
Thus, Ry=R,~—t and R,=R +-—f
2 2
2 Y.
k; =1 R, vl s R, L= R, LY
2 2 2 4
For ¢ small compared to R, : & ~ K. ko =R, 4

(exact value) — (approximation vahie) 100

(6)  Percentage error =
(cxact value)

2
R gL 1_]_%(7;) -1
PE. =~ (100) =~ 100
RS +1¢
ol (i)
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reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used bevond the limited
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PROBLEM 9.24 (Continued)

NIEE
For ——=1: PE.=Y 4 (100)=—10.56% <

13”1 I+i
2
! 1+ (LY —1
For < == P.E.= ~-—f‘—(2—)~m(100) = -2.99% <
R, 2 Pa Ly
+4(3)
2
1+ (L) -1
For -L=L. P.E.=@‘_(_“l)_.-(100)=-0.125% <
n ]0 1 1 1 2
i)
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PROBLEM 9.25

Determine the polar moment of inertia and the polar radius of
gyration of the shaded area shown with respect to Point P.

SOLUTION

yi Atx=2a, pyp=2q

2a=k(2aY or k= 1

2a
¥ Atx=0, y=u a=c %
At x=2a, y=2a;
; 1
2a=a+k,(2a) or k=
da
Then -%lﬂcz “a+~1—x2
Y1 20 Y2 4a
1 2,2
= (4a” + x
4a( )
TV IR R
Now dA =y, =y = —(da” + x° )= ——x" [dx
44 2a
:—1-(44’- — x%)dx
4y
2 | | L5178
Then A= fad=2]" @ -yl = |4’ | =1
v 4y 2a 3 o 3
3 3
I3 15 1)1 2, 2 L
Now dl, = —v; —— ) |dyv=—q| —{(4a” +x ey ex
; [3y* 3y'] 3[40( N | 2a

:i[ : - (64a° + 484" +124°x" + x(’)——ts—xﬁ]dx
3| 64a Ba

= i (64a(’ +48a" 22 +124% % — 7x° Yelx

192a°

PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Tnc. All righis reserved. No part of this Manual may be displaved,
reproduced or distributed in any fornr or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitied by MeGravw-Hill for their individual course preparation. I you are a siudent using this Manual,
you are using it without perntission.

1405



PROBLEM 9.25 (Continued)

2a
Then I = J' dl, =2 jo ?(~)~;~~—f((yctc;s6 +48a*x? +12a’xt — Tx° )i
J
e s 12 55 o[
= S 6da’x+16a"x" +—a'x” —x
Oa’ 5 0
_ 12
= ,13 64a°(2a) +16a" (2a) +-—d*(2a)° - (2a)’
96 5

:—1—a4[128+128+£x32—128 L2324
96 5 15

Also di, = xdA = x* {imaz - xz)dx}
4a
21 9.0 2 174,45 147"
Then I = J-dly :ZJ wem g da” = X )y = i @ X X
’ 0 4a 2a}3 5 1,
_ b j‘ia?(gaf_.l_(gaf :"3,:2"5,4 .t m?..z_a“
2a(3 5 2 3 5] 15
Now g{,,mlr+.[y=£a4+§+%a4 or megicﬁ <
" 15 15 15
7 64 4
and k==l gl or k,=1265q 4
a5 5
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PROBLEM 9.26

Determine the polar moment of inertia and the polar radius of gyration
of the shaded arca shown with respect to Point P,

SOLUTION
The equation of the circle is 4
oyt =gt 4
H M
So that xmart -y v X

Now dd=xdy =+[r" -y dy
Then A= J-dA =32 J.r/ N :I’E_d}’
Let yv=rsint; dy=rcosfdé

l2 3 e 5
Then A :2.[ it —(rsind) rcos dO
—nl6

2 iy 72
:ZIE r¥cos’ 8d6 = 217 [€+hm 26}
--7/6 2 4

—ilo

s 4 Sinmi{
:2;-2 2 M.':L.}.umu_wi :2}‘2 £+£
2 2 4 3
=2,5274r"

Now dl = y'dAd = y* (\/}'2 —y° dy)
Then I, = JAle =2 J.‘ VA =y dy
: ' 12

Let y=rsiné; dy=rcosfdo

7l R 5 > _ 3
. # 851 T —F Feos
Then 1, ZI ) (rsin@) \[r* ~(rsin@) rcos8de
—TTl G

o [ a2
=2 Fosin” (recos@rcosHdg
—ni6

Now sin 26 = 2sin&cosd = sin® Geos” szlzsin 28
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PROBLEM 9.26 {Continued)

i 2

2
Then [ = Zr # (%sin2 Zﬁjdﬁm

—l6

f_gé’ sin4t9:|
212 %

/6

3
Also d, = %xf‘dy = %(1/;-2 ) ) dy

. I INHT
Then [ = J’df',, =2 _ﬁzg(" —y) Uy
Let y=rsind;, dy=rcosfde
12
Then 122 0 = (rsin 02 T2 cos 040
Y3

-_2 72 3 3
[j,—gj (r” cos” @yrcosfdE

—nl6
Now cos® @ = cos® (1 —sin” @) = cos” %sinz 26
gl 2
Then IJ,=~2—'[ r’4(c0329~isinz2t9]d€
3 e 4
2 (_9_+sin26’}wl(gms'm46’] "
3 2 4 ) A2 8 )],
2 4J§ 1{ 5 % sin—% 1(-% sin-ZF
3 [2 41 2 2 4 4| 2 8
2az oz w B 2 (V3
3 4 16 12 4( 2 48 320 2
ERERNE
3 4 64
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PROBLEM 9.26 (Continued)

Now =1 +1 :j:i h{{wl‘/ng_ +z,~4 £+_9J§
' Py 7 ooly 16 ) 3 |4 64

475\/5

e 2 N2 121 155454 or J,=1.155"
3 16

and 2 e 1.15545:*

p W ar ](P = 0.676x ‘
. ’a
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PROBLEM 9.27

Determine the polar moment of inertia and the polar radius of gyration
of the shaded area shown with respect to Point O.

SOLUTION

At 8=rm, R=2a:

or

Then

Now

Then

Now

Then

and

Ya = a+k(z) | 4

k ) & de
7T

Rza+3~9=a[1+2} O %
T b4
dd = (dr)(r d)
= rdr df
x pa(l4in) . (L4817
a= faa= [ |7 vdras= ¥ E;ﬂ L 40
.

2 3
A:riag 1+ 9] ap=L2|Z 1+ 2
0 2 /e 2 3 Fi8

dl, = rdd =r*(rdrd6)

Jo={d,=[ j:wmﬁdr a0

a(+8/m) 4
- J”[irﬂ do = ria‘*(uf—] d6
o | 4 0 4 T

0
51 5
oL f’-[] 3] = —ra* [HWJ (1) or Jy=Lra 4
5 i
J l.lﬂ-a‘l 93
LE e B or ky,=1.153u 4
A Izdd 70
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PROBLEM 9.28

Determine the polar moment of inertia and the polar radius of gyration of

the isosceles triangle shown with respect to Point O,

SOLUTION

By observation:

or

Now

and

Then

From above:

Now

and

B _ ho b 3
]Imj‘dlrk__z‘l.ﬁ SV
4.fi
gfiL __1_])113
h 4
_2h
Y b

dd = (h— p)dx = (h - %ﬁxJ dx
xi{(b~2x)dx
b

dl, = x"dd = x° wg(b ~2x)dx

e

VRN
\
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Now

and

PROBLEM 9.28 (Continued)

w2 h 2 _
I,= Ia’fy mQL B—.x (b 2x)dx

hi2
BV BV
B3 2

[}
) 3 4
:zfl_ b E] e m_I_[,f‘;,
b 32 282 48
Vos b
J():[x%]y:zbh +Z§b h

, Q2ant 4y
k(z) :'&:W:L(lzhl-’rbz)
4 1 b 24

or

or

Jy=

ko =

%(12h2+b2) |

N2 4 <

24
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PROBLEM 9.29*

Using the polar moment of inertia of the isosceles triangle of

Problem 9.28, show that the centroidal polar moment of inertia

of a circular area of radius r is 7+*/2. (Hint: As a circular area

is divided into an increasing number of equal circular sectors,
h what is the approximate shape of each circular sector?)

PROBLEM 9.28 Determine the polar moment of inertia and

&)

respect to Point O,

the polar radius of gyration of the isosceles triangle shown with

SOLUTION

First the circular area is divided into an increasing number of identical circular sectors. The sectors can be
approximated by isosceles triangles. For a large number of sectors the approximate dimensions of one of the
isosceles triangles are as shown.

For an isosceles triangle (see Problem 9.28):

Then with

Now

Then

b
bh o o - ¢
Jo=——(12"+b /
o 48( ) 1’ .
%
b=rAG and h=r
(A eor = —L(me)(r)[tzrz +(rA0Y |
(} Fsector 48
:ir“Aﬁ[(lzmez)]
48 0
CUO sector A O secior - 1 4 z
— LS i | st | L
d6  aio0l  A@ Aézlu{a;g’ [12+20) | n®
-
L i
2] 1 2 L,J._
(‘]())uin:lc - J.d‘]()secmr = J'U Zr4d9$1r4 [9]07? r AB
T
or (Lo deirete ””’2”"'4 <4
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PROBLEM 9.30*

Prove that the centroidal polar moment of inertia of a given area 4 cannot be smaller than 4 %27, (Hint: Compare
the moment of inertia of the given arca with the moment of inertia of a circle that has the same area and the
same centroid,)

SOLUTION

From the solution to sample Problem 9.2, the centroidal polar moment of inertia of a circular area is

Ty, =t
( [ )cu 2
The area of the circle 1s
Acir = ﬁrz
42
So that o ()] ==
’ 27T

Two methods of solution will be presented. However, both methods depend upon the observation that as a
given element of area dA is moved closer to some Point C, The value of J. will be decreased (J,. = {r2d4;
as r decreases, 5o must J.).

Solution 1

Imagine taking the area A and drawing it into a thin strip of negligible width and of sufficient kength so that its
arca is equal to 4. To minimize the value of (/) the area would have to be distributed as closely as
possible about C. This is accomplished by winding the strip into a tightly wound roll with ' as its center; any
voids in the roll would place the corresponding area farther from C than is necessary, thus increasing the value
of (J.),. (The process is analogous to rewinding a fength of tape back into a roll.) Since the shape of the rol!
is circular, with the centroid of its area at C, it follows that

AREA A A

o) z2— QED. 2|
27

where the equality applies when the original area is circular.
A
I Z\I. PRES, A

~ A E]
Py - ’Yp:*
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PROBLEM 9.30* (Continued)

Solution 2

Consider an area 4 with its centroid at Point C and a circular area of area A with its center (and centroid) at
Point C, Without loss of generality, assume that

A =4, Ay =4,
It then follows that
Vedu = el () = T () +J o (A ~ S (4]
Now observe that
JAA) =S (4)=0
Jeld)~dc(4) =0

since as a given area is moved farther away from C its polar moment of inertia with respect to C must
increase,

2
(o) g = (o) or (J.), aéi‘; QED. 4
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¥
12 mm 12 ym

i

8 mm-—=

G

24 sy

|~<— Dl vy e 2 mm’J

24

2 6 mm

PROBLEM 9.31

Determine the moment of inertia and the radius of gyration of the

shaded arca with respect to the x axis.

SOLUTION

First note that

Now

whete

Then

and

A= A+ Ay + A4
=[(24)(6) + (8)(48) + (48)(6)} mm’
== (144 + 384 + 288) mm”

=816 mm”

lx ﬁ(]r_()l + (‘{3')2 +(1,\')3

(1) = 1—%(24 mm)(6 mm)’ + (144 mm? )27 mm)°

= (432 +104,976) mm”
= 105,408 mm*

(1), :Tli(g mm)(48 mm)’ = 73,728 mm"*

() :é(48 mm)(6 mm)* + (288 mm” }(27 pm)?
= (864 +209,952) mm* = 210,816 mm"

7. = (105,408 + 73,728+ 210,816) mm"*

W

=389,952 mm"’ or I, =390x10* mm* «

or
A4 816 mm’

k =219 mm 4
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PROBLEM 9.32

Determine the moment of inertia and the radius of gyration of the
shaded area with respect to the x axis.

; iu.—v»! |-v—-

SOLUTION

First note that
A=4 -4, - 4

=[(3)(6) ~ (4)(2) - (4)()]in
=(30-8—4)in?

=18 in?
Now L= )~ —(I.)
where (1) = 135(5 in)(6 in.)’ =90 in
(1,), :}12‘(4 in)2in)y +(8in?)2 in.)’
—342 in.*
3

2

(I);= 1—%(4 in)(1in.)’ + (4 m.z)g in.]

m9l in.*
2 F). 4 .4
Then I, = 9()~—34§~-9§ in. or 1. =460in" <
I .0 in .
and k2 xwi:iﬁ'o—nl or k, =1.599in. <«
B | 18 in. '
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y PROBLEM 9.33

12 mm 12 mm

| { Determine the moment of inerfia and the radius of gyration of the

:r-

6 mm shaded area with respect to the y axis.

8 n—>| 24 yn

X
24 mm
sr.._i_::"' 6 mm
|<— 24 i e 2 mm-’ln—%—‘
SOLUTION
First note that
A=A+ 4, + 4,
=[(24%6) + (8)(48) + (48)(6)] mm*
= (144 + 384 + 288) mm” '
=816 mm”
T™
Now L=+ +(1,)s
where L. %
()= %(6 mm)(24 mm)’ = 6912 mm*
(1,), 21—15(48 mm)(8 mm)® = 2048 mm*
(1), = ]—15(6 mm)(48 mm)” = 55,296 mm*
Then 1, = (6912 + 2048 + 55,296) mm* = 64,256 mm"

or

/ . 4

Y4 816 mm’

1, =64.3x 10° mm*

k, =887 mm 4
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J _ PROBLEM 9.34

in. ——»—i I-i—.? i e 2 in.ﬂl |<—h;l)— .
T Determine the moment of inertia and the radius of gyration of the
shaded area with respect to the y axis.

10 e

SOLUTION

First note that
A= A — Ay~ A,
=[(5)(6) — (H)(2) - (#)(D]in
=(30-8-4) in?

=18 in?

Now [y = ([y)l m(]y)Z AW(I)=)3 @
where -Il |

(7,), :]—]2-(6 in)(5in) =62.5in*

(i)miamXAmf~m3m4

) =55 2 in. ) 7 in.

(1) wi4nnwnnf—slm4

PRz T T

2 1Y, 4
Then I, = 62.5—-1(}~§~5§ in. or /,=46.5in" 4
I, in 4
and kp=—t= %983% or &, =1.607 in. «
: g 111 )
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v PROBLEM 9.35

Determine the moments of inertia of the shaded area shown with respect to the x
and y axes when @ = 20 mm.

X
SOLUTION
We have 1= )+21),
where (1) = -1-15(40 mm)40 mm)’
=213.33%x10° mm*
2
(), =| 20 mmy* =220 mmy? [ 2220 om
) 8 2 3z
T 4x20 :
+22(20 mm)’ ( + 20 | mm
2 3
=527.49%10° mm"*
Then I, =[213.33+ 2(527.49)]x10" mm*
or 1 =1.268x10°mm* <
Also 1=, +20,),
where ()= 1%(40 mm)(40 mm)’ =213.33x10* mm*
(), :%(20 mm)* = 62.83x10° mm*
Then 1, =[213.33+2(62.83)}x 10" mm*

or 1, =339x10* mm® «
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Y PROBLEM 9.36

Determine the moments of inertia of the shaded area shown with
respect to the x and y axes when ¢ =20 mm.

SOLUTION
Given: Area = Square — 2(Semicircles)

For ¢ =20 mm, we have

[
I

Square: c=1, = %(60)4 =1080x10* mm"*
Semicircle O:
T 4 3 4
I, :—8—(20) = (62.83x10" mm
Lig =T, + Ad%; %(20)“ =7, +[525J(20)2 (8.488)°
T, =62.83x10° - 4527x10
I, =17.56x10" mm*
I,o=1,+ A(30-8.488)" =17.56x10° + 5;5(20)2(21 512y

7, =3083x10" mm"
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PROBLEM 9.36 (Continued)

Semicircle @: Same as semicircle @,
Entire Arca:
I, =1080x10" - 2(62.83x10")
=954.3x10" mm* I, =954x10° mm* «

I, =1080x10° - 2(308.3%10")
=463.3%10° mm* 1, =463x10° mm* <
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4 f 4 PROBLEM 9.37
For the 4000-mm?® shaded area shown, determine the distance o,
and the moment of inertia with respect to the centroidal axis
parallel to 44" knowing that the moments of inertia with respect to
AA" and BB are 12x10° mm® and 23.9x10° mm”, respectively, and
that o) =25 mm.
B B
SOLUTION
We have Lyg =1+ Ad! (1)
and Iyw =1+ Ad,
Subtracting f oy —dpp =4 (d,z —d; )
or d?, — ar2 _ ].AA’ - ]BB’
2 1 A
) 4
= (25 mm)’ (12239410 ?mm
4000 mm”~
= 3600 mm’ or d,=60.0mm
Using Eq. (1): I =12x10% mm* - (4000 mm?)(25 mm)* or 7=9.50x10° mm* <
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A 4 PROBLEM 9.38
Determine for the shaded region the area and the moment of inertia
with respect to the centroidal axis parallel to BB, knowing that
dy=25mm and d, =15 mm and that the moments of inertia with
respect to AA” and BB’ are 7.84x10°mm?* and 5.20x10° mm*,
2 5 respectively.
SOLUTION
We have e =1+ Ad} (1)
and I =T+ Ad§
Subtracting Lag~dpy =4 (dlz —d; )
o oAy Ay _ (T84~ 5.20)10° mm*
dlz wdz2 (25 mm)2 —(15 mm)*
or A= 6600 mm® o
Using Eq. () 7 =7.84x10° mm* — (6600 mm?)(25 mm)*

=3.715 x10° mm*

or 1 =3.72x10°mm* <

PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Ine. AH rights reserved. No part of this Manual may be displayed,
reproduced or disiribuied in any form or by any means, withon! the prior wrilten permission of the publisher, ar used beyond the limifed
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you ave a student using thiy Manual,
vou are using il without pernission.

1424




PROBLEM 9.39

The shaded area is equal to 50in?.l)e&igﬁneitscenﬁtﬁda]nunnenm
of inertia /. and /,, knowing that 7, =2/ and that the polar moment
of inertia of the arca about Point A4 is J, = 2250 in.*.

G in.

SOLUTION
Given: A=50in* T, =27, J,=2250in Y
) e e}
Jy=Je+ A6 in)°
(4 i X
2250 in.* = J, +(50in.2 )6 in.)? !
& fn. 1
Jp =450 in? ' - -_.is
A
jc = T‘ +I’; with 7) =2 f
450 int =T +27 I, =150.0in." <

I,=27 =300in" «

¥
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PROBLEM 9.40

The polar moments of mentia of the shaded area with respect to
Points 4, B, and D are, respectively, J, = 2880 in.", J, = 6720 in.*,
and Jp = 4560 in.*. Determine the shaded area, its centroidal moment
of inertia J,., and the distance d from C to D.

SOLUTION
See figure at solution of Problem 9.39.
Given: J,=2880 00", J,=6720in", J,=4560in"
Jy=Jo+ ACBY, 672000 =T + A(6" +d%) (1)
Jp=Je+ ACDY; 4560 in" =J,. + Ad” (2)
Eq. (1) subtracted by Eq. (2): J, —J, = 2160 in* = A4(6)" A=600in? o
Sy =de+ AACY; 2880 in* = T +(60 in2)(6 in.)’ Jo=T720in" o
Eq. (2): 4560 in.* =720 in.* + (60 in.2)d’ d=8.00in. <
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| PROBLEM 9.41

12 o

LI E . =
16y Determine the moments of inertia 1, and 1, of the area shown with

respect to centroidal axes respectively parallel and perpendicular to
side 48.

¥
18 yme;
¥ &

T2 mnf
! ('1

22 mn | e—— 72 mum

B

b<— 1 1

SOLUTION

* Vst Yard

|
}-}\ . Yo, |7

= x*
Dimensions in mm
First locate centroid C of the area.
Symmetry implies ¥ =30 mm.
A, mm® X, mm ¥4, mm*
i 10860 = 6480 54 349,920
2 —%x 7236 = -1296 46 —59,616
z 5184 290,304
Then XTA=334: X(5184 mm?)= 290,304 mm’
or X =56.0mm
Now Io=U) =),
where (1) = TEE (108 mmY60 mm)® = 1,944 %10 mm*

(1), = 2[3'6_(72 mm)(18 mm)® + (%x 72 mmx18 mm] (6 mm)z}

=2(11,664 +23,328) mm* = 69.984 x10° mm*

Then T, =(1.944 ~0.069984)x10° mm"

or I, =1.874x10°mm* <
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PROBLEM 9.41 (Continued)

Also I=0,) =),

where ()= 715(60 mm}(108 mm)* + (6480 mm? }[(56.54) mm]”

= (6,298,560 + 25,920y mm” = 6.324x10° mm*

(1), = 5%{36 mm)(72 mm)’ + (1296 mm?*)[(56 ~ 46) mm¥’
= (373,248 +129,600) mm* = 0.502x10°mm?*
Then T, =(6.324-0.502)10° mm*

or 17) =5.82x10°mm"
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12 mne 12 mm
| PROBLEM 9.42
Determine the moments of inertia :’: and 7) of the area shown with
t8 mm respect to centroidal axes respectively parallel and perpendicular to
side 4B,
22 mm
G mm—— TR l=—— G
SOLUTION
First locate C of the area;
Symmetry implies X =12 mm.
A, mm* ¥, mm vA, nm’
| 1222 =264 11 2904
1

2 5(24)(18) =216 28 6048

z 480 8952
Then YZd= TyA: Y(480 mm”) = 8952 mm*

¥ =18.65 mm
Now 7: =) +{,),
where ) = ?’5 (12 mm)(22 mm)* + (264 mm? ) (18.65 — 1 )mm}*
= 26,098 mm*

(), = %(24 mm){18 mm)® + (216 mm*)[(28 ~ 18.65) mm]’
=22,771 mm*

Then I, =(26.098 +22.77H)x10° mm*

i

or I, =489%10°mm* <«
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PROBLEM 9.42 (Continued)

Also To=()+U,),
where (I h= %(22 mm)(12 mm)* = 3168 mm*

)= 2&% (18 mm){12 mm)® + (é x18 mmx12 mm](4 mm)? }
i ]
= 5184 mm*
[(1,), is obtained by dividing 4, into /] ]

Then 7, =(3168+5184)mm* or [, =835x10'mm" <4
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PROBLEM 9.43

Determine the moments of inertia 7 and f) of the area shown with respect
to centroidal axes respectively parallel and perpendicular (o side 4B,

0.9 in. |
—>| 20, 2 . |

SOLUTION
N X .
4% K b—t-2.5m, 1 .
] ®
WIS SO I S S
First locate centroid C of the area.
A, in? X, in. ¥, in. %4, in.} VA, in}
1 5x8=40 2.5 4 100 160
~2%5 =10 1.9 4.3 -19 43
b) 30 81 117
Then XZA=3X%4: X(30in2)=81in>
or X =270in.
and YIA=L94: Y(30in2)=1171in’
or Y =3.90in.
Now L=y~
where () = "{[5(5 in)8in)’ +(40in”)[(4-3.9) in]

=(213.33+04)in.* =213.73 in*
(), = 1—15(2 in)(5 in)* + (10 inH[(4.3-3.9) in.J?

= (20,83 +1.60)=22.43 in*
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PROBLEM 9.43 (Continued)

Then I, =(213.73-22.43) in." or T =1913in* «
Also 1=()~U,),
where (1) = 1—12—(8 in)(s in)? + (40 in*Y(2.7 - 2.5)in.}

=(83.333+1.6)in.} =84.933in.*
(1), = -]];(5 in)(2in)* + (10 inH[(2.7 -1.9)in.J*
=(3.333+6.Hin.' =9.733in."

Then T, =(84.933-9.733)in.! or 1,=752in" 4
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| PROBLEM 9.44

1.0 in. . . Lo - .

_ Determine the moments of inertia 7, and [, of the area shown with
respect to centroidal axcs respectively paralle] and perpendicular to
side A48,

3.8 i
o5
al
3.6 b

SOLUTION

- r-—- [LR-3LN (43405}

{051 w.

he
11
+ hS
L—LB u—-l 0.25 M.

First locate centroid C of the area.

A,in? X, ¥, in. %A, in’? v, in’

1 3.6x0.5=1.8 1.8 0.25 3.24 0.45
2 0.5%3.8=19 0.25 2.4 0.475 4.56
3 1.3x1=1.3 0.65 4.8 0.845 6.24
)y 5.0 4.560 11.25

Then XTA=Z34: X(5in?)=4.560in

or X =0912in.

and YZA=Zyd: Y(5in*)=1125in>

or ¥ =225,
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PROBLEM 9.44 (Continued)

Now Lo= (L) + (), (1)

where (1) = 132—(3.6 in)0.5in)" +(1.8in*)(2.25-0.25in.]
= (0.0375+7.20)in.* =7.2375n."
(1), = le—(o.s in)3.8in) +(1.9in*)(2.4-2.25)in]

=(2.2863 +0.0428)in." = 2.3291in*

(I )= ;]2—(1 3in)(lin)® +(1.3in2)[(4.8-2.25m)]
= (0.1083) +8.4533)in." =8.5616in."
Then I, =(7.2375+2.3291+8.5616) in.* =18.1282 in.*
or z =18.13in." <

where ()= ;5(0.5 in)3.6in.) +(1.8in.5)(1.8-0.912)in.}*
=(1.9440 +1.4194)in.* =3.3634 in*
(), = %(3.8 in)0.5m.) +(1.9in2)[(0.912-0.25)in.T"
= ((.0396 + 0.8327) in.* = 0.8723in.*
(L) = Tlfvf(] in)(1.31in) + (1.3 )[(0.912-0.65) in.]*
=(0.1831+0.0892) in.* =0.2723in.*
Then 7, =(3.3634+0.8723+0.2723)in.* =4.5080 in."

or ]'"] =451in" <
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PROBLEM 9.45

HH e
Determine the polar moment of inertia of the area shown with

respect to (a) Point O, (b) the centroid of the area.

50 yem

|<*§UU mm—>|~—>

ahmm

—
SOLUTION

1limensions in mm SYH’IITK’!UYI A=Y

Z N\ x

M ‘/;/‘: O 25
RN

-X

e JOO ——k S0

Determination of centroid, C, of entire section.

Section Area, mm? ¥, mm yA, mm?
T 2 3

1 ZUOU) =7.854x10° 42.44 333.3x10°

2 (50)(100) = 5x10° 50 250%10°

3 (100}50) = 5x10° -25 ~125%10°

z 17.854x10° 458 3x10°

YEA=394: Y(17.854x10° mm?) = 458.3%10° mm*

Y=25.67mm X =Y =2567mm

Distance O to C: OC =2¥ =2(25.67) = 36.30 mm
(@) Section 1: J, = g(i 00)* =39.27 x10° mm”*
] 50 (100Y
Section 2: Jy = + A(ODY :4]3:(50)000)[502 +10021%(50)(100){(—2—] + (?J 1

Jy =5.208x10° +15.625%10° = 20.83%10° mm*
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PROBLEM 9.45 (Continued)

Section 3: Same as Section 2; J,=20.83x1 0° mm*
Entire section:
J, =39.27x10° +2(20.83x10°%)
=80.94%10° J, =80.9%10° mm* <«

(h)  Recall that, OC=3630mm and A=17.854x10° mm*

Jy =T + AOCY
80.94x10° mm* = 7. + (17.854x10° mm*)(36.30 mm)’

Jo =5741%10° mm* Je =574%10° mm* <
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B4 na e PROBLEM 9.46

54 mun——

Determine the polar moment of inertia of the arca shown with
respect to (o) Point (O, {(b) the centroid of the arca.

27 mirs

42

Semicilipses

SOLUTION
First locate centroid C of the figure.

Note that symmetry implies ¥ = 0.

Primensions in mm

A, mm” X, mm XA, mm”
V4 112
1 ~(84)(42) = 5541.77 — = 35.6507 | ~197,568
A
¥/ 2 56
2 (42 =2770.88 2l =17.8254 49,392
T
T 72
3 - (5927)=-229022 | —-"=-229183 52,488
i
4 T omy = 114511 30 145 ~13,122
2 T
by 4877.32 ~108,810
Then XZA=Zx4: X(4877.32 mm?) =108 810 mm"
or X =-22.3094
(@) Jo=0Ioh +(Jp)y ~ () — (54
where Uk = _785(84 mm)(42 mm)[(84 mm)* + (42 mm)’ ]

=12.21960% 10" mm*
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PROBLEM 9.46 (Continued)

(J,), = -’45(42 mm)*
= 2.44392x10° mm*

(Jo)y = %(54 mm){(27 mm)[(54 mm)2 +(27 mm)2}
= 2.08696 % 10° mm"*

o)y = %(27 mm)*

=0.41739%x10° mm*
Then g,y = (12.21960 + 2.44392 — 2.08696 - 0.41739) x 10° mm"*
=12.15917 x10° mm*
or  J,=1216x10mm" «
(b) Jo=dg+4X*
or T =12.15917x10° mm" — (4877.32 mm?)(~22.3094 mm)°

or  Jo=973x10°mm* <
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PROBLEM 9.47

Determine the polar moment of inertia of the area shown with respect to (@) Point O,
() the centroid of the area.

YR, 1%
© ““""3ill.—>-f

e ant J5 8 1P

SOLUTION
=1
y 1 C Ll \ 2n. \
e} LN LN
11 /’:a | ..51;11.; 27320
i:;%"-i-ge).%”"& *ryF o
Section Area, in? X, in. ¥4,in>
1 -’1%(4.5)2 =15.904 1.9099 30.375
T a2
2 ~Z(3) =-7.069 1.2732 ~9.00
z 8.835 21.375
Then XA=X%4: X(8.835in2)=21.375in>
X=2419in.
Then Jo=2 @5y = (3iny =120.22in J, =129.2in* «
- () - 8 0 . 8 . — . » (’| i - .

OC =2X =2(2.419in) = 3421 in,
Jo = Je + AOC):

129.22in% = J,. +(8.835 in.)(3.421in.)° J.=258in" <
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Semicircle PROBLENMN 9.48

Determine the polar moment of inertia of the area shown with respect
1o (&) Point O, (h) the centroid of the area.

SOLUTION

First locate centroid C of the figure.

ey

A,in? 7, in. ¥4, in?

1 3”2—(6)2=56.5487 8 cas46s | 144

K4
|
2 7(12)(4.5) =-27 1.5 ~40.5
¥ 29,5487 103.5
Then ¥3A=Xy4: Y(29.5487 in*)}=103.5in>
or Y =3.5027 in.
(a) Jo =0l =y,
- . _ /A s .4
where (Joh —2(6 in.)" =107.876 m.

(o) =U )y + L),

Now (), = T%(12 in)4.5in. =91.125mn*

and Uy)y = 2[{-2-(4.5 in.)(6 in.)3] =162.0 in*

[Note: (1,:), is obtained using T
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PROBLEM 9.48 (Continued)

(S5)y =(91.125+162.0) in.*

Then
=253.125in.*
Finally Jo = (1017876 -253.125) in.* = 764.751 in."
or Jy =765in" <
(b) Jo=Jp+ AY?
or Ji=764.751in —(29.5487 in.*)(3.5027 in.)*
or Jo=402in" <
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! PROBLEM 9.49

80 mun S0 mm

. Two 20-mm steel plates are welded to a rolled S section as shown.
‘ Determine the moments of inertia and the radii of gyration of the

combined section with respect 1o the centroidal x and y axes.

~8310 % 473

SOLUTION
S section: A=6010mm*
z =90.3%10°mm* - == Yo
T, =3.88%10°mm" 25
Note: A = A+ 2450 ‘ X
= 6010 mm? + 2(160 mm)(20 mm)
=12,410 mm?
Now To=(I)s+2 + Iplate
where (L Dphte = T-\',,m +Ad’
= —1-1-2-(1 60 mm)(20 mm})* + (3200 mm*)[(152.5 +10) mm]’
= 84.6067 %10 mm*
Then 7. =(90.3+ 2x84.6067)x10° mm*
=259.5134x10° mm* or T, =260x10°mm"* 4
and i ﬂL: 259.5134x10° mm* o K =144.6mm <

T Al 12410 mm?
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PROBLEM 9.49 (Continued)

Also }; = (}—y )S + 2(}; )p]are
=3.88x10° mm* + 2[;%(20 mm)(160 mm){l
=17.5333%10%mm”?
_ 7 6 4
and et 17.5333%10 rr;m
- 12,410 mm

or 7) =17.53x10°mm” «

or k, =37.6mm <
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PROBLEM 9.50

} Two channels are welded to a rolled W section as shown.

ﬁ\\l Determine the moments of inertia and the radii of gyration of the
WEx 31 combined section with respect to the centroidal x and y axes.

C8x 115

SOLUTION
W section: A=9.12in?
7. =110in 14
TJ_, =37.1in? _.wan, = F K ewmed '
4 .00 W (4.00 +0.511‘) [T
Channel: A=337in? C %
[ =131in.*
I,=325in"
Almal = AW + 2Acham
=9.12+2(3.37)=15.86in."
NO“"’ fx' = (f’;)w + 2([\’ )chun
where U Vs = };‘m. + Ad*
=130in? +(3.37in2)4.572in.)* =71.754 in?
Then T =(110+2x71.754) in.* =253.51in! T.=254in" 4

T i i |
and k‘? N S 253 51.1“0 k, =4.00in. 4
' Almal 15.861n.° ;

Also fy e (T}:)W +2(Ty)chan
=(37.142%32.5) in* =102.1in.* 1,=102.1in" 4
1 in? -
and PR , k, =2.54in. <

T Ay 15.86in2
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y PROBLEM 9.51

To form a reinforced box section, two rolled W sections and two plates
are welded together. Determine the moments of inertia and the radii of
gyration of the combined section with respect to the centroidal axes
shown,
p.
: : T
pe— 203 mm%’T
SOLUTION
W section: A= 5880 mm? 1
I, =154%10°mm* 1:* —T“"M“
I, =458x10°mm* __J 2653 e
Note: Arorar = 24y, + 2Ap,aie_ 4 C X
= 2(5880 mm?) + 2(203 mm)(6 mm) e 4
= 14,196 nun®
Now ?\- = 2([r )'W + 2(],\');1%;110
a 2 6 4 2. 203 :
where U =1+ Ad” =154x10° mm” + (5880 mmn*?) > mim
=75.9772x10° mm*
(I_x )piale = Z-p,u[u + Adz
= %(203 mm)(6 mm)® + (1218 mm? (203 +3) mm ¥’
=5L.6907 x10%mm*
Then 1, =[2(75.9772) + 2(51.6907)]x 10° mm*
=255.336x10° mm*
or 7 =255x10°mm* <
. ra 9 & 4
and . I, _ 25533610 n;m
) ‘4101111 147 196 mm
or k,=134.1mm <
-
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PROBLEM 9.51 (Continued}

also 1, =200 )y + 20 e
where ([J’ )W = IJ,

() pae = TIE (6 mm)(203 mm)* = 4.1827 x10° mm*

Then 1, =[2(45.8)+2(4.1827)]x10° mm"
=99.9654x10% mm*
or 1, =100.0x10°mm" <
_ T 0 64
and PRI :9, 9654 %107 mm

g Atolal 14, 196 mm2

or k, =83.9 mm <4
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/ PROBLEM 9.52

Two channels are welded to a ¢ x 12-in. _steel plate as shown.
: Determine the width o for which the ratio 7 /7 ., of the centroidal
ClOx 153 moments of inertia of the scction is 16.

SOLUTION
Channel: A=448in°
7, =673in?
1,=227in!
Now }; = 2(}; )C,‘ + (z-)l)laie
=2(67.3in*) +l—15(d in)(12 in)?
=(134.6 +144d)in.*
and 7) = 2(7): )(,' + (7) )pimc
where ()e =1, +Ad"”
d 2
({,)e =227 + (4.48 in? )[(5 + 0.634) in.]
= (1.1200d” +2.84032d + 4.07076) in *
_ | ‘ .
T D iare = E(I 2in)(d in) =d® int
Then I, =[2(1.1200d" +2.84032d + 4.07076) + d* | in."
=(d" +2.240d" +5.68064d +8.14152) in.*
Now f:_ =16: (134.6+144d) =16(d” +2.240d> + 5.68064d +8.14152)
p
or d* +2.240d% —3.31936d — 0,27098 = 0

Solving yields o =1.07669 in. (the other roots are negative),
d=1077in. 4
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L76x T6x 6.4

PROBLEM 9.53

Two L76 x 76 x 6.4-mm angles are welded to a €250 x 22.8
channel. Determine the moments of inertia of the combined

section with respect to centroidal axes respectively parallel and

{\ C250 % 22.8

perpendicular to the web of the channel.

SOLUTION

Angle:

Channel:

A=929 mm’ I L%mm-}
- = 6 4 2.\.2:\“
1, =1,=0512x10"mm Ca, ¥
O 3\(‘
; S

A =2890 mm” + F

— ‘ <.

7. =0.945x10°mm* Vol wam

[, =28.0x10°mm"

First locate centroid € of the section

Then
or
Now

where

Then

A, mm”* y.mm | J4, mm’

Angle 2(929)=1858 21.2 139,380.6
Channel 2890 -16.1 | 46,529
% 4748 ~7139.4

YEA=EVA4: V(4748 mm*)=-7139.4 mm’
Y =~1.50366 mm
1o=200), +()e

(1), =T+ Ad* =0.512x10° mm* +(929 mm*)[(21.2 +1.50366) mm]*
=0.990859%10° mm*

(1) =T, + Ad* =0.949x10°mm” + (2890 mm?){(16.1 - 1.50366) mm]’
=1.56472x10°mm”*

7. =[2(0.990859) +1.56472x10° mm*

or 7. =3.55x10°mm" <
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PROBLEM 9.53 (Continued)

AiSO T_y = 2( [J: )[, + ([y )(_“

where (1) =1, +Ad” =0.512x10°mm* + (929 mm>)[(127 - 21.2) mm]?
=10.9109%10° mm*
Uy o = JT}

Then 1, =[2(10.9109) +28.0}x 10° mm*

or T) =498x10°mm* <«
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b PROBLEM 9.54

Two L4 x 4 x L -in. angles are welded to a steel plate as shown.
Determine the moments of inertia of the combined section with
respect {o centroidal axes respectively parallel and perpendicular
to the plate.

SOLUTION
—etp— .87,
iBin
¢ T |$n
v v ar Juiein v x
For 4><4x%—in. angle: A=3.75in?, I, =1, =552in"
YA=X7 A4
Y(12.5in7)=33.85in"
Y =2.708 in.
Section Area, in. yin. v, in?
Plate (0.5)(10) =5 5 25
Two angles 2(3.75)=1.5 1.18 8.85
by t2.5 33.85
Y
. ' (22920
Sin. . . 1578 ine ?R 2908 b
-1, T 1 r}'_;a;" E ' )
fo—ets ™ 1 7B +0: 25 = S 3l
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PROBLEM 9.54 (Continued)

Entire section:
I =X .+ 4d*) = [1}5(05)(; 0y +(0.5)1 0)(2.292)2} +2[5.52 +(3.75)(1.528)*]
=41.667+26.266+ 1604 +17.51 1 =96.48 in.* I,=965in" 4
I, = 3—12—(1 0)(0.5)" +2[5.52 +(3.75)(1.43)* ]

=0.104+11.04+15.367 = 26.51 in.* I,=265in" «

|
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PROBLEM 9.55

The strength of the rolled W section shown is increased by welding a channel
to its upper flange. Determine the moments of inertia of the combined section
with respect to its centroidal x and y axes.

SOLUTION

W Section:

Channel:

A=14,400 mm* w4 {66 -Yeur Yram
I, =554x10% mm*

1. =633%x10° mm*

¥

A =2890 mm?

First locate centroid C of the section.

Then

or

Now

where

I, =0.945x10° mm*
7, =28.0x10° mm*
A, mm’ ¥, mm y4, mm’
W Section 14400 =231 —3326400
Channel 2890 499 144211
) 17290 ~3182189

YEA=XF A Y(17,290 mm®)=-3,182,189 mm’
Y =-184.047 mm
7,;' = ([,\')W + (I_\')C

(U )y =T, +Ad”
= 554%10°mm* + (14,400 mm?)(231 - 184.047)* mm*
= 585.75x10° mm”*

{1,)e = T,\- ~ Ad®
=0.945% 10° mm” + (2890 mm?)(49.9 +184.047)* mm*
=159.12x10°mm*
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PROBLEM 9.55 (Continued)

Then 1. =(585.75+159.12)x [0 mm*
or T, =745x10°mm* «
also _[_y = Uy)w + ('[y )L‘

= (63.3+28.0) % 10° mm*

or j’_y:91.3><10°mnrz4 2|
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v PROBLEM 9.56
I

Two L5 x 3 x L-in. angles are welded to a 1-in. steel plat

Determine the distance b and the centroidal moments of inertia I,
and / of the combined section, knowing that /[, =4/ .

0.5 . |-

—T |I Jin. 3 b 1

<

SOLUTION
Angle: A=3.75in> e [0 1A% .
I =9.43in!
1,=255in" i ! I
First locate centroid C of the section. ®
Area, in.} ¥.in. 74, in.}
Angle 2(3.75)="7.50 1.74 13.05
Plate (10%0.5)=5 -0.25 ~1.25
> 12.50 11.80
Then YEA=%54: Y(1250m2)=11.80in’
or ¥ =0.944 in.
Now T = 201, Yungie + () e
where (I e = Lo + Ad® =943 in* £(3.75 in2)[(1.74 - 0.944) in ]
=11.8061in."
U paie =1, + Ad” = —]%(10 in.)(0.51n) +(5in.2){(0.25 4 0.944) in.}’
=7.2323n."
Then 7. =[2(11.8061) + 7.2323]in.* = 30.8445 in.*
or  1.=308in" 4
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PROBLEM 9.56 {Continued)

We have T) =41 =4(30.8445in*)=123.378 in.

or Z =123.4in"* o
Now Ly =20 Dngte + 0 )i
where (7, Yungle =1, + Ad® =2.55in.* +(3.75 in>){(b ~ 0.746) in]*

)i = 1"15(0'5 in)(10in.) =41.6667 in.*

Then ' 123378 in.* = 2[2.55 +3.75(h — .746)* ) in* + 41.6667 in.*
or h=3941in
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PROBLEM 9.57

The panel shown forms the end of a trough that is filled with water
to the line 44", Referring to Section 9.2, determine the depth of the
point of application of the resultant of the hydrostatic forces acting
on the panel (the center of pressure).

SOLUTION
From Section 9.2: R = yjyd/l, M,y = yJ.deA
. . . . A A’
Let yp = distance of center of pressure from A4 . We must have k}/
2
M, YIvdhog,
Ryp =Mt yp=—it-= I = A h
R yiydd ¥4
For semicircudar panel:
; T 4 — 4r F )
Ipp=—r = A=—r
A4 ] Y Py 5
I 5 3z
yp= it 8 yo = 4
¥4 f:‘ﬁ]ﬁ?,ﬁz i
3rc)2
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PROBLEM 9.58

The panel shown forms the end of a trough that is filled with water
to the line 44". Referring to Section 9.2, determine the depth of the
point of application of the resultant of the hydrostatic forces acting
on the panel (the center of pressure).

Quarter ellipse

SOLUTION

See solution of Problem 9.57 for derivation of Eq. (1):
=8
! [ ’
' 1 A yp =24 (h
—— S ' yA
Zat
el

For guarter ellipse panel:

s 3 — 4b 4
I, o=—uab e A=—abh
M6 - “
z ab®
Loy 16 I
p o= = " mh ‘
5 (% _zr_abj e
iz 4
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PROBLEM 9.59

The panel shown forms the end of a tough that is filled with water
to the Hne A4, Referring to Section 9.2, determine the depth of the
point of application of the resultant of the hydrostatic forces acting
on the panel {the center of pressure).

SOLUTION

Using the equation developed on page 491 of the text:

- [AA'
Yp = A
Now Yd = £y
:ﬁ(flbxlz) +ih(lx2bxh]
2 3 2
= thz
3
and oo =Uoh+U ),
where
1 . 2, 4
(o) = 0)Y = bl
- 1 1 4 ¥
Io)y =1+ Ad> = 20)hY +| —x2bxh || —-h
=T 40 = o e 4]
= —1—1—b113
6
11
Then Ly :gblﬁ +bl = ibh3
3 G 2
--§--bh3
e -2
Finally, Yp = 7
bl
3

or Yp o= Eh <
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PROBLEM 9.60*

A’ . .

’ The panel shown forms the end of a trough that is filled with water
h to the line A4”. Referring to Section 9.2, determine the depth of the
| point of application of the resultant of the hydrostatic forces acting

Parabola
on the panel (the center of pressure).

SOLUTION

Using the equation developed on page 491 of the text:

_ay N
Yp 74
For a parabola: ¥ =§h A :%ah *
Now di :%(h ~ ) dx
. . o,
By observation y=—=x
a
3 ; 3
] h o 1R 5 55
So that dl o == x| dvs——(a” ~x"YVdx
M 3[ a } 34° )
L h g 4.2 2.4 6
zgﬂg(a = 3a x4+ 3ax" —x" )dx
a1 53
Then Lir=2 A %%(aﬁ ~3a*x® + 3% xt - x%)ax
[
3 I
3
=-2-%{a"x—a4x3 + 'y’ wixv}
3a 5 7T &
ﬂ%a!ﬁ
_Ea;f
Finally, Yy ::El—-(ii?
X —ah
5 3

or Vp mm;{h <4
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PROBLEM 9.61

The cover for a 0.5-m-diameter access hole in a water storage
tank is attached to the tank with four equally spaced bolts as
shown. Determine the additional force on cach bolt due {o the
water pressure when the center of the cover is located 1.4 m

below the water surface.

SOLUTION

A ¥
From Section 9.2: &

— . [AA’ 9 Q1% m
R=yyd yp=—= e
A

where R is the resultant of the hydrostatic forces acting on the cover E ®
and yp is the depth to the point of application of R. ACLESS HOLE

Recalling that ¥ = p -y, we have

R=(10" kg/m® x9.81 m/s?)(1.4 m)[7(0.25 m)’ ]

=2696.67 N
Also Lyg=1,+A4y" = %(0.25 ) +[2(0.25 my* (1.4 m)?
=(.387913 m*
4
Then vy =My 4116 m
(1.4 m)[7(0.25 m)°]

Now note that symmetry implies
Fy=Fy Fo =1
Next consider the free-body of the cover.
We have +> EM o, =00 [2(0.32 m)sin 45°](2F,)
—[0.32sin45° ~(1.41116~1.4)}m
% (2696.67 Ny=0

or F,=64092 N
Then JEF =00 2(640.92 N)+2F. —2696.67 N =0
or Fo=T70742N

F,=F,=641N <«

and F.=F,=707N 4
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PROBLEM 9.62

A vertical trapezoidal gate that is used as an automatic valve is held
shut by two springs attached to hinges located along edge AB.
Knowing that each spring exerts a couple of magnitude 1470 N - m,

1 051 m determine the depth  of water for which the gate will open,

SOLUTION

From Section 9.2:

_tss

R=yyd Yp =
yA

where R is the resultant of the hydrostatic forces acting on the gate
and yp is the depth to the point of application of B. Now

FA =T34 =[(h+0.17) m](%x 1.2 mx0.51 m] +[(h+0.34) m]{%x0.84x(}.51 mJ

Recalling that ¥ =

Also

where

={0.52024+0.124848) m"*

py, we have
R = (10° kg/m® x9.81 m/s?)(0.52024 + 0.124848) m’
=5103.162(h+0.24) N
Too =(Lgeh + Uge),
(Lo =1, + Ad”
1

= ?(m(.l 2m)0.51m)’ +(éxf 2mx0.5] m}[(h +0.17)y mp
3

=[0.0044217 + 0.306¢h + 0.17* | m*
= (0.3064° +0.104044 +0.0132651) m*

(Ugg)s =1y, + Ad”
=§1—6—(0.84 m)(0.51 my’ +(%x0.84 mx0.51 m}[(h +0.34) m]?

=[0.0030952 +0.2142(4 + 0.34)* ] m*
= (0.2142/% + 0.1456564 + 0.0278567) m*
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PROBLEM 9.62 (Continued)

Then Tog =g )s g )
= (0.5202h% +0.249696/ + 0.0411218) m*

_{0.52024" +0.244696/ +0.0411218) m”
(0.5202h +0.124848) m*

K+ 0.48k 4 0.07905 "
h+0.24

and

F

For the gate to open, require that

EMAB : Mopen = (yf’ - h)R

Substituting %MONAmm(ﬁ+04WH00ﬂM5—h}nxﬁﬂ&%ﬂh+&%ﬂN
1024

or 5103.162(0.24% + 0.07905) = 2940

or h=2.0711m

Then d=(2.0711+0.79) m

or d=28 m 4
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PROBLEM 9.63*

Determine the x coordinate of the centroid of the volume shown.
(Hint: The height y of the volume is proportional (o the x coordinate;
consider an analogy between this height and the water pressure on a
submerged surface.)

7
£

SOLUTION
B
First nofe that y=—X
d

Now % fav = IEEE,AdV

— h
where Xy =x dV =ydd= (—x}d/l

a
x{#xdA x*dAa

Then X = J ¢ ):: j -,

J.'fjdi deA (x4) 4
where (/,), and (¥,), pertain to area.

OABC: (1.}, 1s the moment of inertia of the area with respect to the z axis, X, is the x coordinate
of the centroid of the area, and A is the area of O4ABC. Then

(]z).—f = ([z).ff, + (]z )AZ

:g(b)(af +é<b)(a)3
= iasb

12
and (xA), =Xx4

S [G)e)

xgazb
3
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PROBLEM 9.63* (Continued)

5 3
12ab

Fmally, t= % azb

or

=
i1
=R R
o)
A

Analogy with hydrostatic pressure on a submerged plate:
Recalling that P = yy, it follows that the following analogies can be established.
Height y~ P

dV = ydd~ pdd =d¥F
xdV =x(ydAy ~ vdF = dM

| Jam

Recalling that P
R J.dF

It can then be concluded that X~ Yyp
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PROBLEM 9.64*

30 Determine the x coordinate of the centroid of the

39 mm x

S84 mm” H4 mm

this volume was obtained by intersecting an elliptic cylinder with
an oblique plane. (Hini: The height vy of the volume is
proportional to the x coordinate; consider an analogy between this
height and the water pressure on a submerged surface.)

volume shown;

z
SOLUTION
Following the “Hint,” it can be shown that (sec solution to Problem 9.63)
i)
X= “(~';—""lA——x
(x4},

where (7,), and (x4}, are the moment of inertia and the first moment of the area, respectively, of the

elliptical arca of the base of the volume with respect to the z axis. Then

(1), =1, +d4d’
= %(39 mm)(64 mm)® +[7(64 mm)(39 mm)}(64 mm)*

=12.7795202 %10 mm*

(xA) , = (64 mm)[ 764 mm)(39 mm)]
=0.159744 7 %10 mm’®

o 12.7795207 x10° mm”

Finally
0.1597447 < 10° mm*

or

¥=80.0mm o
|
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PROBLEM 9.65*

Show that the system of hydrostatic forces acting on a submerged plane area 4 can be reduced to a force P at
the centroid C of the area and two couples. The force P is perpendicular to the area and is of magnitude
P=yApsin @, where yis the specific weight of the liquid, and the couples are M. z(}ffx» sin 8)i and
M, :(;/_}'}V, sin §)j, where TH =[xy dA (see Section 9.8). Note that the couples are independent of the
depth at which the area is submerged.

SOLUTION
The pressure p at an arbitrary depth (ysin8) is
p=y(ysnb)
so that the hydrostatic force ¢F exerted on an mfinitesimal area dA is
di = (yysin&)dA
Equivalence of the force P and the system of infinitesimal forces dF requires
TF P= jdf«‘ = jyysin @A = ysin HIy dA
or P=ydAysing 4

Equivalence of the force and couple (P, M- +M ) and the system of infinitesimal hydrostatic
forces requires

M P M, = I(wyd{f‘)

Now - Iy dF = — jy(f,vysin G)dA = —ysin @ jyzd,zz
= ~(ysin )],

Then ~yP— M, =~(ysin@)l,

or M, =(ysin@)] - y(y4ysing)

= ysing(l, ~ A7)

or M, =yl.sin6 4
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PROBLEM 9.65* (Continued)

IM,: XP+My = [xdF

Now Ix dF = I,v(yysin B)dA = ysind fxy dA

=(ysin@)l,, {Equation 9.12)
Then xP+ M, =(ysin@)/,
or

My, =(ysin@) , ~Z(yAysin @)
= ysin@({,, — AXy)

or M=y,

sing 4

X'y
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PROBLEM 9.66*

Show that the resultant of the hydrostatic forces acting on a
submerged plane area A4 is a force P perpendicular to the area and
of magnitude P = y A4y sin 8 = pAd, where ¥ is the specific weight of
the liquid and 7 is the pressure at the centroid C of the area. Show
that P is applied at a Point Cp, called the center of pressure, whose
coordinates are  x, =1 /4y and y, =1 /Ay, where [, = Ixpda
(see Section 9.8). Show also that the difference of ordinates y, -y
is equal to £2/% and thus depends upon ihe depth at which the area
is submerged.

SOLUTION
The pressurc P at an arbitrary depth (ysin@) is

P=y{ysind)
50 that the hydrostatic force P exerted on an infinitesimal area dd 18

dP = (yysinf)dd

The magnitude P of the resultant force acting on the plane area is then

P= jdp = jyysinacm = ysin ejydA

= ysin 8 ¥4)

Now P =7yVsiné P=7p4 4

Next observe that the resultant P is equivalent to the system of infinitesimal forces oP. Equivalence then
Tequires

M —ypP=={ydr

Now _[yd’:: Iy(yysizl AdA= ysin@jyzd/!
=(ysinf),

Then ypP =(ysind)i,

or _ A(ysinO)

TP Gin6(A)

or ¥p mz—‘y; <
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PROBLEM 9.66* {Continued)

M, x,P= frap

Now J.x dP = Jx(yysin8)dAd = ysin@ jxyd4
=(ysind), (Equation 9.12)
Then xpP=(ysmO)
(ysiné)f .,
or Xy =T

£ wsin 8(54)

I,
or xp = 4
Ay
Now I = Tl + AY?
From above I, =(AY)y,
By definition T =kod
Substituting (AV)yp = E_‘%A + Ay?
k2
Rearranging yields yp=y=—> 4
JJ

Although !2 is not a function of the depth of the area (it depends only on the shape of 4), ¥ is dependent on
the depth.

(¥p ~¥)= f(depth)
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PROBLEM 9.67

v
'r G2 Determine by direct integration the product of inertia of the given area
[ with respect to the x and y axes.
() i o
SOLUTION
b
9
First note e
fi ‘
i R
j il
A
We have di,, =dl, vy + X Y dA L__f\ ,,J L_dy\
where dfx}f =0 (symmetry} X, =x
1 fad? — 1
Ve = AZ -
dAd = vy = %\/ —x*d
The 1= [ar, = [ 2 [ 2aa o |a
en = = > A

1 p2o 2 3 1 22 1o >
m——j (da“x—x"Ydx =—| 20°X" =~ --x

8 o 8 4 o
~ Loy Loy

8 4

. L
ot 1y =—a <4
2
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PROBLEM 9.68

Determine by direct integration the product of inertia of the given area
with respect o the x and y axes.

SOLUTION

At

ar

Then

We have

where

Then

x=a, y=b a=kb* Y4 .
— o~ e
a oy
k=—
b — e "
N
[7 1
X Y
hg’) J_

dl, = dfx’y' + X gy Yy A

— o 1 o b
dl .. =0 {(symmelr Xy =X =
X Xy ( y y) EL 2 2})2 Jy

— 7]
Yy =¥ dA:xdyzbmzyzdy
Boa 5 a
1,,:Jf1.,: 42 42y
o _[O(szy](y)[bz) cy]
@ ,,mfi[iyn}b
26 0T Tt 6T |,

st

or ] ,:—i——azbz R |
12
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T ¥ PROBLEM 9.69

Determine by direct integration the product of inertia of the given area with respect
to the x and y axes,

SOLUTION

First note that "
=y
YT "
Now dl,, = dl s +Xg Y dA N
~ /N
e PRt N G ,\'
where dl ¢ =0 (symmetry) Qe é \ ‘;l .
— - ' Pay s —»I -4
Crr =X o T e YOS e
AEL Yrr 2} >h
h
dd=ydi=——2xdx
b
o)
Then I, = J‘d[(y = I x —lﬁx w—}ixabc
- ‘ ~b 2bh b
S P L ”
25 b 20140 ],
or I, =m§b i 4
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iy PROBLEM 9.70

Determine by direct integration the product of inertia of the given area
with respect to the x and y axes.

e

SOLUTION
= Iy (hy =) 19
[#]

dl,, = dll ok Xy Py A

\)’

dr. e =0 (by symmetry) t::—.u—-rfv

= — I
Xpp =X Yer = ‘2')’ dd = Ny dx

ja’] I ( y}ydr—u——.[ o
- % j:x[hl +(h, ~h )Eszx

] 1% ,‘2 ; ’
- j B+ 2h By = B+ (hy — Iy Y L
240 a @

I 2 '%
h22+2h(h h) +(h -y

4&'2

{ 5 o — hha w%hia =0 2Mﬂ*h2ha+lh2a?’

) Gw%:‘)”’%@“%)*@(m
""2“[ (5o 1) m

o
I, =§Z(hf + 2hhy, +303 ) €

Xy
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PROBLEM 9.70 (Continued)

The following table is provided for the convenience of the instructor, as many problems in this and the next
lesson are related.

mn | Dy |
Problem
Compute
o Q 3 T Jp—
I, and 1, Figure 9.12 Figure 9.13B Figure 9.13A
Compute
/ 9.67 9.72 6,73 9.74 9.75 9.78
Yy
O I Y _
T 9.79 9.80 9.81 9.83 9.82 9.84
by equations
Principal axes | g g 9.86 9.87 9.89 9,88 9.90
by equations
To Ly Ty
by 9.91 9.92 9.93 9.95 9.94 9.96
Mohr's circle
Principal axes
by Mohr’s 9.97 9.98 9.100 9.101 9.103 9.106
circle
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PROBLEM 9.71

Using the parallel-axis theorem, determine the product of inertia
of the area shown with respect to the centroidal x and y axes,

SOLUTION
DBimensions in mm
-~ - N
We have Lo =)+ (1) + () 55—
L&
Now symmetry implies P
— = JECE X
({,,), =0 f 1| 2
372 . ¥
and for the other rectangles
— e 55
Ly =1y, +374
where Iy =0 (symmetry)
Thus 1, =(XVAd), + (Xy4),
A, mm”® X, mm ¥, mm ¥ ¥4, mm’
1 16x80 =800 -55 20 —880,000
3 10x 80 =800 55 =20 —~580,000
z —~1,760,000

I, ==1760x10°mm* «
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¥

14; 120 mim = F20 meen —*—I‘JL
R o __3 20 e

[i{4R::3TH

PROBLEM 9.72

Using the parallel-axis theorem, determine the product of inertia of
the area shown with respect to the centroidal x and y axes.

{
T X
Goﬁi 80 mm
& n
SOLUTION
4 Y Moo
] 40
_ C = C - -
* ES LS
©
e fao
Dimensions in mm

We have T, =) ~U,) = Uy

Now symmetry implies

and for each triangle

(Ixy-)l = 0

1, =T +X94

= —-Lb*h* for both triangles. Note that the sign of Tx:y:

where, using the results of Sample Problem 9.6, /- 55
is unchanged because the angles of rotation are 0° and 180° for triangles 2 and 3, respectively. Now

A, mm? X, mm ¥, mm XA, mm* |
2 Jz_(l 20%(60) = 3600 ~80) ~40 11.520%10°
3 %(120)(60) = 3600 80 40 11.520%10°
z 23.040%10°
Then I, = ~{2 [W%@ 20 mm)’ (60 mm)27 +23.040%10°mm" }
or 1, =-20.6x10°mm" «

PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Ine. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any forin or by any means, without the prior weilten permission of the publisher, or used beyond the limifed
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. Ifyou are a student using this Manual,

you are using it without persission.

1476




PROBLEM 9.73

Using the parallel-axis theorem, determine the product of inertia of the
area shown with respect to the centroidal x and y axes.

-

SOLUTION
We have

For each semicircle

sz =l 0+ )

[A_), = X’yl + f:ﬁA

and Ioy =0 (symmetry)
Thus 1, =ZxyA
A, in? X, in 7, in Tyd
1| Eeyp =18z | 3 -2 432
2 ¥4
2 | 26 =187 3 8 432
2 Vs
z 864

1, =864 in"' 4
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1 PROBLEM 9.74

0.980 in.

0.25 in.

l T Using the parallel-axis theorem, determine the product of inertia of
9457 the area shown with respect to the centroidal x and y axes.

~>! %&025 .

3in. {
SOLUTION
\"
(OABT- oSN {S-0a80)w.
7 o
@ C R {0nsic (0.48T-0.25 w.
(o980~ o119 1,
We have Txy = (1,\')')1 + (I_xy )2

For each rectangle

1, =Ty + 74

Xy

and Ty =0 (symmetry)
Thus I, =374
4, in? ¥, in. ¥, in. | ¥y4, in?
1 3x0.25=0.75 ~0.520 | 0362 | -0.141180

2 | 025%1.75=04375| (.855 —0.638 | —0.238652

z -0.379832

7. =-0380in" «

w
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PROBLEM 9.75

Using the parallel-axis theorem, determine the product of inertia

of the area shown with respect to the centroidal x and y axes.

SOLUTION
We have Ly =T +U ), +(y), 1. 4o
Now symmetry implies (I, o =0 @\ H—1
i - 20 wirn
and for the other rectangles Wrem Pk
— e
where :f:} =0 (synunetry)
Thus L, = (X4), + (¥ y4)
A, mm? X, mm y.mm | ¥y4, mm*

2 8x32=1256 —46 =20 235,520

3 8x32=12506 46 20 235,520

p2 471,040

1, =471x10" mm* <
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4 PROBLEM 9.76

9 in: e 3 il
|¢ Using the parallel-axis theorem, determine the product of inertia of
the area shown with respect to the centroidal x and y axes.

19 g
X
3 i 9 i1|.~>~|
SOLUTION
We have L= ) +(,) + ()
Now, symmelry implies
- %
(U =0
and for each triangle Iy = I, v T X YA

where, using the results of Sample Problem 9.6, /.. = - 7.'2- b* i for both triangles. Note that the sign of 7_{),'

¥y

is unchanged because the angles of rotation are 0° and 180° for triangles 2 and 3, respectively.

Now
A, in? ¥, in. y.in. | X34, int
2 %(9)(15) =67.5 -9 7 -4252.5
3 %(9)(1 5)=67.5 9 7| 455
h3 -8505
- 1. . .
Then 1, =2[~:/~£(9 in)* (15 m.)z} ~ 8505 in.*
=-9011.25in*

or I, =-9010in’ 4
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PROBLEM 9.77

1.3 .
“:L“ i

I
T
10in

Using the parallel-axis theorem, determine the product of inertia of
the arca shown with respect to the centroidal x and y axes.

0412 in.

e (U5 1, 2.25in,

; 3.6 n. 15 in.

SOLUTION
4

We have L, =0 wh L+ Ly B 1(09\1—‘%)»; 53-2.05- Fyw,

1%5‘3‘*‘-334-‘\51‘“- I
L

For each rectangle Iy =T +Xp4 b %
{0417 40,25} . Ll-ls‘a"‘zﬁs“\‘-

1, ' L“" I3
and 1y =0 (symmetry) o ;‘_L:_!m

Thus I, =ExpA
A,in? ¥, in. 7, in. ¥y, in?
1 3.6x05=1.8 0.888 ~2.00 -3.196
2 | 05x3.8=19 | -0.662 0.15 —0.18867
3 13x1.0=13 | -0262 2.55 —0.86853
2532
% —4 0|

I, =-425in" <
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v PROBLEM 9.78

- e 189 nnn
- e 12.7 mum . . . . R
Using the parallel-axis theorem, determine the product of inertia of

the area shown with respect to the centroidal x and p axes.

127 mm

44.2 mm

TL—~7& l"t’l‘i‘il""*‘l

SOLUTION g
_ “J (2.9 - ‘zi?}mm
We have Ly =Ugh+ ), L
— H [}
For cach rectangle ]x). = [Jf),» + X yA 1 UTI LY ~ (AR 2121 e
T3 .
—_ 44,2« A
and !0 =0 (symmetry) ;Q I i i
A4 k(% eadwe
Thus [, = Xx yA
A, mm? X, mm ¥y, mim X yA, mm*
] T6x12.7=965.2 -19.1 ~37.85 697,777

2 1 12.7x(127-12.7y=1451.61| 12,55 25.65 467,284

z 1,165,061

I, =1.165x10°mm" <
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PROBLEM 9.79

2 ¥

St =l . . . . .

al Determine for the quarter ellipse of Problem 9.67 the moments of inertia
and the product of inertia with respect to new axes obtained by rotating
the x and y axes about O () through 45° counterclockwise, (#) through

30° clockwise.

SOLUTION
From Figure 9.12: 1. =" 2a)Xa) Y
) t
1é ¥\ )(‘
=7 4
1 =" QaY o X
- 16
T
2
From Problem 9.67: Iy, = é—a‘l
First note -E—([T 1 )= 1 T+ Zgt =~ifza4
270 7 248 2 16
1 {7z 4 4 3 q
(. Y= —a A e 1]
;U d) 2[8 7" ) 6
Now use Equations (9.18), (9.19), and (9.20).
Equation (9.18): I, m%(_lx +1},)+%(]_\, ~1,)cos20—1  sin26

a= imﬁ -——3—7m4 cos 26 —~1~a4 sin 28
16 16 2

Equation (9.19): L= EIZMU'Y +1,) w—;—(]_l, —1,)c0s28+ [, sin20
= —Sffra4 + i:fm‘i cos 28+ ~1—a4 sin28
16 2

Equation (9.20): Loy = é“(];.- —1,)sin260+ 1, cos20

m—ixa“sin 29+—l—a4 cos 20
16 2
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PROBLEM 9.79 (Continued)

(@) @=+45° Ir:=~—5-7ra4mixa4cos90°—}ma4 sin 90°
Y16 16 2
or  I.,=0482q" 4
5 4 o 4
},::Téﬂ%——ﬁa cos90° + —a

or  1,=1482q" 4
Ly,

{., = m~§-~.?‘a‘,"af4 sin 90° %ia"‘ cos 90°
16 2

or [, =~0.589a"

. 5 3 1
b 8 =-30°; I ="ga® - ma* cos(~60°) — ~a" sin(—60°
() ¥ =75 > (~60%) 5 (=60°)
or  I,=1.120a" 4
5 4.3 N P
1, =-pa” +-—-ma" cos(=60") +—a” sin(~60°)
16 16 2

or 1, =0843" 4

3 4 - o E 4 ., O
Loy =*¥—67m sin(~60 )%Ea cos(—060%)

or I, =0.760a" 4
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¥
zq— 120 nnn —f=— 120 mmA>|

j 20 mm

68 mn

Tx

1 80 imm

60 mm

PROBLEM 9.80

Determine the moments of inertia and the product of inertia of the
area of Problem 9.72 with respect to new centroidal axes obtained
by rotating the x and y axes 30° counterclockwise.

SCOLUTION
From Problem 9.72:

Now

where

Then

Also

where

Then

!

Xy

—.1; :(Tx)l = -0,

P

(1) = {5(240 mm){160 mm)’

=-21.6%10° mm*

=81.920x10° mm*

(1), =()= %(lzo mm)(60 mm)?*

]

[

+ B(lzo nm)(60 mm)}(él{) mm)*

= 6.480x10° mm*

7. =[81.920—2(6.480)}x10° mm® = 68.96x10° mm"*

_y :(JT);)] ""U}v)z _(ly)_}

(T, h= T]E(] 60 mm)(240 mm)® =184.320x10% mm*

|
Uy =()= 56(60 mm)(120 mm)*

]

+ B(l 20 mm){(60 mm)}(xo mm)*
= 25.920%10° mm*

=[184,320 — 2(25.920)}x10° mm* =132.48 %10 mm*
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PROBLEM 9.80 (Continued)

Now -;—('f_t +1,)= 5(68.96 +132.48)x10° =100.72 x10° mm*

!
2
Using Egs. (9.18), (9.19), and (9.20):

(/. -1)) :i(68.96—132.48 x10% = -31.76>10° mm*
X ¥ 2

Eq. (9.18): I, m%(f\, +7p)+-;-(fx~ﬁ,)cosze~};), sin 26
=[100.72 +(~31.76) cos 60° — (~21.6)sin 60°]x 10® mm*
or  1,=103.5x10°mm" <«
Eq. (9.19): I, :%(Tx +1“),)w%:(7; ~1,)c0s260+1 sin26
=[100.72 ~ (~31.76) cos 60° + (—21.6) sin 60°}110° mm*

or Ty =97.9%x10°mm* o

Eq. (9.20): o= %(f_t —1,)sin20+ 1, sin 260
=[-31.765in 60° + (~21.6)cos 60°]x 10° mm"*

or . =-383x10°mm’
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PROBLEM 9.81

Determine the moments of inertia and the product of inertia of the
area of Problem 9.73 with respect to new centroidal axes obtamed
by rotating the x and y axes 60° counterclockwise.

X
SOLUTION
From Problem 9.73:
I, =864in’

Now L=+,
where (1), =(1,), = 18’-(6 in)?

=162z in*
Then I, =20627in*)=3247 in*
Also Tj =)+,

T . . .4 /A .2 L4
where U =), = §(6 n.} 4{5(6 111.)”}(3 in)” =324 in.
Then I, =2(324rin’)=6487 in*

Now —12-@ +1,)= —;-(324;@ +6487) = 4867z in.!
1

—2—(}; ~1)= %(3247; ~ 6487) = 1627 in.*
Using Egs. (9.18), (9.19), and (9.20):
Eq. (9.18): I, = %(f‘ + f",) + %(T_\. - T},)Cos 26~ f\), sin 26
= [4867 + (—1627) cos120° — 864sin 120°] in.*

or 7.=1033in" 4
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PROBLEM 9.81 (Continued)
) N L . _
Eq. (9.19)%: I, = 5(]"' +1,) —5([,_ —=1,)c0828+ 1 sin26
= [4867 — (—16277) cos120° + 864 5in120°) in.*
or  1,=2020in" <

Eq. (9.20) T = é@ ~T,)sin20+ 7, cos20

= [(~1627)5in 120° + 864 cos120°] in.”

or [..=—873int 4

Xy
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e 300 11 PROBLEM 982
—»I 8 1m

; ! Determine the moments of inertia and the product of inertia
40 of the area of Problem 9.75 with respect to new centroidal
axes obtained by rotating the x and y axes 45° clockwise.

A0 1n Jr,) .
—>1 I-‘— 8 yan

SOLUTION
From Problem 9.75: 5

T,, = 471,040 mm"* /"‘ " ¥O

— —_ i Q C -
Now I,={I)+{),+{I ) o "

- 1 ; LI Be4s”
where (1, )y =—(100 mm)(8 mmY
12 Gl vt - 3!
= 4266.67 mm*

(1), =(I ), = 1—]2—(8 mm)(32 mm)”® +{(8 mm)(32 mm)](20 mm)?

=124,245 .33
Then T =[4266.67 + 2(124,245.33)] mm* = 252,757 mm*
Also Ty :(Ty); +(/,), + ()
where (T).)§ = %(8 mm)(100 mm)’ = 666,666.7 mm*

(I),=0,)= %(32 mm)(8 mm)’ +[(8 mm)(32 mm)](46 mm)>

= 543,061.3 mm”

Then 1, =[666,666.7 + 2(543,061.3)] mm” =1,752,789 mm*

Now %(Y; +1,) =%(252,757 +1,752,789) mm* =1,002,773 mm*
—;—(?} ~1,)= %(252,757 ~1,752,789) mm* = -750,016 mm*

Using Eqgs. (9.18), (9.19), and (9.20):

Eq. (9.18): I,= %(K_ +1,) +%(TX -1 Yeos20—1, sin 26

=[1,002,773 + (~750,016) cos(~90°) — 471, 040 sin(~90°)]

or  1.=1474x10°mm’ «
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PROBLEM 9.82 (Continued)

— 1= — 1 - = -
Eq. (9.19); [y = 5(]7‘. +1,)- 42*(]1_ =1, )cos26+1  sin26
=[1,002,773 — (=750,016)cos(—90°) + 471,040sin{-907)]

or Z =0.532x10°mm"

Eq. (9.20): T :%@ ~7,)sin20+7, cos26
= [(~750,016)sin(=90%) + 471,040 cos(-90°)]

or Tx’)-' =0.750x10°mm" <
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! 0.080 1. PROBLEM 9.83

.25 .
! o Determine the moments of inertia and the product of inertia of
T the L3x2xL-in. angle cross section of Problem 9.74 with
Ziu respect to new centroidal axes obtained by rotating the x and
y axes 30° clockwise.
SOLUTION

From Figure 9.13:
I, =0.39%in*
I,=1.09in’

From Problem 9.74:

I, =-0.37983in."

Now %(T; +1,)= %(0.390 +1.09)in.* = 0.740 in.*

1
2
Lising Egs. (9.18), (9.19), and (9.20):

(,~I)= %(0.390 ~1.09)in.* =-0.350 in*

Eq. (9.18): T, = %(Tx +1,) +%(]r} —1,)cos26~ 1 sin26
=[0.740 + (~0.350) cos(~60°) — (~0.37983) sin(~60°)}

or  I.=0236in" <

Lq. (9.19): 1= %_—(}; +1,) %(Ir; ~1,)c0s20+7, sin26
=10.740 — (~0.350) cos(~60°) + (—0.37983) sin(—60°)]

or :’m) =1.2441in" 4

xry

Eq. (9.20): T..méu(fx -1,)sin26+1,, cos26
= [(=0.350) sin(~60°) + (~0.37983) cos(-60°)]

or 7, =0.1132in" <
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v PROBLEM 9.84

— =188 v
-—*I [~ 12.7 wn . ) ] . . X
Determine the moments of inertia and the product of inertia of the

LI27x76%x12.7-mm angle cross section of Problem 9.78 with
respect to new centroidal axes obtained by rotating the x and y axes
B 45° counterclockwise.

P27 xT6x 127 | 127 1nim
C 3';::.: i X
44.2

12.7 mm

TI“‘ 76 rruan ]

SOLUTION
From Figure 9.13;
7. =3.93x10°mm* 4l
Ty =106x10% mm’ 9 /\*
From Problem 9.78: LT 78 187N || A 8= 445
- A
7, =1.165061x10°mm"

e
Now %(zx +1,)=5(3.93 +1.06)x10° mm"
= 2.495x10°mm*

i(?. -7 ):i(3.93— 1.06)x10° mm” =1.435%10° mm*
27T 2

Using Egs. (9.18), (9.19), and (9.20:

N —_—
Eq. (9.18): {- =5([\_ + [),)+5([7\_ =1, )cos26 -1, sinlf
=[2.495 +1.435¢0s90° —1.165061sin 90°] % 10° mm*
or  1.=1330x10°mm* «
Eq. (9.19): = 5([_1, +1,) —5(1_‘, ~1,)eos20+ 1, sin268
=[2.495 - 1.435¢0890° +1.165061sin90°]x 10" mm*
or  1,=3.66x10"mm" 4
Eq. (9.20): 1oy :%(ﬁ ~1,)sin26+ 1, cos28

=[(1.4355in.90° +1.165061cos 90°7x 10° mm*

or I, =1.435x10"mm* <
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2

a? ¥

'fl PROBLEM 9.85

For the quarter ellipse of Problem 9.67, determine the orientation of the
principal axes at the origin and the corresponding values of the moments

I
1

of inertia.
(},I 2a Il !
SOLUTION
From Problem 9.79: 1, :-’Sia“ 1= %a“
Problem 9.67: Ly = »%a“
21, 2(4d’
Now Eg. (9.25): tan26, = = =
L~1,  Zgt-zg
= B = (.84883
kY 4
Then 26, =40.326° and 220.326°
or  #,=202°and110.2° 4

Also Eq. (9.27) max,min =

1 LY
- Ka“wfa‘i +| ~a*
288 2 2

= (0.981,748 +0.772,644)a"

or I =1.754a" 4

max

and 7 =0.209" <

min

By inspection, the a axis corresponds to 1,

b

and the b axis corresponds to /.

1\0.7:

w02’
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y PROBLEM 9.86

I¢~JQ() n —wfe 120 mm —»l

120mm  For the area indicated, determine the orientation of the principal
axes at the origin and the corresponding values of the moments of

60 m

{ inertia.
=T R
0 ﬁl 80mm  Area of Problem 9.72.
SOLUTION
From Problem 9.80: I, =68.96x10° mm*
I, =132.48x10% mm"
Problem 9.72: 7;}, =-21.6x10° mm’
21, 2(-21.6%10°
Now Eq. (9.25): tan2, == ( x107) -
T.~1,  (68.96-132.48)x10
=-0.68010
Then 28, =-34220° and 145.780°
or 8, =-17.11°and 72.9° <
_ 7
Also E’q (927) J‘rmﬂx,miﬂ e
2
Then 7, .. |89 z 132.48 [68.96 - ! 32.48} (2167 |x10°

=(100.72 £ 38.409)x 10" mm”’

or I =139.1x10°mm* <4

max

and I =623x10°mm" <

min

By inspection, the a axis corresponds to [, and the & axis corresponds to {, .

t
L-E
2.5
/ : Jm\?\g\.tf
[+8
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PROBLEM 9.87

For the area indicated, determine the orientation of the principal
axes at the origin and the corresponding values of the moments of

inertia.
-
Area of Problem 9.73.
SOLUTION
From Problem 9.81: I, =324rin? }—J = 6487 in.*
Problem 9.73: I, =864int
21, §
Now Egq. (9.25): tan26,, =~ = 2864)
1,-1, 324r - 0487
=1.69765
Then 26, =59.500° and 239.500°
or 8,=29.7" and 119.7° 4
, - [+,
Also Eq. (9.27): T e, min = 3 !
2
Then T = 324x ; 6487 ( 3247 — 6487.:) 8642

=(1526.8121002.75) in.

or [ =2530in" o

max

and T, =524in" 4

By inspection, the a axis corresponds to 7, . and the b axis corresponds to 1, .
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e 100
Y

AQ nun

PROBLEN 9.88

FFor the area indicated, determine the orientation of the principal
axes at the origin and the corresponding values of the moments
of inertia.

T 7 x
40 g ]T"m Arca of Problem 9.75.
et L——?ﬁmm
SOLUTION
From Problem 9.82: 1. =252,757 mm”
7, =1,752,789 mm"
Problem 9.75: 1,, =471,040 mm*
27,
Now Eq. (9.25): tan 28, = ——T—‘)f—
‘X T },
B 2(471,040)
252,757 -1,752,789
=0.62804
Then 28, =32.130° and 212.130°

Ht

Also Eq. (9.27): !

£ =16.07and 106.1° 4

Or M~

X, min

Then I

max, min

By inspection, the ¢ axis corresponds fo 1,

252,757 41,752,789 +

252,757-1,752,789

2
J + 4710407

(

2 2
(1,002,773 £ 885,663) mm’
or 1, =1.888x10°mm* «
and 7. =0.0171x10°mm" «
i and the b axis corresponds to T .
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v PROBLEM 9.89

0.980 by,

0.25 .
{ e j—f N For the angle cross section indicated, determine the orientation of
i I {;,43; ™ the principal axes at the origin and the corresponding values of the
ain ' moments of inertia.
The L3x2x4-in. angle cross scetion of Problem 9.74.
SOLUTION
From Problem 9.83: f\ =0.390 in.* 7) =1.09 in*
Problem 9.74: 1, =~0.37983 in.*
,, 21, ~0.37983
Now Eq. (9.25)% tan 26, = ot = _2(-0.37983)
1-1, 0.390 —-1.09
=-1.08523
Then 26, =-47.341°and 132.659°
or 6, =-237and 66.3° 4
. - I+,
Also Eq. (9.27): L o, min = 5 :
2
- . 09 390-1.09Y
Then = 0 390;-1 09, (0 3902 1.( ) 1 (=0.37983)2

=(0.740+0.51650)* in*

or I, =1257in' o

and 7 =0224in" 4

nn

By inspection, the @ axis corresponds to [ ;. and the b axis corresponds to [ .
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v PROBLEM 9.90

— 159 mm
——-I e 127 mm e . . .
For the angle cross section indicated, determine the orientation of

the principal axes at the origin and the corresponding values of the
moments of inertia.

127 wnn

The L127x76x12.7-mm angle cross section of Problem 9.78.

X
44.2 mm
TM!‘“"'FS 13—
SOLUTION
From Problem 9.84: 7, =3.93x10° mm*
I, =1.06x10° mm"
Problem 9.78: 1,, =1.165061x10°mm*
21, 6
Now Eq. (9.25): tan20, = ~— v 2(1.165061x10 2
I.—-1,  (3.93-1.06)x10
=-0.81189
Then 26, =-39.073° and 140.927°
or 8,=-19.54°and 70.5° 4
| - I+,
Also Eq. (9.27): Tuan,min ==
2
— g —
Then Lo, mim = 39 3;‘1‘06 + (3'93 5 1'06) +1.165061% |x10%mm*

i

(2.495+1.84840)x10° mm*

o 1 =434x10°mm* <

max

=0.647x10°mm* <«

and f

min

By inspection, the a axis corresponds to I and the b axis corresponds to 7

max min*

h =
o.5°
X
¢ -19,. 547
Q
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PROBLEM 9.91

Using Mohr’s circle, determine for the quarter ¢llipse of Problem 9.67
the moments of inertia and the product of inertia with respect to new
axes obtained by rotating the x and y axes about O (a) through 45°
counterclockwise, (b) through 30° clockwise,

SOLUTION
\.\
From Problem 9.79: I .= zEcﬁ t
x 8 b i
A
7 ®
{,=—=a D X
Problem 9.67: 1, = L
: 2
The Mohr’s circle is defined by the diameter XV, where
X £a4,—»1~a4 and ¥ —7504, --ia4
8 2 2 2
Now +£4:r4 =~§wﬁa4 =0.981754"
2 16
1 1LY
and = Fa 20 4 -
8 2 2
=0.772644"
The Mohs’s circle is then drawn as shown.
Iog
21,
tan 20, = ——"
].\' - ]y
4
_ 2(5 a ) o .
g at - Za
={).84883
or 28, =40.326° Yy
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PROBLEM 9.91 (Continued)

o =90° ~4(.326°

Then
= 49.674°
B =180°~(40.326° + 60°)
=79.674°
a)  0=145° 1. =1, —Rcosa=098175a" - 0.77264a" c0s49.674°
( ) x ave
or  1.=04824" 4
I =1L + Reosa=0.98175a" +0.772644" cos49.674°
or  1,=14824" <«
1o =—Rsinar=-0.77264a" sin49.674°
or I =-05894" <4
(b  6=-30° [ =1,,+Rcos f=0.98175a" +0.77264a* cos 79.674°

o 1.=1.120a" 4
Iy =1y, —Reos f=0.98 175¢" ~0.77264a" c0s 79.674°
or  I,=0843:" 4
Iy = Rsin f=0.77264a" sin79.674°

or 1 =0760a" 4
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o . l PROBLEM 9.92

) g s 12l mian
3

i 7120 mm Using Mohr’s circle, determine the moments of inertia and the product

of inertia of the arca of Problem 9.72 with respect to new centroidal

60 nim

% axes obtained by rotating the x and y axes 30° counterclockwise.
X
BF 80 nan
SOLUTION
From Prohlem 9.80; 7 =68.96x10°mm” TR .
x 9 \ !
a0

1. =132.48x10°mm*

¥

| ] 7
Problem 9.72: I =-21.6x10°mm? :

ay

The Mohr’s circle is defined by the diameter XY, where X(68.96x10°,-21.6x10%)
and Y(132.48x10°, 21.6x10°).

Now Lo mé(fx -1 =—;—(68.96+I32.48)x10(‘ =100.72x10° mm*
L - T I T -
and R= {5(;\_—1}_)} I = [5(68.96—132.48)J +(-21.6)* 1 x10°mm*
=38.409%10°mm*

The Mohr’s circle is then drawn as shown.

2 v it 3 :
tan 26, = ———>"_- *y ine “
" 7 X

1, y

2(-21.6x10%)
T (68.96-132.48)x10° B o]
=-0.68010 X

or 28 =-347220°

n

Then a =180° - (34.220° + 60°)
=85.780°
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PROBLEM 9.92 {Continued)

Then T, =T +Recosar=(100.72+38.409 cos85.780°) x 10°

or :’}:103.5x106mm4 |

Jl’—l =/ . — Rcosa=(100.72 ~38.409 cos 85.7’80")><106

ave

or F} =97.9x10°mm" «

Iy =—Rsiner =—(38.409x10")sin 85.780°

or 1., =-383x10"mm" <«

vy
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PROBLEM 9.93

Using Mohr’s circle, determine the moments of inertia and the product
of inertia of the arca of Problem 9.73 with respect to new centroidal
axes obtained by rotating the x and y axes 60° counterclockwise.

=
SOLUTION
From Problem 9.81: T\ =324 in? Y w
) ) , s
I, =0648x in. 1
’ - %
Problem 9.73: 1,, =864 in."
The Mohr’s circle is defined by the diameter XV, where X (3247, 864) and Y (6487, ~864).
Now L= -12—(7; +1,) :%(324% 6487) =1526.81 in.*
oo o=y - 1 ’
and R= \/{5(1\_ ~I )+ = [5(324;1 + 648%)} +864°
=1002.75 in?
The Mohr’s circle is then drawn as shown.
2/,
tan 26, = ————r
Io~1,
S G Tl
3247 - 6487
=1.69765
or 28, = 59.500°
Then a =120°-59.500°
=060.500°
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PROBLEM 9.93 (Continued)

Then T, =T ~Rcose=1526.81-1002.75c0s60.500°

ave

or  1.=1033in" o
T, =T, +Reos@=1526.81+1002.75¢0560.500°

or 7} = 2020 in <

I =—Rsing =-1002.75sin 60.500°

P
Xy

or Ty =-873 in' <
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PROBLEM 9.94

Using Mohr’s circle, determine the moments of inertia and the
product of nertia of the area of Problem 9.75 with respect to
new centroidal axes obtained by rolating the x and y axes
45° clockwise.

SOLUTION
From Problem 9.82: I, =252,757 mm* R T
= a
I}_ = 1,752,789 mm X
- < A
Problem 9.75: 1, =471,040 mm* ’

The Mohr’s circle is defined by the diameter XY, where X (252,757; 471,040) and ¥ (1,752,789; -471,040).

Now

[.= %(fx +1,)= %(252,757 +1,752,789)

=1,002,773 mm*

2
and R= \[%(T\- - ‘T, )J + fi

= JB@SQ,?S? -~ 1,752,789)2} +471,040°

= 885,665 mm”

The Mohr’s circle is then drawn as shown.

tan 28—

m

052,757 - 1,752,789
0.62804

or 26, =32.130°

"

27 I

2(471,040)

Then @ =180°—(32.130+90°)
= 57.870°
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PROBLEM 9.94 (Continued)

f

[

=T+ Reosar =1,002,773 +885,665c0s 57.870°

Then
or  [.=1474x10°mm" <

T, = Iy, — Roos e =1,002,773 - 885,665 cos 57.870°
or  I,=0532x10°mm" <

Lo =R sin & = 885,665sin 57.870°

or T =0.750x10°mm* «
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.98 in.

PROBLEM 9.95

0.95 in.
{ = Using Mohr’s circle, determine the moments of inertia and the product
T of inertia of the L3x2x 4 -in. angle cross section of Problem 9.74 with
2. fespect to new centroidal axes obtained by rotating the x and y axes 30°
clockwise.
—»l }« 0.25 in.
3in. |
SOLUTION

From Problem 9.83:

Problem 9.74;

=0.390 in.* 4

)

X

\-C

oy

I, =109 in?* A

*
\i_w
xl

1, =-0.37983 in.*

The Mohr’s circle is defined by the diameter XY, where X (0.390,-0.37983) and ¥(1.09, 0.37983),

Now

and

S
Tae =5 +1,)

= 315(0.390 +1.09)

=(.740 in.*

2
I - - -
R= \/[5(11 - 1},)J +1

2
- \/[%(0_390—1.09)} +(~0.37983)?

=0.51650 in,"

The Mohr’s circle is then drawn as shown.

or

Then

21
tan 26, = =2
f.-1,
_2(-0.37983)
(.390-1.09

=-1.08523
26, =-47.341°

m

o = 60° - 47.341° =12.659°
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PROBLEM 9.95 (Continued)

Then I,=1,, —Rcosa=0.740-0.51650cos 12.659°
or

T, =T+ Roosar = 0.740+0.51650cos 12.659°

ave

or

Iy =Rsmna= (.51650 sin 12.659°

or

7.=0236in" €

I,=1244in" <4

T =0.1132in" <
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y PROBLEM 9.96

|

] l: 184 nan
12.7 . . . . .

1_ ] o Using Mohr’s circle, determine the moments of inertia and the
product of inertia of the 1127 X 76x12.7-mm angle cross section
of Problem 9.78 with respect to new centroidal axes obtained by
rotating the x and y axes 45° counterclockwise.

LI2T xT6 % 12.7 127 mm
T|& 76 mm-’l
SOLUTION
From Problem 9.84; 7, =3.93x10°mm*
&1
I = e 4 ¥ [ *
4, =1.06x10" nm 9 <
Problem 9.78; T, =1.165061x10° mm* /ﬂﬁ'
C X
The Mohr’s circle is defined by the diameter XY, where X (3.93%10%, 1.165061x 10%), —

Y(1.06x10°, ~1.165061x10%).

Now = %(Z. +1,) :é(3.93 +L.06)x 10° = 2,495 10° mm"*

2
[ —
and R= \/[5(1_1 -1, )} +1;

2
\/[—;—(3.93 - .06)} +1.165061% 1 x10° mm*

1.84840%x10° mm*

i

The Mohr’s circle is then drawn as shown.

21,
tan 26, = "
1~

_ 2(L.165061x10°)
(3.93-1.06)x10°
=-0.81189

or 26 = -39073°

m
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PROBLEM 9.96 (Continued)

Then = 180° ~(39.073° + 90°)
=50.927°
Then To =1, —Reosar=(2.495—1.84840c0s50.927°)x 10°

or 7. =1330x10°mm" <€

T =T + Reosor=(2.495+1 8484005 50.927°) 10"

ave

or T, =3.66x10°mm" «

1oy

. = Rsin = (1.84840x10%)sin 50.927°

or Iy =1435x10°mm* <«
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PROBLEM 9.97

a2 Y2 .

it For the quarter cllipse of Problem 9.67, use Mohr’s circle to determine
the orientation the principal axes at the origin and the corresponding
values of the moments of inertia.

ks
SOLUTION
From Problem 9.79: =2 1 =T
* g )
Problem 9.67; I, = ia';
vy

The Mohr’s circle is defined by the diameter XY, where
X[fwa", —E—a“ and Y(Ea", —ig4
8 2 2 2
Now Tw =0, +1)= Za + Zu* | = 0.981754°
270 77 208 2

and

] 2
R= {5(1,\.4},)} +12,

5] e

#

=0.772644"
The Mohr’s circle is then drawn as shown.,
27 S
tan 28, = ——2.
L1, A
2 (; a4) L lw,xl 1
- P S =
8 2
=0.84883 Y
or 26, =40.326°
and 8 =20.2°

H
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PROBLEM 9.97 (Continued)

The Principal axes are obtained by rotating the xy axes through
20.2° counterclockwise

aboui O,

Now T = Lo T R =0.981750" +0.772644"

or 1. =1754q" 4

Miax

and 1. =02094" 4

min

From the Mohr’s circle it is scen that the @ axis corresponds to [, and the & axis corresponds to /..
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Y PROBLEM 9.98

I—<~ 120 nim —=fe— 120 mmA>|

GO mm

}
T x
80 mm Area of Problem 9.72.

moments of inertia.

60 e

420 mm  Using Mohr’s circle, determine for the area indicated the orientation
of the principal centroidal axes and the corresponding values of the

e

SOLUTION

From Problem 9.80: 7, = 68.96x10° mm*
1, =132.48x10° mm’

Problem 9.72: ]';, =-21,6x10° mm*

The Mohr’s circle is defined by the diameter XY, where X(68.96x10°, —21.6x1 0%)
and Y(132.48x10°, 21.6 x10%)

- 1 -
NOW ['(i\r'C - 5(]1 + [_y‘)

= %((}8.96 +132.48)x10°

=100.72%10° mm*

2
and R= [—2—(1_‘—5)} +1;

H

2
B(es.% - 132.48)} +(=21.6)* Lx10°

=38.409%10° am*

The Mohr’s circle is then drawn as shown,

27, 3 i
tan 26, = —wet Ty - i
1 -1, "
__2(=2lexi0%) i S
(68.96-132.48)x10° 2 Iu 3y
=-0.68010 *
or 28, =-34.220°
and & =-17.11°

m
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PROBLEM 9.98 (Continued)

The principal axes are obtained by rotating the xy axes through
17.11° clockwise 4

about C.
"

T
SE .
:\%& ng-n.n

Now T, wmin = Ly £ R =(100.72+38.409)10°
or I =139.1x10°mm"* «
and I, =623x10° mm* o

From the Mohr’s circle it is seen that the @ axis corresponds to /,;, and the b axis corresponds to T o
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v PROBLEM 9.99

Using Mohr’s circle, determine for the area indicated the orientation
of the principal centroidal axes and the corresponding values of the
. moments of inertia.

19 .4

Area of Problem 9.76.
X
3 in—» 9 in.—»l
SOLUTION
From Problem 9.76:
I, ==9011.25 in*
Now To=(I )y +(1),+(),
where (7)) = ?%(24 in)(4in)’ =128 in*

(1), =(1.), mg%(sa (15 in.)? +B(9 in.)(15 in.)}(? in.)?

=4151.25in?

Then I, =[128+2(4151.25)] in*
=8430.5 in.*

Also L= (1) + (1), +(1,)s

where U= 5—2-(4 in.)(24 in.) = 4608 in.*

(1), =) =§1€(IS in )9 in.)’ %B-(g in)(15 .in.)}(‘) in.)*
=5771.25 in*
Then I, =[4608+2(5771.25)] in.* =16150.5 in.*

PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All vights reserved. No part of this Manuel may be displayed,
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PROBLEM 9.99 (Continued)

The Mohr’s circle is defined by the diameter XY, where X(8430.5, —9011.25) and ¥(16150.5, 9011.25).

Now L= :;-(T_‘, +1,)= %(8430.5 +16150.5)=12290.5 in.!

Z
and R= \/[é(i -1, )} +1.
1 2
= |:~2— (8430.5-101 50.5)} +(-901 1.25)2

=9803.17 in.!

The Mohr’s circle is then drawn as shown.

27, e
tan 20, = —= 2
I =1,
_2(-9011.25)
8430.5~16150.5
=~2.33452
or 26, =—66.812°
and g =-334°

m
The principal axes are obtained by rotating the xy axes through

33.4° clockwise

about C.
b b
%
¢ Bz -524°
. _ o,
Now s, min = I £ R=12290.5+9803.17

or 1. =221x10"in" 4

max
and T, =2490 in." «

From the Mohr’s circle it is secn that the a axis corresponds to /,;, and the b axis corresponds to T
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PROBLEM 9.100

Using Mohr’s circle, determine for the area indicated the orientation
of the principal centroidal axes and the corresponding values of the
moments of mertia.

X
Area of Problem 9.73
SOLUTION
From Problem 9.81: [,=324zin' T, =6487 in!
Problem 9.73: Z} =864 in*

The Molr’s circle is defined by the diameter XY, where X (3247, 864) and Y{048x, — 864).

Now I.= %(Iﬁ, +1,)= %(324;z+ 6487) =1526.81 in.*

and R=\/F2“(Z~ “Ty)z]*‘f,fy

2z
- [;(324;,: - 64817:)} +864°

=1002.75 in.*
The Mohr’s eircle is then drawn as shown,
a7 I3
an 20, = ot eyt
i - I,
L : R Voo
324x - 6487 iM Ly,
=1.69765
or 26, =59.4998° . hf
and g =297°

m
The principal axes are obtained by rotating the xy axes through
29.7° counterclockwise

about C.
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Now

PROBLEM 9.100 (Continued)

Imnx,min = IHV&'J i R - 1526'8] i 100275

or

and
by 4 o

B, »+28
*

7o =2530in" <

-max

=524 in.} <

]min

From the Moht's circle it is seen that the a axis corresponds to /,;, and the b axis corresponds to T
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y PROBLEM 9.101

0.980 in.

(125 .

---:{0 7 Using Mohr’s circle, determine for the area indicaicd the orientation
AT m

: - of the principal centroidal axes and the corresponding vajues of the
¢ ' moments of inertia.
L3x2x
Area of Problem 9.74.
o | 025 in.
3 i,
SOLUTION
From Problem 9.83: 1. =0390in*
7, =1.09in

Problem 9.74: 1, =-0.37983 in*

The Mohr’s circle is defined by the diameter XV, where X (0.390, —0.37983) and ¥(1.09, 0.37983).

Now L= é‘ (I, +1)= %(0.390 +1.09)=0.740 in.*

2
and R= B(}]w};)} +1)

[%(0.390—1.09)} +(~0.37983)

H

0.51650 in.*

The Mohr’s circle is then drawn as shown.

21, =

tan 26, = ——}_wi’? b e W
rty
. 2(=0.37983)
0.390-1.09
=].08523
Then 26, =-47.341°
and 6, =-23.7°

1

The principal axes are obtained by rotating the xy axes through
23.7° clockwisc 4

about C.
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PROBLEM 9.101 (Continued)

Now Lsaomin = Tae £ R =0.740£0.51650
or [, =1257in"* 4
and 1, =0.224in* <«
41 b
S
c Qp-231°
ﬁ“

From the Mohr’s circle it is secn that the g axis corfesponds to /. and the b axis corresponds to /...
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PROBLEM 9.102

N

L0 . . . N . . . .
o Using Mohr’s circle, defermine for the area indicated the orientation of

the principal centroidal axes and the corresponding values of the
0.412 in, moments of inertia.

Arca of Problem 9.77

2.95 in. (The moments of inertia /_ and 7, of the arca of Problem 9.102
were determined in Problem 9.44),
I 38in. H}.:’;in.
SOLUTION
From Problem 9.44: I, =18.1282 in*
1, =4.5080 in*
Problem 9.77: I, =-4.25320in*

The Mohr’s circle is defined by the diameter XY, where X(18.1282, —4.25320) and Y (4.5080, 4.25320).

— 1 —
Now Te =5 (T +1) :%(1 8.1282 + 4.5080) = 11.3181 in."

2
and R = \/[wli(i w.};,)J + I’_j

= \/Ba 8.1282 — 4.5{)80)} +(-4.25320)

=8.02915 in.*

The Mohrt’s cirele is then drawn as shown.

277, b1
tan 28, =~ s K wel
ToT . 1 D\
2(~4.25320) Toans

= 181282 - 4.5080 Lran : Ty
= 0.62454

or 28, =31.986°

and g, =1599°

m
The principal axes are obtained by rotating the xy axes through

15.99° counterclockwise
about C.
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PROBLEM 9.102 (Continued)

Now L omin = dave £ R =11.3181:£8.02915
or I =1935in" 4
and T =329 in° 4
B oY
\
118
&f&“‘“"#
<

From the Mohr’s circle it is seen that the a axis corresponds to [, and the b axis corresponds to [, .
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PROBLEM 9.103

The moments and product of inertia of an L4 x 3 »x L ~m angle c,ross section with respect to two rectangular
axes x and y through C are, respectively, I =133 m I, =275 in" and I w << 0, with the minimum value
of the moment of inertia of the area with respect to any ax1s through C being /mia= 0.692 in.*. Using Mohr’s
circle, determine (a) the product of inertia 7., of the area, (b) the orientation of the principal axes, (¢) the value
of Tmax.

SOLUTION

(Note: A review of a table of rolled-steel shapcs reveals that the given values of I and T, , are obtained when
the 4-in. leg of the angle is parallel to the x axis. Further, for 7 y» <0, the angle must be oriented as shown.)

Now L. x%(?; +};)=-;_—(1 3342.75) = 2.040 in.* b
and Toin = lpe =R or  R=2,040-0.692 o *
=1.348 in.*

Using I,,. and R, the Moht’s circle is then drawn as shown; note that for the diameter XY, X (1.33, 7, ) and

Y275, |T,D. T o1, —f
% ) Y
2 1= = 72
(@) Wehave R :[5‘(-&“[;])} +1, . -1"'”-1
2 28 § "
or 12 =1348 - B(l 33 - 2.75)} r

Solving for f_\y and taking the negative root (since Txy <2 0) yields 7‘} =-1.14586 in”.

7, =-1.146 in" <

21, 2(—1.14586)

(b) Wehave fan 26, =~ = —
I -1, 1.33-2.75
=-1.61389
or -58.217° 6 =-291°

Hi n

The principal axes are obtained by rotating the xy axes through
29.1° clockwise 4
about C.

()  Wehave Lo = L + R =2.040 +1.348

max

or =339 m! «

lnd\
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Y PROBLEM 9.104

6.4 o 24.9 mmn

4 Using Mohr’s circle, determine for the cross section of the rolled-

f e 124 mm steel angle shown the orientation of the principal centroidal axes

s ar}d the correspo‘ndmg VaE'ucs o_f thf: moments of inertia, {(Properties
of the cross sections are given in Figure 9.13.)

L8 x5 x64

Nl

- 5.4 [in

= TG 1 1
SOLUTION
From Figure 9.13B: f‘ =0.162x10°mm*
7), = 0,454 >10° mm”?
"y
{74 -2 2 vam 138-24.9 Yo
7 )
o o | __‘_ *
| [h(s-ba)-(12.4 ~ w.4)]mm
{149 - 3.2) o —
We have Ly =)+,
For each rectangle fy= T'_\,r).‘ +x pd
and Ioy=0 (symmetry) 1, =ExyA
A, mm?* X, mm ¥, mm XA, mm*
1 T6x6.4=4806.4 -13.1 9.2 -58620.93
2 6.4x(51-6.4)=1285.44 21.7 -16.3 ~-100962.98
z -159583.91

1, =~159584 mm*

The Mohr’s circle is defined by the diameter XY where X(0.162x10°, —0.159584x10%)
and Y(0.454x10°,0.159584x10%)

Now I :i(f +7) zi(o. 162+ 0.454) % {0°
ave 2 X ¥ 2

= 0.3080% 10 mm*
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PROBLEM 9.104 (Continued)

el

2 ;
and R= [m-(f_.mf )} +I2 = B(O.]6%0.454)J +(-0.159584)” Lx10°

=0,21629%10% mm?

The Mohr’s circle is then drawn as shown.

T Ty "_-mi_”
21
tan 26’" = '-'“::—i}:-,_.ﬁﬂ Y
T -1, / .
) L Loans
_ 2-0.159584x10°) 28 R (5
(0.162-0.454)x10° N
=~1.09304
or 26, =~47.545
and @ =-238°

m
The principal axes are obtained by rotating the xy axes through

23.8° clockwise

About C.
Now T naomin = Toe £ R = (03080 £0.21629)x 10°
or s = 0.524x10°mm"* o
and I = 0.0917x10mm* <
Y b
ci K e
Dp,:-238

From the Mohr’s circle it is seen that the g axis corresponds to 7, and the b axis corresponds to /.
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v PROBLEM 9.105

189 mm

127 m E Using Mohr’s circle, determine for the cross section of the rolled-
2.4 1m - N . - .

steel angle shown the orientation of the principal centroidal axes and

- "‘ the corresponding values of the moments of inertia. (Properties of

the cross sections are given in Figure 9.13.)

/I..l27 X T6x 127

127 mm

P
MJ_ 442 rm

. : 9
e 76 mm~¢| 2.7 mm

SOLUTION
From Figure 9.13B: I, =3.93%10° mm*

7, =1.06%10°mm*
Problem 9.7B: Tn =-1.165061%10° mm*

(Note that the figure of Problem 9.105 is abtained by replacing x with - in the figure of Problem 9.78;
thus the change in sign of /)

The Mohr’s circle is defined by the diameter XY, where X(3.93x10%, —1.165061x10%)
and Y(1.06x10°, 1.165061x10°).

I

Now ]u\'c :E(T‘ +T}’)
-—-%(3.93+1.06)x10(’
=2.495%10° mm*
; Z
N _—
and R= [E(I"' wi},)} +1

' 2
= {%(3.934.06)} +(~1.165061)* £x10°

= 1.84840% 10 mm*
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PROBLEM 9.105 (Continued)

The Mohr’s circle is then drawn as shown,

tan 26, = — =Tl
I~

X ¥
. 2(=1.165061x10%)
(3.93-1.06)x10°

={.81189
or 28, =39.073°
and 8, =19.54°

The principal axes are obtained by rotating the xy axes through
19.54° counterclockwise
about C.

= [ o2 R=(2.495+1.84840)x 10°

Now Jmax,min

or 1. =434x10°mm* <«

and 1, =0.647x10°mm* «

18
9(7\2*’\9.5&9
A

From the Mohr’s circle it is seen that the & axis corresponds to /,,, and the b axis corresponds to /.
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PROBLEM 9.106*

For a gwm area the momems of inertia with respect to two rectangular centroidal x and » axes are
[ = 1200 in.* and 7,= 300 in*, respectively. Knowing that after rotating the x and ya 'm,s about the centroid
30" counterclockwise, the moment of inertia relative to the rotated x axis is 1450 in.%, use Mohr’s circle to
determine (g) the orientation of the principal axes, (b) the principal centroidal moments of meriia.

SOLUTION

We have T = %(T, +1,)= %(1 200 +300) = 750 in.*

Now observe that [ >17,., I.>1 , and 20=+60° This is possible only if TU < 0. Therefore, assume

ave?

]AJ, <0 and (for convenience) [, > 0. Moht’s circle is then drawn as shown.

We have 28, +a=060°
- iy ‘S-‘m _if
. . : Y —~ 7
Now using A4BD: R= .. 1200750
29)’}1 cos 29)??
450 . 4
e 1H.
 cos 28, (i)
Using AAEF: R= Ly = hye 19502750
coS & Cos &
.10 (in.Y)
COos O
Then LU 700 =60 —-20,
cos 28, cosa
or Gcos(60°-20,)=14cos 26,
Expanding: 9(cos 60° cos 28, +sin 60°sin 26 ) = 14 cos 26,

—0 ok ©
or tan 26, = 272008 00 4 91885
9 sin 60°

or 28, =50.633° and 4§, =253°

"

(Note: 26, < 60° implies assumption 1 . >0 is correct.)

m

. 450 :
Finally, R = =709.46 in.
cos 50.633°
(a)  From the Mohr’s circle it is seen that the principal axes are obtained by rotating the given centroidal x
and y axes through & about the centroid C or

1t

25.32 counterclockwise
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PROBLEM 9.106* (Continued)

b4 N
D= +25,%
¢ %
()  We have Laemin = Lo 2 R = 750%709.46

or J . =1459in.* «

max

and I, =40.5in" «

From the Mohr’s circle it is seen that the @ axis corresponds to /. and the b axis corresponds to 7,

min*
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PROBLEM 9.107

it is known that for a given area fJ =48 x 10° mm" and 7, = -20 % 10° mm", where the x and y axes are
rectangular centroidal axes. If the axis corresponding to the maximum product of inertia is obtained by rotating
the x axis 67.5° counterclockwise about C, use Mohr’s circle to determine (a) the moment of inertia [, of the
area, () the principal centroidal moments of inertia.

SOLUTION

First assume 7, > Z and then draw the Mohr's circle as shown. (Nofe: Assuming 1< Ty is not
consistent with the requirement that the axis corresponding to (£, ).« is obtained after rotating
the x axis through 67.5° CCW.)

Ty

From the Mohr’s circle we have
20, =2(67.5%)~90° = 45°

(@)  From the Mohr’s circle we have

- e I 6
=1 pa el ggiios 40 20X10°
Y T tan20, tan 45°
or I =88.0x10°mm* «
v 1 = e 1 &
(h)  We have e =5 0+ 1) =2 (88.0+48)x10

= 68.0x10% mm*

ot 20x10°

2 L =28.284x10° mm*
sin 28,  sin45°

and

Now =1, ¥ R=(68.0+28.284)x10°

T, min
- 6 4
or 1, =963x10"mm" «

and 15 =39.7x10°mm" <
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PROBLEM 9.108

Using Mohr’s circle, show that for any regular polygon (such as a pentagon) (@) the moment of inertia with
respect {0 every axis through the centroid is the same, (b) the product of inertia with respect to every pair of
rectangular axes through the centroid is zero.

SOLUTION
Consider the regular pentagon shown, with centroidal axes x and y.
A x
9
A Xk

T %

Because the y axis is an axis of symmetry, it follows that }:j, ={. Since Tg, =0, the x and ¥ axes must be

principal axes. Assuming 7, =1, and [, =7 . the Mohr’s circle is then drawn as shown.

1 -
e e, 14y
e
- = VO N
]"IH.IN 1 \ 1[ ‘1“\3.
11.1\1
1‘1‘- “1‘1 9

f—

Now rotate the coordinate axes through an angle @ as shown; the resulting moments of inertia, ?;: and 7,
and product of nertia, 7., are indicated on the Mohr’s circle. However, the x” axis is an axis of symmelry,
which implies /.. =0. For this to be possible on the Mohr’s circle, the radius R must be equal to zero (thus,
the circle degenerates into a point). With R =0, it immediately follows that

{a) [ = 7) =f.= M} = 1., (for all moments of inertia with respect to an axis through () o

(h) 7:), = 7_‘.3,: =0 (for all products of inertia with respect to all pairs of rectangular axes with origin at C)
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PROBLEM 9.109

Using Molr’s circle, prove that the expression /.7, I‘f»y, is independent of the orientation of the x” and )”
axes, where Iy, Iy, and Iy represent the moments and product of inertia, respectively, of a given area with
respect to a pair of rectangular axes x” and ¥ through a given Point O. Also show that the given expression is
equal to the square of the fength of the tangent drawn from the origin of the coordinate sysiem to Mohr’s

circle.

SOLUTION

First observe that for a given area 4 and origin O of a rectangular coordinate system, the values of 7, and R

are the same for all orientations of the coordinate axes. Shown below is a Moht’s circle, with the moments of

inertia, /. and 7, and the product of inertia, /.., having been computed for an arbitrary orientation of the
s o1

X'y axes.

X’}” s
13
§

) ¥

From the Mohi’s circle

I.=1,.+Rcos28
! I.. —Rcos28

ave

[ = Rsin 28

yr ==

P - ' . . 2
Then, forming the expression Lol yr= Loy

Lol [f_ryl = (] +Reos 20)({ . — R cos 28)— (R sin 26

BYG ave

.~.({2 — R? cos? 26) —(R*sin%26)

ave

=72 —R? which is a constant

ave

Il —~1 ‘2) is independent of the orientation of the coordinate axes Q.E.D. 4

Shown is a Mohr’s circle, with fine 04, of length L, the required tangent.  Ixy

A
L 54
Noting that ~7 (04 is a right angle, it follows that o w Ixly
22 p?
L= Ia"c R Tasg ——

or  L'=1.,-13 QED. 4
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H PROBLEM 9.110

express the product of inertia /,, of an area 4 with respect to a pair of
rectangular axes through O in terms of the moments of inertia /, and 7,
of A and the principal moments of inertia fu, and I, of 4 about O.
X L g Use the formula obtained to calculate the product of inertia I, of the

- L3 x 2 x L-in. angle cross section shown in Figure 9.13A, knowing

4
. A . .. .4
that its maximum moment of inertia is 1.257 in".

X
.’ Using the invariance propertly established in the preceding problem,

SOLUTION

Consider the following two sets of moments and products of inertia, which correspond to two different
orientations of the coordinate axes whole origin is at Point 0.

Case 1: fe=1, 1y=1, 1,=1,
Case 2: I_r’ = Jrmax H [)" = -[min ’ [.t’)" =0

The invariance property then requires

2 _ - =
]x]y ml,ry - jlﬂﬂx ]min o1 ].xy =% I_rjy ~ 1t in <
From Figure 9.13A: 7, =1.09in*
1, =0.390 in.!
Using Eq. (9.21): Lot L, =T+ 1
Substituting 1.09+0.390=1.257+1_.
or I, =0223int
Then TU = J(1.09)(0.390) — (1.257)(0.223)
=40,381 in.*
The two roots correspond to the following two orientations of the cross section,
For 4 ;’Zy =-0.381in." «
*
Q‘
and for I, =0381in" «
< %
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A’

PROBLEM 9.111

Determine the mass moment of inertia of a ring of mass m, cut from a
thin uniform plate, with respect to {(a) the axis 44’, (b) the centroidal
axis CC" that is perpendicular to the plane of the ring.

SOLUTION

We first determine

(a) { AA’, mass

(b) By symmetry:

Eq. (9.38):

Rt
Mass =m = pV = ptd
m .
]mass :p[‘[arcn :";I]:chu ¥4 13 .g/
.
£
e 2 2 2 2
A= gmry, — Ik -«71'(}2 - ) A

g T4 T4 4
[AA',arcu ""ETZ "—Zrl ::Z(rl =H )

=2 =$£(ff—114)3—3m(r22+112)

Ad’, area
A Fia ( r22 — }'il ) 4

1
s :zzm(r]z +r22) <
Lo = Ly

: 1
Lo = Dy + gy = 2y feer = '2“”? (’22 + "22) <
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PROBLEM 9.112

A thin semicircular plate has a radius ¢ and a mass m. Determine the
mass moment of inertia of the plate with respect to (@) the centroidal
axis BB, (b) the centroidal axis CC” that is perpendicular to the plate.

SOLUTION

Area:

(a)

(h)  Eq.(9.38):

Mass = m = A

]mzlss = prlm‘ca = g{l Iarca g /R g’
o[ \ o

A:—é—ﬂaz A Bl

AA  area

4 :I[)D',area :“(£04J:~Ea4

m m R
]/M', mass [1)1.)', wass [AA',;;ma = 1 3 —na j=-—wa
A 7 Ta 8 4

2 ] b 4a :
Ly = Ly = m(AC) =oma = m|
= (0.25-0.180 ma’ Ty = 0.0699ma” <4

Toor =1 0+ 1y :% ma® +0.0699ma’

Toer = 0.320ma* 4
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A

PROBLEM 9.113

The quarter ring shown has a mass m and was cut from a thin, uniform
plate. Knowing that r| = %rg, determine the mass moment of inertia of the
quarter ting with respect to {a) the axis 44", () the centroidal axis CC” that
is perpendicular to the plane of the quarter ring.

SOLUTION

First note

{(«) Using Figure 9.12,

Then

{6y  Symmetry implies

Then

mass = m = pV = ptd
o 2
=1 —§

P 4(2 1)

]l'l'lﬁfts = pI '[ﬂfL‘{l

N m
- T oo urea
—~—(r2 —F
4
: a4 4
[/M’,arca :Té(’z - h )

m 4 4
[AA’,;nass - T > XTa(FZ ! )
R
4
= w(rz + r,z )
2
mil 2 A
= 24{ "2] or [, =—mn
4
lb’B’,lnzlss = I.fiff',mass o i

*

Tppr =140 +1py

=2 émrz)
64

25
= ~mmr22

32
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PROBLEM 9.113 (Continued)

Now locate centroid C.

XEA=3%4
y(z,g_fr,z]:ifz Zp) iz
4 4 T\ 4 I\ 4

3 3

o 4 -n
o O s
vy -y

Now ?m)?ﬁ

3
I
427 [4 ZJ

3, 3 2
7|

32

-
20 ?
Finally, Loy =1 per + mi?
37
or —?—’—2~mr22 =Ieer+m m@wrz or foe =0.1522mr; 4
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PROBLEM 9.114

The parabolic spandrel shown was cut from a thin, uniform plate.
Denoting the mass of the spandrel by m, determine its mass moment
of inertia with respect to (@) the axis BB, (b} the axis DIY that is
perpendicular to the spandrel. (Hint: See Sample Problem 9.3.)

A
SOLUTION
First nole miags = m = gV = pid
=pt [%ab}
AlSO IITIZ]SS = pf]arﬂﬂ
2m
= ;_“;E; area
=~ _4b
(ay Wehave /A\“:%‘ﬁ
c'l
[\' aren ]BB’ area + Aj;z ® — ‘ . ; .
- ’ X
2
g r A\ 4b
or lfs’b",arca = _é_abs - (*”2“61 J[S}f—]

(@)  From Sample Problem 9.3:

1
[BB’,areu = EabB
3m ]
Then [{j’b",mﬂss = "";};ngab-}
|
or T =—mb" 4
(" From Samplc Problem 9.3: . -
[N [
1, fo—o |
IAA’ aren — 29 b 4
S
3 2 ® /‘C
B
Now ]AA’,an::a = ]ll’,arcu + 4 {Z a} F\I i i?.
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and

Then

and

Finally,

PROBLEM 9.114 (Continued)

I 2
]22'_.31'(:21 - -[| I area + A (Za]

2 2
I 3
]22',ar::a = -]A,J’,area +4 (ZCIJ N(EQJ

= ia3b + »lwab Laz —E—az
5 3 16 [6
ru}wa3b

30

_3m_ 1
22" mass ab X—?;Ea

f
=g’
10

I )

]DD’, mass IBB’,musx + [22',mass

m im.b2 +imaf2
10

7

or JDD,:%m(m?Hobz) <4
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PROBLEM 8.115

A thin platc of mass m was cut in the shape of a parallelogram as
shown. Determine the mass moment of inertia of the plate with respect
to (@) the x axis, (b) the axis BB’, which is perpendicular to the plate.

SOLUTION
) 33- mass = m = pf A
T 1]11&55 = p( ]arca = ﬁ [‘dl'L'Zl
a / / C ‘J“ A
Ll i,

b o b o —d®

(@) Consider parallelogram as made of horizontal strips and slide strips to form a square since distance
from each strip to x axis is unchanged.

a e
< %\ *
XK.
a
4
yarea ga
m _om(1 4 by
[x,mass; :g[,t,arca ”F[ga J Ix —gma <
(b)  For centroidal axis y":
i’y:am = Z[Tia ] = ~6—a
- m m(1 4 1
JrJ".mass = gﬂf}”,arcn - ;’i‘(ga ] = gma
- 1
]v. = [y, + ma'2 z—-ma2 + ma2 :umaz
’ o 6
For axis BS" L to plate, Eq. (9.38):
|
lop =1, 41y =5 ma’ + %ma2 Tow = ~2~maz |
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PROBLEM 9.116

A thin plate of mass m was cut in the shape of a parallelogram as
shown. Determine the mass moment of inertia of the plate with
respect to {a) the y axis, (#) the axis 44°, which is perpendicular 1o
the plate.

SOLUTION

See sketch of solution of Problem 9.115.
{a}  From Part b of solution of Problom 9.115:

- 1
1, =—my
¥ 6
7 21 5 2 T 9
I =1, +ma” =—ma” + ma [ =—ma 4
¥ ¥ 6 ¥ 6
(b} From solution of Problem 9.115:
- 1 5 1,
fo=—ma* and I, =-—ma
T6 3
Eg. (9.38): Tye=1,+1,
1 3 1 ) I 2
=-—ma" +—ma lyp==ma" 4
6 3 2
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PROBLEM 9.117

A thin plate of mass m has the trapezoidal shape shown. Determine
the mass moment of inertia of the plate with respect to () the x axis,
(&) the y axis.

SOLUTION
First note mass =m = pF = pid
= pt!:(Qa)(a) + mlé»(zq)(a)} = 3pta’
m
Also L s = P e 2L
s P 3612

a NOW I\' area :(],1) Hre: + 'lX arca | x
(a) x Larea + (L), ® ;@

=§~(2a)(a)-‘ +1—12—(2a)(a)3

z

Then I\’ mass :Mmgwxusmali or ]x mass :____ma:Z <4
T 357 6 18

(h) We have

lrz,arca = (]z )l,arca + ('[z )2, arca

2
= B (a)2a)* } + gg(a)(zaf + -;-(2a)(a)[2a + % % 24:1) =10a*

Then 2

X, BIASS

= —Ez—x!(}a4 :E)—ma
34 3

Finally, 1/ =7 +1

»,mass X, MaEss z,mass
5 2
= -——ma" +-—ma
18 3

2

65
= Tgmaz A — =3.6lma* 4
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PROBLEM 9.118

A thin plate of mass m has the trapezoidal shape shown. Determine
the mass moment of inertia of the plate with respect to (a) the
centroidal axis CC” that is perpendicular to the plate, (b) the axis 44
that is parallel to the x axis and is located at a distance 1.5¢ from the
plate.

SOLUTION

First locate the centroid C.

XZA=3x4: XQd* +a*)=a(2a") +[2a +m§x20)(a2)
¥=4,
9

ZYXA=374: Z(2d* +a) = (%aj(2a2)+{-}5—aj(02 )

o7 PP
]y, mass ]CC', mase T mX*+2 )

From the solution to Problem 9.117:

or

or

{(a¢) Wehave
Then

() Wehave
and
Then

65

= —md
VIS
4 I8

2 2
— 14
-[cc:',mass = 0 : ——d |k ia
18 9 9

—Md —m

Or

)
! = ]BB',mass + m(/-’,)

X, Mass

T ; 2
]AA', mass ]b’b", mass T m(l 561)

PRRX:
2
'[AA', ass [x,nmss +m (isa) “(6“}

1. =0.99%ms* 4
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PROBLEM 9.118 {Continued)

From the solution to Problem 9.117: . e . X
s - 2
2
Ix,mass - I8 ma E
2
5 4
Then Ligvoass = Tgmaz +mi (1.5a)* —[—g—aJ

or I, =233ma" 4
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PROBLEM 9.119

terms of m and A.

The area shown is revolved about the x axis to form a homogeneous
solid of revolution of mass m. Using direct integration, express the
mass moment of inertia of the solid with respect to the x axis in

X
@ 1
SOLUTION
We have yzzhmhx+h
a
h
50 that F=e—(x+a)
a

For the clement shown:

Then

Now

From above:

Then

dm=prr*dc di, = é—rzdm

2
= pn’[ﬁ(x + a)} dx

a

f, g K R I S
me= Idrnm _"U pros(vra)de= o prsix a)’l

2
= ip;r%(&f —d')= Zpﬂahz
3 ua 3

q
I = J‘a’[_‘_ = J‘-;—ﬂ (prr*dy) mépﬁﬂ {Zﬁ(ﬁwfa)} dx

! 1At 50a 1 it 5 s
:mpEXE?{(,r+a) In mﬁpﬁy(ﬂa —a’)

2
31 4
= Ok
T
3
ah’ =~ m
P 7
‘,m—:i-lu :J:m hz=4(~)~3mmh!2
107 70

or

1, =1.329mh" 4
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PROBLEM 9.120

Determine by direct integration the mass moment of inertia with
respect to the y axis of the right circular cylinder shown, assuming
that it has a uniform density and a mass 1.

SOLUTION
For element shown: dm = pdV = pra*dx
di, =dl, +x"dm
= i‘azdm +xdm
= (%02 +x° }pﬂ‘azdx

_ 172 i
- - 2 2 2 .
1= far,= [ " pra (Zcz +x Jm

1 [ L oL 1(LY
= prd’ Za2x+f_ =2pra’ Ea2M+M(WJ

i 2 342
1 2y 2 p?
I =—pra”L3a + 1) <]
y =75 P )
But for whole cylinder: : m=pV = pra’l
Thus, l, ml—%m(Bal +17) 4
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PROBLEM 9.121

The area shown is revolved about the x axis to form a
homoegeneous solid of revolution of mass m. Determine by
direct integration the mass moment of inertia of the solid

h
with respect to (g) the x axis, (&) the y axis. Express your
answers in terms of m and the dimensions of the solid.
- X
t a
SOLUTION
\1
k
We have at {a,hy: h=-—
[#]
or k=uah 3

For the element shown:

r=4
dm=p7rr2dx
2

=p7£[9—l—?-J dx

X

3a z
Then m= J‘dm: j pﬁ”(fﬁ) dx
o X
3a
ﬁpﬂ'azhz[““;}
2,2 1) 2 2
= ORa R |~~~ ~— | 1== prrah
pra { 3a [ a 3'0 “
(a)  Tor the element: di_(:é—rzdmxé prr’dx
wl  fanY R
: ={ar = [ Log| 22 = pra | -~ —
Then 1, J.d[-“ L zpjr(x] dx zpjra h [ 33631,
Ut (Y1 26,
m——oftd B || — | ~| — 1 | =X prah
o\ (5e) (3] | osr
:u~1+><%,07zrm’12 ><—1—3-—1h2 ml:-a—mh2
6 3 9 54

ot 1, =0241mh* 4
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PROBLEM 9.121 (Continued)

(Y  For the element: di, =d1),+x2a’m
zlrzdm+x2dm
4
Then I mjdl “J.Bﬂ—i—gfl—2+ : ﬂgﬁzd
S A PR 7 P X g
3a
5. 3 1 a*h 2,2 a‘h?
= p7rah — +1 idy = pra“h*| —— +x
P .[ 7 » 2
3 1 &’k 1 @k
=|=m|aq| =gt 3a |~ -
2 12 (3a) 12 {a)
2
3 [ L 280 :m(Lhz+3,zj
2 12 27 a 10

or I, =m(3a’ +0.1204/") 4
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PROBLEM 9.122

Determine by direct integration the mass moment of inertia with
respect to the x axis of the tetrahedron shown, assuming that it has a
uniform density and a mass .

SOLUTION

We have

and

For the element shown:

xzﬁy%wz:a 1+
i h
b Y
g=—y+h=hl 14+
0 [ h}

2
dm = p(%xz dy] = —;—pab(i +i—] dy

Then = '{dm =1.5 pab(i +}XJ dy
A 7
3 0
h
= — pab X-— (I + )i]
3 —J X
+
IR . A—1t A
mgpabh[(l) —(1-1) ] N
1
=— pabh
6 P2
1 1 ‘
Now, for the element: 1w === X2 =—ab’ | ] +24
o 36 36 h
1 y !
Then deA’,rnass = pﬂAA’,ama = p(dy) Eab:j [1 + }Z_J
PROPRIETARY MATERIAL. © 2010 The MeGraw-Hill Companies, Tnc, Al rights reserved. No part of this Manuwal may be displayed,

reprodnced or distributed in any forin or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution fo teachers and educators permitied by MeGraw-Hill for their individual course preparation. If you are a student using this Manmyal,
you are wsing it without permission.

1549




PROBLEM 9.122 (Continued)

Now
LY
di = dl g s +{y2 +[~§ZJ :ldm
=*~l~*pab3 1+~‘£}4 dy
36 h
1 11 Y
+ivl 4 mb(H}w] —_ b(u-—J o
O ER Y N | PEt Gy Bt
3 4
pab*[w de+ paf{y +2-;+i} ]dy
I
Now m:gpabh
2 4 - 3 4
Then dl = lmﬂh 1+X +§f£ y2+22fm+25_ dy
2k h h RooB

4 3 4
_ O om0 y 2, Y Y
i1, = = e 1+ + Ny AN A
and I, Jd[_t J:h Zh{b ( h] 6(3} 2 PR Iy

1
or [ =-—mb*+h’) 4
10
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y PROBLEM 9.123

Determine by direct integration the mass moment of inertia with
respect to the y axis of the tetrahedron shown, assuming that it has a
uniform density and a mass m.

SOLUTION
We have xzfiy+a=a(1+1]
h h
b v
and z=—y+b=bh| 1 +=
h h
I 1 ¥ !
For the element shown: dm=p Exz dy |= 5 pabl 1+ ; dy
Ti =" L paf142) 4
hen m= j. m = J‘Mhapa + -};J fy
30
| h yy
==pabx—|| 1+
2 P 3 ( l:f] l
1 . 3 3
-—6-pabhl:(i} -(1-1)']
_L pabh
6
s 3
Also [BB',area = E Xz JirI)I)’,ama - sz
Then’ llSiﬁg ! mass tD 1l arca
we have d[BB',muss = p(dy) (?15 x23 ) d]DD’,muss = p(d_}i) ['112': 2"‘73J
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PROBLEM 9.123 (Continued)

Now
d]y = dIRB', mass T dII}D', mass
1 2, 2
= pxz{x" + 2% )
T { )dy
1 »Y rY
=— pab| 1 += @+ b I—i——; dy
12p ( h] ( )( h] i
We have m= pabh = dl, =@+ 52| 142 4@
6 T2k h
Then

1= j dl, = fh%(a? b )(] +£—)4 dy
, h 5 0
m—T—-(a!2 +b2)><—- [l+£)
2 siIVTa) |,
:%(a2+b2)[(1)5—(zm1)5]

o 2 2
or 7, -I—O—m(a +5°) 4
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PROBLEM 9.124*

Determine by direct integration the mass moment of ineriia with
respect to the z axis of the semiellipsoid shown, assuming that it
has a uniform density and a mass m.

P
s D
a2 b e

SOLUTION
First note that when
2 172
z=0: y=bh{l- %
a
NI
y=0: z=c¢c| 1~ %
2]
XZ
For the element shown: dm = p{(ryzdx} = mpbe| 1- "l dx
1) “2
Then m= Jdm = I mpbe| 1=~ |dx

1 o
= gpbe [x ) x’ } = %ﬂpabc

‘ 0
For the element: Dt amea = %zyj’
o3
Then d]/!/f',nmss = pﬂ/ld'.ﬂrca = p(dX) [Z v J
Now dl, =dl 4 o + X dm
2 2
- , .
x—4upb3c 1—5; dx+x*| mpbe] | %3”3- oy

=

|

b

a

3 32 “_2 ..A R 4

= B Iu2%+l- +| "~ dx
2a| 4 _ a at a
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Finally,

PROBLEM 9.124* (Continued)

1z=.[d12
a2 2 4 4
= b -2+ 5 4| 2 = | |ax
2a J0| 4 a a’ a
Wl 22 18) (1, 15))
e[ | o Sl T | Sy
2a| 4 342 544 3 5 a*
3 2
S I L TR 5
27140 3 5 35
or

i x}wm
5

(a2+b2) |
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y PROBLEM 9.125*

A thin sicel wire is bent into the shape shown. Denoting the mass
per unit length of the wire by m’, determine by direct integration the
mags moment of inertia of the wire with respect to each of the
coordinate axes.

SOLUTION
First note f‘f}i =y 13 (am 3 )1/2
efx
d 2
Then I+ [JJ =1+ (@ — 577 “
X

For the element shown: dm=m'dl, =m’

« g 3 sanfanE 3,
Then mrfdmmv[)m;ﬁdrzgrna [x l}mama
2 PP T a”
Now I_Y:J‘ydmquo(a -x") m;ﬁ—dx
@ a2
:m'amj —-]~/~§——3a4/3x”3+302’3x—x5/3 dr
ol x
¢ a
g 3 a2 9 g3 A3 _I_iamxz M:J'_xm
2 4 2 o
,3(3 9 3 3] 3 L,
=ma | ———+——>="ma
2 4 2 8) 8
or if‘_ximar2 <
4
Symmetry implies 1, :%ma2 4
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PROBLEM 9.125* (Continued)

Alternative solution:
I}

113

a w3 [ s
= |xdm={ £*|m' “esdy |=ma xdx
3 o B o

3 a 3
=m'a"? ><~[x8/3] ="wa’
8 (U

1
=—ma’

4

Also I,= J(x?‘ +y2)dm =1, +1,

or I =lmc12 |
2
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PROBLEM 9.126

A thin triangular plate of mass m is welded along its base 4B to a block
as shown. Knowing that the plate forms an angle @ with the y axis,
determine by direct integration the mass moment of inertia of the plate
with respect to {(a) the x axis, (&) the y axis, (¢) the z axis.

SOLUTION
. h
For line BC: g':w:;x—%h
2
:—h—(a—2x)
a
Also m=pV = f—l-ah
“i tah
2!’
1 2 ’ g ’ ’
{a)  Wechave dl, =— ¢ dm’ +| 2 | dm
-12 2
1 .., .,
(ol
36 dm
where dm’ = pt{ dx
Ti 1= far =2[" Loz
hen -1'_,[ L= L ""3“§ (ptddx)
2 w28 h 3
-——?)—ptjo [;(cxvz,r)} x
f! )
~2 ﬁ; i ,.,,_E_ _ 4 af2
A’ -3p!a3><4[ 2)[(0 2%) ]9
- i h3
: < = “apf;_y[(a—a)" *(0)4]
-+ 1
bydldx * xgpmh:‘

or I = ! mh* 4

X
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Now

and

(b)  Wehave

Now

{(¢) Wehave

PROBLEM 9.126 {Continued)

! = J.xldm
I, = j Wl =2 J':”xz (ptédx)

al 2
=2le‘ X !-{(aWZx) o
4] e

al 2
h| a 3 1 4
=2t —| —x" ——x
P [3 7 }

o
o E(ET_i(ET
al 3.2 4\ 2
L3 2
:nga h =-—ma

1, = ridm= [ + (¢ sin oy |dm
= Ixzdm +sin’ Qjé'zdm
I = j;zdm =1, =1, +1,5in> 8

= meaz +—]—mh2 sin® @
24 6

or I, = %(az +4h7 sin” ) 4
I, = Irfdm = I(xz + 3% )dm
= j[xz +{{ cos 3)2]dm
= szdm +cos” 0 j Pm
=1, +1 cos’ 6

= imaz s lmhz cos’ @
24 6

or I, = ﬂ(az +4h" cos’ 8) 4
24
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Polyearbonate PROBLEM 9.127

2 mm
_ Shown is the cross section of a molded flat-belt pulley.
_ Determine its mass moment of inertia and its radius of
) gyration with respect to the axis AA4’. (The density of
sgmm  Drass is 8650 kg/m” and the density of the fiber-reinforced
22 3man T 17om polycarbonate used is 1250 kg/mS.)
11 mm‘{ "t &
b ‘\\‘Bruss
L 2.5 mm —*l
£7.5 mm
SOLUTION

First note for the cylindrical ring shown that

m=pv :p:xg(dg ~d?)

2 2
(3] (%)
2 22

7 x
(pzxzdg]ag‘ *[pfxzﬁdf}df}

and, using Figure 9.28, that

ES

{yp=

i
o0l — oof— oof—

ESER]

e N e N
S
]
R
—_——
i
|
=
La
e

i

1
3
————
B
b2
-+
S
et

Now treat the pulley as four concentric rings and, working from the brass outward, we have
m= 14”—{8650 kg/m® % (0.0175 m)x(0.01 ¥ —0.005%) m?

+1250 kg/m’ [(0.0175 m)x(0.017% - 0.011*) m”

+(0.002 m)x (0.022% ~0.017%) m?

+(0.0095 m)x (0.028% - 0.022%) mz]}
=(11.4134+2.8863 +0.38288 +2.7980)x 10" kg
=17.4806%107 kg
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PROBLEM 9.127 (Continued)
and L= é{(l 1.4134)(0.005% + 0.01 1*)+ (2.8863)(0.01 1* + 0.017%)
+(0.38288)(0.017% +0.022%)
+(2.7980)(0.022% +0.028” )}x 107 kg xm?
=(208.29+147.92 +37.00 + 443 48)x 107 kg - m*
=836.69x107" kg-m*
or 1, =837x10"kg-m* 4
-9 2
Now k2, = Lax 8300910 k? M 47.864%10 m?
bl 17480610 kg
or kp=692mm 4
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Neoprene
. coprens PROBLEM 9.128
|<—E i -»I Aluminum
T / l‘ n, Shown is the cross section of an idler roller. Determine its mass

moment of inertia and its radius of gyration with respect 1o the
}m_ axis A4’ (The specific weight of bronze is 0.310 Ib/in’; of
" _‘2‘}_1 t aluminum, 0.100 lb/in3; and of neoprene, 0.0452 lb/in3.)
\\BI‘OHYE

SOLUTION

First note for the cylindrical ring shown that

msz=,(;rt><£:—(a’22 —a’f)mi}pt(df wdf)

2 2
1 d I d,
ORI L L Y
& m(zj 2’"‘(2J

and, using Figure 9.28, that

) 2
= é[(ptxg—df Jd-f —[Pfx“a{dlz]dlz}
:%[%pt](dg -—df)
-

i

:gm(a’f + d%)

Now treat the roller as three conceniric rings and, working from the bronze outward, we have

2 2
=T gy (0,3101b/in_3)(ﬁin. (3) w(lJ in?
47322 16 8 4

2 2
+(D.100Eb/in.3)(~]~1~in.] (iJ —[E) in?
16 2 8
; 2 2
+(0.0452 zb/inﬁ)(im_} [ﬁ] —(ij in?
16 8 2

=(479.96 +183.41+ 769.80)x 10 Ih-s*/1t
=14332x107 1b- s*/ft
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and

Now

Then

PROBLEM 9.128 (Continued)

2 2 2 2
1'4»1':“;" (479.96) (:}] +(~§] +(183.41) (-z-) +(-‘2—)
2

Y (1Y 1#
+(769.80) [1~ +(m] X 1078 b8t xin.? X
8 2 144 in?

= (84.628 +62.191+1012.78)x10™° Ib - ft - s*
=1.15960x10°Ib- ft-s*

or I, =1160x10"b fi-s* 4

x A :1.159()0><10—61b.ﬂ.53

k2= =809.09x107° it
A 1.4332%107 b s2/f1

koo =28.445x107 ft

or k,p=0341in. 4
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PROBLEM 9.129

Knowing that the thin cylindrical shell shown is of mass m, thickness £, and
height A, determine the mass moment of inertia of the shell with respect to
the x axis. (Hint: Consider the shell as formed by removing a cylinder of
radius o and height A from a Lylmdcr of radius « + ¢ and height #; then
neglect terms containing £ and  and keep those terms containing 7.)

SOLUTION

From Figure 9.28 for a solid cylinder (change orientation of axes);

+ 1 2, 42
[ =—mBa*+h*
Y E ( )

2
1. xl’l +m(»~hJ
’ ’ 2
2

—i——ﬂl{3£12 + i)+ mfz——
12 4

It

30, W 1 2, 42
=m| —a’ +— I, =—m(3a” +4h*) <]
12 3 . ¥
y Y
o+ @
’r »
(T
O
2 A *

= jsr{mt) h m,= }m“azh
Shell = Cylinder @ — Cylinder @
[ = T]Em‘ [Bla+1)” +4h"]~ 1_]2—’"2(3“2 +44%)

MM[p;z(aw) B[3a + 6 +4h* ]— (pimzh)(3a + 407
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PROBLEM 9.129 (Continued}

Expand (a+1) factors and neglecting terms in 2,8, and t*;
I = —%{r;[(az +2at+1")(3a” +6at + 37 + 41’ )] ~3g* ~4a’h?
= fﬁh—(f}a“ + 601 +30° + 4d° 1P + 6t + Sath® ~3a* — da’ K )
= m(iza-‘z +8arh’)
12
= LI (1202 4 80°)
2

Mass of shell: m = p(2rath) =2 prhat

-

. 2pmhat (124° +80%)

4
x—zig-(ml + 21
or  I,="(3a"+21") 4
6
Checks:

X

a=0, [ = lmh2 - glender rod
3 oK

X

h=0;, I 2—]2—1?1612 — thin ring
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PROBLEM 9.130

The machine part shown is formed by machining a conical
surface into a circular cylinder. For b=/, determine the mass
moment of inertia and the radius of gyration of the machine part
with respeet to the p axis.

SOLUTION
Y a.-af 3 a
b
» 2 ] 28| 2
Mass: My = Prah Mlpne = PTA" —=—pra’h
3 2 6
. . | 2 3 2
1}*' [cyi ":‘Z—mcyla cone :mmC(1r1ca
wlpﬂ"a“h L ath
2 2()p
For entire machine part:
ay b5, 3 o
M= oy = Wlogn, = PRA h«g prath= o prah
I =1y Iy = pra'h—- Y= pra'h
¥ e T Leone —-“‘2‘/97[51 —%pﬁa ""Eapﬂ.a
9
or I = Epﬁazh)(—q — |a* ' 22,?302 <
! 6 5120 50
Then =l 2 k, =0.735a 4
oomo S0 !
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PROBLEM 9.131

80 mm

After a period of use, one of the blades of a shredder has been worn
to the shape shown and is of mass (.18 kg. Knowing that the mass
moments of inertia of the blade with respect to the 44" and BB’ axes
are 0.320g-m*and 0.680 ¢ - m”, respectively, determine (a) the
location of the centroidal axis GG7, (b) the radius of gyration with
respect to axis GG

SOLUTION
(¢) Wehave dp =(0.08-d)m

and, using the parallel axis

L= w(;(;’ +md;
Ty =1 +md;
Then Ly =1 au =m(dy = d3)
=m| (0.08~d,) ~d |
=m(0.0064 -0.16d )
Substituting: (0.68 - 0.32)x107 kg - m* = 0.18 kg(0.0064 — 0.16d4 ) m*
or d,=275mm 4

(b)  Wehave Lip=1o+ mdi

or L =032x107 kg - m? —0.18 kg - (0.0275 m)*
=10).183875x 10" kg -m’

2 g _ 0.183875x10" kg-m”

Then ki = TP =1.02153% 107 m”
_ 18kg

or kg =32.0mm 4
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0t in PROBLEM 9.132

Determine the mass moment of inertia of the 0.9-1b machine component shown
with respect to the axis 44",

2.4 in

SOLUTION

First note that the given shape can be formed adding a small cone to a cylinder and then removing a larger
cone as indicated.

-
> 0y

Now — ~— or h=12in.

The weight of the body is given by
W=mg=gim +my—m)=pgV,+V, - 1)

or 0.9 Ib = px32.2 {i/s*

PR
[72’(0.8)2(2.4)+£(0.2)2(1 2) ~£(0.6)2(3.6)]in3 x[ : ﬁ )
3 3 12 in.

= px32.2 f/s*(2.79253 + 0.02909 - 0.78540}x 107 i
or £ =13.7266 Ib-s*/ft"

Then my = (13.7266)%(2.79253x107°) = 0.038332 Ib - s*/1t
m, =(13.7266)(0.02909x 107} = 0.000399 1b - s*/ft
my = (13.7266)(0.78540%107°) = 0.010781 1b- s>/
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PROBLEM 9.132 (Continued)

Finally, using Figure 9.28, we have
Liw =Ugeh L)y = i )3

I 3 3
= ——mlal?‘ + mmzaé“ w#m;af
2 10 )

10

2
= i(0.038332)(0.8)2 +—3—(().{)00399)(0.2)2wi(().(}10781)(0.6)1(lb-sz,’ﬁ)xi_nzx[ “:“E ]
2 10 10 12 in.

=(85.1822 +0.0333 - 8.0858)x 107 1b- fi -5

or 1, =77.1x10C1b-ft -s*
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15 in.

PROBLEM 9.133

A square hole is centered in and extends through the aluminum
machine component shown, Determine (&) the value of o for which
the mass moment of inertia of the component with respect to the axis
AA’, which bisccts the top surface of the hole, is maximum, (b) the
corresponding values of the mass moment of inertia and the radius of
gyration with respect to the axis A4". (The specific weight of
aluminum is 0.100 Ib/in.*.)

SOLUTION

First note

and

(@)

Using Figure 9.28 and the parallch-axis theorem, we have

Then
or
Also

Now for g =10,

and for g = h /i,
10

my = pV, = ph*L

my = pV, = pa’l,

Lo =)~ L ia )z

i

i s Z 6172
— (" + D)+ | =
121}1]( R ][2}

2
i 2 2]
- —}Emz(a2 +a”)+m, [E]

il

. (1 i 5
2N —b +—a® | (pa L) =
(pb )(6 %461} (pa )[]2a}

= %(sz‘ +3b%" ~ Sa*)

Har  PL 12 204*) =0
da 12

a=0 and a:l)\/z
10

dz],“' pL _— 3 I 2 2
i e (6D — 600 Y= — pL (b ~ 104
e E2( ) 5P ( )

2
d<l ’; £y
det
dz] Ad <0

da®
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PROBLEM 9.133 (Continued)

{1 ¢ ha OCCUTS When g= b\/;—%
Then a=(421in )\/E
SN0

(hy  From Parta:

or a=2.30in. d

2 4
C
([/fff’)]“‘\‘{ :& 21)4+3i)2 b i -51b “’?L zjipr‘*
h 12 V10 V10 240

) 3 N
2 Ty A0 OMO0INT iy 2 in gt S
240 ¢ 240 3221fvs 12 in.

of (L) =20.6X107 1b-ft-5° 4

Now ) 2 (IAA');n;lx

AL .
where m=my —~my = pLB* ~a’)
2
13
= pL|b* - /\/:
P V10
= pLb*®
10”
49 11l
Then ki = u%‘l"ﬁ—_—; _ Tl (4.2in.y
4 LpLt 240 24

or  ku,=227in 4
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PROBLEM 9.134

The cups and the arms of an anemometer are fabricated from a
material of density p. Knowing that the mass moment of inertia
of a thin, hemispherical shell of mass m and thickness ¢ with
respect to its centroidal axis GG’ is Sma®/12, determine (&) the
mass moment of inertia of the anemometer with respect to the
axis AA’, (b) the ratio of ¢ to  for which the centroidal moment
of inertia of the cups is equal to 1 percent of the moment of
inertia of the cups with respect to the axis 44",

rSOLUTION
. V-
(61') First note My = pVarm =p de !
and dmcup =p d chp
= pl(27a cos O)t)(ad )]
2 2
Then My, = Jdmwp =], 27pa”t cos 8d G
=27pa’sin g}
= 27pa’t
Now (IAA' )anem = ('[/l/j’)mps + (IAA' )m'ms

Using the parallel-axis theorem and assuming the arms are slender rods, we have

o —
([AA')auem =3 [( [G(}')cup + mcupdAGJ +3 I:[arm + Mo d/{(}:m“ J

5 aY 1 1 A%
— 2 2 2
=3 ?Z_mcupa + mcup (l + G) + (EJ J’ +3 Emarm[ + Maym ("2_)

5
= 31, ( ;az + 2+ 1* J +m, 1

= 3(2frpazl')(—§az +2a+ 12) + (Zg deJJ )

54° o d*
or Lt dumem =700 601 2242541 |+ 50 o
( AA )JHL t p 3 12 ! 4
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PROBLEM 9.134 (Continued)

oo )
{hy Wechave E—ﬁc—@*:O.(}i

(]A/f')cup

S 2 _00bm, | 2a +2a+1? | (from Part a)
or 12m°“i’a =0.0bm,,, 3a a {from Part
Now let { :fj{'
Then 587 :0.12@{2 +2§+1)
or 4047 ~24 ~1=0

+ J(-2) ~ -
Then gzz J2)7 - 4(40)(~1)
2(40)
or ¢ =0.1851 and ¢=-0.135]
%:0.1851 |

To the instructor:;

The following formulas for the mass moment of inertia of thin plates and a half cylindrical shell are derived at
this time for use in the solutions of Problems 9.135 through 9.140.

Thin rectangular plate

(1), =), +md
2 2
xé—m(b? +R)+m (gj +(§J
b/'
zém(bhhz) v*,/ :

T 2
([y)m - (Iy‘ )m + md

I, = (1’;:) +md’®

m

2
:_lmmhz +m ﬁ— =ln1h2
12 2 3

PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used bevond the limited
distribution to teachers and educafors permitied by MeGraw-Hill for their individual course preparation. If you are a student using thiy Meanual,
you are using i without permission.

1572



PROBLEM 9.134 (Continued)
Thin triangular plate
We have m=pV = p(—;—bht] 9

and I = Jml)h3

z,area
3

Then Tz,mass = pﬂz, arca j/i 1

[, 4 Ve
= Of X — bl
T
= —j— mh*
18
.. i ,
Similarly, o mass = D
O §
7 T 2 _ I 2 2
Now ]x,mass - Iy,mass + jz,lllas-‘i - Tém(b +h )
Thin semicircular plate
We have m=pl = p(gazfj
and Ty,amﬂ = ]z.ill'eil = £a4

Thea yomass ]z,mass = pt[y,area
T4
=pixX—a
8
Lo
1]
4
= 1,
Now ]x,mass - Jry,mass + [z,mass - Ema
3 -7 2 T Lk l ] 6 2
Also ],r,mass - [x',mnss +my or "(x‘,muss = [3 - 97[2 ]a
- L, - (1 16,
and ]z,mass - Jrz’,rnass +my or [z’,mass =m (Z - 5};{] d
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PROBLEM 9.134 (Continued)

j=z da
7 mm e
3T
Thin Quarier-Circular Plate
A
We have = pV o= p[zaﬂ
T a
and ly,arca = J’Yz,arca = _l'ga
Then jy,mass = ]z,mass = pﬂy,azcn
T
= pt x-—a®
16
|
=— ma”
4
_ _boa
Now [x,mass = ‘[y,muss + !z,mass - Ema
—2 , =2
Also I, ass = ass F m(y +z7)
- 1 323 5
or [ = ———" g
X', mass [ 3 973'2
and ! =1 +miz?
,10458 -3, mass
- 1 16 2
or Lo ee = ) a
¥, mass (4 9]{2
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o . PROBLEM 9.135

120 mun

A 2-mm thick piece of sheet steel is cut and bent into the
machine component shown. Knowing that the density of steel
is 7850 kg/m’, determine the mass moment of inertia of the
component with respect to cach of the coordinate axes.

e

130 v 130 mm

SOLUTION

First compute the mass of each component. We have

\1
| @
o= pSlV b p\].fA
Then / g

my = (7850 kg/m*)(0.002 m)(0.3 m)? li:/@_
=1413 kg

my = my = (7850 kg/m*)(0.002 m) x (0.15% 0.12)m?
=0,2826 kg

Using Figure 9.28 and the parallel-axis theorem, we have

fo={ W+2(1,),

:[1-12_(1 413 kg)(0.3 m)z}

+ 2[1—]2-(0.2826 kg)(0.12 m)* +(0.2828 kg)0.15" -+ 0.063)m2]

=[(0.0105975) + 2(0.0003391 +0.0073759)] kg-m”
=[(0.0105975) + 2(0.0077150)] kg-m*
or [ =260x10" kg-m* <

=1,y +2(1,),

- [%(1_.413 kg)(0.32 +0.3%) mz}

+ 2[1%(0.2826 kg)(0.15 m)” +(0.2826 kg)(0.075” +0.15%) mlJ

=[(0.0211950) + 2(0.0005299 + 0.007948 )] kg - m*
=[(0.0211950) + 2(0.0084780)] kg - m”

or 1, =382x10" kg-m’ «

PROPRIETARY MATERIAL, € 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displaved,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and edueators permifted by MeGraw-Hill for their individual course preparation. If you are a student using thiy Manual,
you are using it withowt permission.

1575




PROBLEM 9.135 (Continued)

12 ﬁ(I’z)l +2(]z)2

RRs 2
{12 (1.413 kg)(0.3 m) ]

+ 2[«1}5(0.2826 ke)(0.15% +0.12%) m® +(0.2826 kg)(0.075” +0.06) mz]

={(0.0105975) + 2(0.0008690 + 0.0026070)] kg - m”
=[(0.0105975) + 2(0.0034760)] kg - m

or [, =17.55%10" kg -m* «
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Y PROBLEM 9.136

A 2-mm thick piece of sheet steel is cut and bent into the machine
component shown. Knowing that the density of steel is 7850 kg/nr’,
determine the mass momeant of inertia of the component with respect
to each of the coordinate axes.

350 mn

SOLUTION

First compute the mass of each component, We have
m= Pl = pyrtd

Then

my, = (7850 kg/m®)(0.002 m)(0.35 % 0.39) m?
=2.14305 kg

m, = (7850 kg/m*Y(0.002 m) (%xo.l‘)Sszz =0.93775 kg

iy = (7850 kg/mr*)(0.002 m)(%xO.S‘)xO.l S)m2 =0.45923 kg

Using Figure 9.28 for component 1 and the equations derived above for components 2 and 3, we have

L= U+ )y + )

1 ' 039 Y
= 6(2.;4305 kg)(0.39 m)? +(2.14305 kg)(—'z-w m)
2
+ lwi@)(o.%??s kg)(0.195 m)® + (0.93775 kg) m] +(0.195)% [m?
2 or? 3T

an2 2 '
+{%(0.45923 kg)[(0.39)% +(0.15)* 1 m® +(0.45923 kg)[(g{}lJ +(0—;§J }nz}

=[(0.027163+0.081489) + (0.011406 + 0.04208 1) + (0.004455 + 0.008909)] kg - m?
= (0.108652 +0.053487 + 0.013364) kg - m>
=0.175503 kg - m*

or [, =1755%10" kg-m® «
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PROBLEM 9.136 (Continued}

[y = (Iy)l +(]}r)2 +(]y)3

i o . 035V (039Y | ,
=15 (214305 kg)[(0.35)" +(039)° ' +(2.14305 k) (T + ‘“J m

+B:(o.93775 kg)(0.195 m)® +(0.93775 kg)(0.195 m)z}

2
+{T]§(0'45923 kg)(0.39 m)? +(0.45923 kg){(oSS)z +( g;g] }mz}

= [(0.049040 + 0.147120) + (0.008914 + 0.035658)
+(0.003880 + 0.064017)] kg - m*

= (0.196160 + 0.044572 + 0.067897) kg - m”
=0.308629 kg - m*

or  1,=309x10" kg-m’ 4
[z:(Iz)] +(]z)2+(12)3

1 , 035 Y
= 5(2.14305 kg)(0.35 m)” +(2.14305 kg)| == m
+B(0.93775 kg)(0.195 m)ﬂ

2
+ {é(o.z;sc)zz. kg)(0.15 m)* + (0.45923 .kg)[(os S+ [ 9.:_5 J ]mz}

=[(0.021877 + 0.06563 1) + 0.008914) + (0.000574 + 0.057404)] kg - m”

= (0.087508 + 0.008914 + 0.057978) kg - m*
= (,154400 kg - m*

or I1,=1544x10"kg-m’ <
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PROBLEM 9.137

The cover for an ¢lectronic device is formed from sheet aluminum
that is 0.05 in. thick. Determine the mass moment of inertia of the
cover with respect to each of the coordinate axes. (The specific
weight of aluminum is 0.100 Ib/in.*)

SOLUTION
™

o>

m= pl =14
. >
0100 Ibfin? 7

First compute the mass of each component. We have

Then = 0.05 X (3% 2.4) in? = 1L11801x 107 1b - s¥/1t
32.2 ft/s
.3
m, :Mi;l;xo.os in. x(3x6.2)in.> = 2.88820x 107 1b-s*/ft
32.2 fifs
2.3
= my = Mx 0.05 in.x(2.4x6.2)in* =2.31056x107 Ib - s*/ft
322 fi/s

Using Figure 9.28 and the parallel-axis theorem, we have

(1,)3=(1,)4
I,( - ([fc)] +(1,\-}2 +(I:,)’§ +([x)4

=[1_12_(1.1 180110 Ib-s2/fi)(2.4 in )’

2 L2
+ (111801107 Ib-s?/| 24 i | [ LD
2 12in.

+ [%7:(2.88820 X107 1b-s¥/t)(6.2 in.)?

2 o N2
+ (288820107 1b - s¥/1t) (%% in.J }[ 11 J

12 in,

+ 2{{‘5(2.31 056107 Ib vszlﬂ)[(2.4)2 + (6,2)2} in>

2 2 PR
+{2.31056x107* Ib - s*/ft) (3—1] + (93) in2 4| &
2 2 12in.
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PROBLEM 9.137 (Continued)

=[(3.7267 + 1 1.1801) + (64.2491 +192.7472)
+2(59.1011+177.3034)]x10™ Ib-1t -5
= [14.9068 + 256.9963 + 2(236.4045)]x107° Ib-ft - s*

or 1 =745x107 Ib-ft-5" 4
[y :(IJ')] +(Iy)2 +([)!)3 +([y)4

z[%(z.f_zsmmw Ib- s*/ft)(3 in.)*

3 ; 1f Y
+(1.11801x107* Ib-s* /)| = in. :
2 12 m.

+ {-}%(2.88820x30‘3 Ib-s3/O[(3)% +(6.2)*] in.”

2 2 5
+(2.88820%107 1 - s¥/f1) [?.] {E@_] " [ 11 )
2 2 12 in.

+ [TIE (231056107 Ib-s2/11)(6.2 in.)*

2 2
+(2.31056x107 Ib-s%/it) 62 [ 1 f‘
2 12 in.

+ {-%(2.3 1056107 1b - s3/11)(6.2 in.)’

2 N2
%(2.31056x10‘3Ib-SQ/ﬁ)[@)Z+[E?'_] } in.z}( Lf ]
2 i2in.

=[(5.8230 + 17.4689) + (79.2918 + 237.8754) + (51.3993+154.1978)
+(51.3993 +298.6078)]x 107 Ib-f - §7

=(23.2919+317.1672 4+ 205.5971 4+ 350.0071)x 10 * b ft s

or 1, =896x10"Ib-ft-s’
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PROBLEM 9.137 (Continued)

'[z :(Iz)l +(12)2 %(12)3 +([z)4

= {%(1 A1801x107° Ib-s2MD[(3) +(2.4)° | in?

2 2 LoN2
+(1.11801x10 " Ib- */11) (EJ +(%ﬁ] in?l( HAt J
2 2 J 12 in.

4«[—[]—2—(2.88820x 1070 b s*/10(3 in.)?

2 2
+(2.88820%10° 1b.sz/ﬁ}(§ in.] ( 1 }
2 12 1.

+ E-Z-(z.s 1056 <107 1b-s*/11)(2.4 in.)?

2 - 32
+(2.31056 %107 lbﬁz/ﬂ)(%in.} }[ Ift ]

12 in.

+ {%(2.3 1056107 Ib-s*/11)(2.4 in.)?

2 2
+(2.31056x 107 1b-s2/f1) (3)%(?15&} in2 ( m ]
2 12 in.

=](9.5497 + 28.6490) + (15.0427 + 45.1281)
+(7.7019+ 23.1056) + (7.7019+167.5156)]x 10 " 1b- ft - s

= (38.1987 +60.1708 + 30.8075 +175.2175)x 10°¢ Ib - ft - ¢

or I =304x10"1b-fi-s* «
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PROBLEM 9.138

A framing anchor is formed of 0.05-in.-thick galvanized steel. Determine the
mass moment of inettia of the anchor with respect to each of the coordinate
axes. {The specific weight of galvanized steel is 470 Ib/ft’.)

SOLUTION

“)
First compute the mass of each component. We have {/

o o *
m:pV:ZQ"itA
g

Then %
470 Ib/R° 1t T ©

m, (1,05 in.x (2.25%3.5) m?x[
32.2 fi's 1

=3325.97x10°%1b-s>/ft

21n.

470 b/
32.2 fus’
=950.28%x 107 Ib-s*/fl

3 3
mzzwx().OS in.x [1x2x4.75) in.zx( Ln J
T 3221 2 1

2 1in.
=2006.14x 107 b -s2/11

Hty

1n.

o N3
X 0.05 in.x (225x1) in.zx(];u ]

Using Figure 9.28 for components 1 and 2 and the equations derived above for component 3, we have
L=+ () + (1),
:{115(3325.97 3107 1h-s2/)(3.5 in.)

2
+(3325.97x107% 1b- 57 /f1) 33 2 || A ﬁ
2 12 in.

+{%(950.28x20“6 Ib-s?/ft)(1 in.)*

1y iRy
+(950.28x107° 1b-32/ﬂ){(3.5)2+(—J ]in.2 ( : J
2 12 in.
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PROBLEM 9.138 (Continued)

+{£§(20{)6. 1431078 b - s*/f0)[(4.75)° +(2)*] in.?

2 bl 2
+(2006. 14 10°° tb- s*/11) (3x4.75] %[}mxz] in? lft ]
3 3 12 in.

=[(23.578 + 70.735) + (0.550 + 82.490)
+(20.559 +145.894) )¢ 1070 1b - ft - §°
=(94.313+83.040 +166.453)x10°% b - ft - &

or I, =344%x10°1b-fi-s* o
L=+, )+,

- {-1}5 (3325.97x107° Ib- s2/f1)(2.25 in.)

2 2
+(3325.97x10°° Eb-sszt)(—z—';—s in.) J( 1t )

12 in.

+ {135(950.2& 10°%1b- s/f)[(2.25) +(1)* ] in.

2 2 3
+(950.28%10°° Ib - s%/f)| | 222 J{_L] 2 |10 }
2 2 12 in.

+ {fg(2006. 14x107% 1b- s2/£0)(2 in.)?

1Y ey
+(2006.14x107° 1 - 52/11)[(2.25)2 +[~3w>< 2] } in? [ ]

12 in.

=[(9.744 +29.232) + (3.334 +10.002)
+(3.096+76.720)]x 107 Ib - ft - *

=(38.976 +13.336 + 79.816)x107° b - ft - 5°

or 1, =132.1x10"1b-ft 5"
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PROBLEM 9.138 (Continued)

'[z E("z)l +([2)2 +(]z)3
= {%(3325,97 1070 th-$2/I[(2.25) +(3.5)" } in.?

2 2 ' .2
+(3325.97x107% Ib-s*/1) (—Z—E] +[3§) in? ”f
2 2 12 in.

+ {—]%(950.28x] 07%1b-s*/f)(2.25 in.)?

2 2
+(950.28%10°° Tb- /1) [2&2} +3.57 | in? ( L J
2 12 in.

+ {é(zooé. 14x 107 1b- 7 /t)(4.75 in.)”

2 ’ LoN2
+(2006.14x10°° lh.szfﬁ:)I:(z.ZS)z+(~§x4.75] ] in.z}( Lt J

12 in.
=[(33.322 +99.967) + (2.784 1+ 89.192)
+(17.463 +210.23D)]x107° Ib- f1-s*

=(133.2894+91.976 + 227.694)x107¢ Ib - fi - s*

or 1, =453x10C1b-ft s
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yi PROBLEM 9.139

120 A subassembly for a model airplane is fabricated from three pieces of 1.5-mm
plywood. Neglecting the mass of the adhesive used to assemble the three
pieces, determine the mass moment of inertia of the subassembly with respect
to cach of the coordinate axes. (The density of the plywood is 780 kg/m® )

¥ 30m m\$/ . S
X

SOLUTION
41
First compute the mass of each component. We have é
m= pV = ptd o K
Then %

my = my = (T80 kg/lnB)(O.OOIS m)[é—x(}.BxO.QJ m?
=21.0600x107 kg
_ 3 7 2 2 3
my = (780 kg/m™)(0.0015 m) lex().m m° =13.2324x10" kg

Using the equations derived above and the parallel-axis theorem, we have

U=
I.\' :(]x)] +(1.!;)2 +(].\')3

2
= 2[]%(21 0600x107 kg)(0.12 m)” + (21.0600x 10~ kg)( 0. ;2 mj }

+E(‘;3_2324x10“3 kg)(0.12 m}z}

=[2(16.8480 +33.6960) + (95.2733)]x 10 " kg - m*
=]2(50.5440) + (95.2733)]x10 ° kg - m’

or 1, =196.4x10" kg m* <«
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PROBLEM 9.139 (Continued)

L, =(Ln+( )+ )

2
= {}%(21.060%10‘3 kg)(0.3 m)” + (21.0600 kg)[%?lmj W

+ {"i“]“é“(z 1.0600x 107 kg){[(0.3)* +(0.12)° Tm”

2 2
+(2i.0600x10"3kg){(9§§) +(g§g] wmz}

+ H(l$.2324><10'3 ka)(0.12 m)z}

=[(105.300 + 210.600) + (122.148 + 244.296)
+{47.63N]x10  kg-m*

=(315.900 + 366.444 + 47.637)x107¢ kg - m*
or 1, =730x10""kg - m* «

Symmetry implies [, =1,

1,=730x10%kg - m* «
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210 mnf PROBLEM 9140*

540 mn A farmer constructs a trough by welding a rectangular piece of
Z-mm-thick sheet steel to half of a steel drum. Knowing that
the density of steel is 7850 kg/m® and that the thickness of the
walls of the drum i3 1.8 mm, determine the mass moment of
incrtia of the trough with respect to each of the coordinate
axes. Neglect the mass of the welds.

SOLUTION

First compute the mass of each component. We have \
-
=l = \%4

Then
my = (7850 kg/m”)(0.002 m)(0.84x0.21) m*

=2.76948 kg

m, = (7850 kg/m®)(0.0018 m)(7x0.285x0.84) m*
=10.62713 kg

my = i, = (7850 kg/m*)(0.0018 m}(%xo.ZSSE ] m?
=1.80287 kg

Using Figure 9.28 for component | and the equations derived above for components 2 through 4, we have

(1,\-)3 = ([,\-)e;
o= )+ U+, + L),

2
- %(2_76948 Ke)(0.21 m)? +(2.76948 kg)(o.zssﬁéi%l] mz}

+[(10.62713 kg)(0.285 m)2 ]+ ZB (1.80282 ke)(0.285 m)QJ

=[(0.01018+0.08973) + (0.86319) + 2(0.07322)] kg - m
= [(0.09991 + 0.86319 + 2(0.07322)} kg - m?

or I =1.110kg-m*> «
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PROBLEM 9.140* (Continued)

Iy :(Iy)] +(‘[y)2 +([}r)3 +([y)4

= {%2»(2.76948 kg)[(0.84)" +(0.21)* T m?

2 2
+(2.76948 kg){(%ﬁl—) +[0.285~9§1] ]ml }

+H(l.80282 kg)(0.285 m)z]

=[(0.17302+ 0.57827) + (1.05647 +1.87463)
+(0.03661) +(0.03661 +1.27207)] kg - m?
= (0.75129 +2.93110+0.03661 +1.30868) kg - m”

Iz :([z)§ +(]z)'2 +(13)3 %(13)4

I
12

+EI(1.80282 kg)(0.285 m)g}

+B(1.80282 kg)(0.285 m)* +(1.80282 kg)(0.84 m)z}

={(0.16285 + 0.48854) + (1.05647 -+ 1.87463)
+(0.03661) + (0.03661 +1.27207) kg - m*
=(0.65139 +2.93110+ 0.03661+1.30868) kg - m*

0.84
2

2
+ {1}5(} 0.62713 kg)[(0.84)" +6(0.285)° Tm” + (10.62713 kg)[*ﬁﬁ m] }

+B~(I.80282 kg)(0.285 m)* + (1.80282 kg)(0.84 m)z}

or I, =503 kg-m® «

2
- {42.76948 kg)(0.84 m)” +(2.76948 kg)[gfﬁ m] ]

2
) {Tli (10.62713 kg)[(0.-84)° + 6(0.285)" m” +(10.62713 kg)[%%i ln) }

or I, =493kg-m’ €
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PROBLEM 9.141

The machine element shown is fabricated from steel.
Petermine the mass moment of inertia of the assembly
with respect to (a) the x axis, (b) the ¥ axis, (¢) the z axis,
(The density of steel is 7850 kg/m®.)

X

40 mm

SOLUTION
First compute the mass of each component, We have
m== PV

Then

m, = (7850 kg/m*)(72(0.08 m)> (0.04 m)]
=6.31334 kg

my = (7850 kg/m®){7(0.02 m)*(0.06 m)] = 0.59188 ke

my = (7850 kg/m*>)[7(0.02 m)? (0.04 m)] = 0.39458 kg

Using Figure 9.28 and the parallel-axis theorem, we have
(a) L=y +U )y~ ks

- {;15(5_3;334 k)[3(0.08)* +(0.04)%} m* +(6.31334 kg)(0.02 m)2}
+{§2—(o.59138 Kg)[3(0.02)° + (0.06)° m? +(0.59188 kg)(0.03 m)z}

—{{5(0.39458 kg)[3(0.02)* +(0.04)* } m® +(0.39458 kg)(0.02 m)z}
=[(10.94312 + 2.52534) + (0.23675 + 0.53269)

—{0.09207 +0.15783)}x107 kg - m?
= (13.46846 + 0.76944 — 0.24990)x 10~ kg -m?
=13.98800%10™ kg - m*

or 1,=1399x107 kg-m” «
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PROBLEM 9.141 (Continued)

(&) I,y=(I,h+{,),~ ()

- [%(6.31334 ke)(0.08 m)?}
+ B(o.s_c)_l 88 kg)(0.02 my* + (0.59188 kg)(0.04 m)z]

- [—;—(0.39458 kg)(0.02 m®) + (0.39458 kg)(0.04 m)z}

=[(20.20269) +(0.11838 +0.94701)
~(0.07892 +0.63133)]x10 kg -m’

= (20.20269 +1.06539 - 0.71025)x 107 kg - m*

=20.55783 %107 kg - m?

or  J,=206x10"kg-m" «

(C) Iz:(]z)l%(]z)Qm(!z)B

= {IEE(G'S 1334 kg)[3(0.08)% + (0.04)* ] m? +(6.31334 kg)(0.02 m)Q}

—{-}—%(0.39458 kg)[3(0.02)° +(0.04)*] m? +(0.03958 kg)[(0.04)* +(0.02)*] mz}
=[(10.94312 + 2.52534) + (0.23675 +1.47970)

— (0.09207 + 0.78916)]x 10~ kg - m”
= (13.46846 +1.71645 - 0.88123)x10™ kg-m*
=14.30368x107 kg-m’

or  I,=1430x10"kg-m’ «

To the Instructor:

The following formulas for the mass of inertia of a semicylinder are derived at this time for use in the
solutions of Problems 9.142 through 9.145.

From Figure 9.28:

. 1
Cyvlinder (I )ep = ~~2».r’r:uyla2

1 .
(Iy )cyl = (Iz )(;y] = Timc)'l (3(12 + Lz)
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PROBLEM 9.141 (Continued)

Symmetry and the definition of the mass moment of inertia (/ = [#*dn) imply

1
(I)semicy]indcr = E ([ )cylimlcr

L]
(T )e xé—[-z—mcylazj

11
and () = ) 25[“{5”2“’* (3a® + LZ)J
L‘
HOWBVG!‘, My = Smc)’i
1 2

ThUS, ([x )sc = _Emsca :l

2 4o X
and (L) =(1) = ém (3a® +11) Ey X'

Also, using the parallel axis theorem find

Towm [+-18 )
’ 2 9x°

e 16 i
1, =my 116 a* I
4 97 12

where x” and z" are centroidal axes.
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PROBLEM 9.142

Determine the mass moment of inertia of the steel
machine clement shown with respect to the y axis.
(The specific weight of steel is 490 Tb/ft®))

(.G . 1.33 dae.

o/

KR BN
0.6 in‘
1.2 in.
SOLUTION
First compute the mass of each component. We have
m= pgF = IS'—V
490 To/ft’ . fr Y
Then my = SO 273 7%9) in? xf 1
32.2 fils 12 in.

=791.780x 107 Ib-s*/1t

3 3
.. 290 o/t x(£x£.352x1.4] ;‘n:‘x(llfjt ]

niy

S22t 2 2 in.
=35205x107 Ih-s?/1t

s 53 3
SO 0,62 x1.2) inﬁx[ll ft }

n, =
322 st 2 in,
=11.952x107" th-s*/ft
w3 3
- 1 p
m, :MX(O.QXO.GXQ) in x[ f_‘ ] =42.799x107 1b-s*/ft
32.2 fi/s 12 in.

The mass moments of inertia are now computed using Figure 9.28 (components 1, 3, and 4) and the equations
derived above (component 2).
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Find: [y

PROBLEM 9.142 (Continued)

We have L= ), +U) =),

= {1—;(791 780107 Ib-s*/)[(2.7)° + (9] in?

2 \2 ' 2
+(791.780x 107 b -s%/11) (ﬂ] +[3] in X[ H,l }
2 2 12 in,

+ {Tlfi (35.295x107 Ib-s%/f[3(1.35)* +(1.4)* ]in.?

2 N2
+(35.295x10 b s¥/f)| (1.35) + EECA N “f‘
2 12 in.

I _
+ {E(l 1.952x107 b - s% /R)[3(0.6)* + (1.2)° T in.?

2 L N2
+(11.952><10‘3]b-szlﬂ)f(l.?;S)z+(9+w]—‘~2—} in? x[ 1'? )
2 12 1n.

- {é(42.799x 107 b - s2/)[(0.9)* + (9)° ] in2

2 Loz
+ (42799107 1o -5/ (1.35)2+(2J in”? x[ T ]
2 12 in.

=[(40.4550 +121.3650) + (0.1517 +17.3319)
+(0.0174 +7.8005) — (2.0263 +6.5603)]x 107 Ib- ft - s
= (161.8200 +17.4836 + 7.8179 ~8.5866)x 107 Ib - fi - s

or  1,=017851b-ft-s* «
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PROBLEM 9.143

Determine the mass moment of inertia of the stecl
machine element shown with respect to the z axis,
(The specific weight of steel is 490 b/ft.)

0.6 in. 1.35 .

SOLUTION
First compute the mass of each component. We have

M= P = ﬁl—V

Then

490 b/
T 322 /s
=791.780%107 Ib-s*/t
ki
m, aMx(fxmsz xl.4) in x( L J
3221 L2 12 in.
=35.295%107 1b-s*/ft

m

2 in.

11t Y
x(2.7%3.7%x9) mf‘x[l J

~ 3 o 3
my 20O 0.6 x1.2) m.%{ Lit ]
3221 12 in.
=11.952x107 Ib-s*/ft
9 3 ) 3
g =220 L ib’lﬂz % (0.9%0.6x9) 1n.3><( L ] =42.799x107 1b-s*/ft
32.2 ft/s 12 in.

The mass moments of inertia are now computed using Figure 9.28 (components 1, 3, and 4) and the equations
derived above (component 2).
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PROBLEM 9.143 {Continued)

Find: 1,
We have L=+ + ) = (1),

= {;’5(791 T80%107 1b-s*/f)[(2.7)* + (3.7)*in2

2 2 2
+(791.780 1b - s*/ft) [31 +[§~ZJ in? x( “,t
2 2 12 in.

16 2
——— [(1.35 in.
o Jasin)

+{ (35.295x10 Ib- szfﬂ)[}?:

2 PN
+(35.295%107 Ib-57/11) (1.35)2+(3.7+4X‘-35J i X( LA ]
3 12 in,

+{é(1 1.952 %107 1b - s*/R)(0.6 in.)*

~ 2

W{T%m""ggxmﬂ Ib-s>/0[(0.9) +(0.6)"] in?

2 W 32
+(42.799x107 b -s¥i)| (1352 +] 28] | in2 ix[ L0 )
2 12 in.

7, =[(9.6132 + 28.8395) -+ (0.1429 + 4.9219)
+(0.0149 +1.2875) — (0.0290 + 0.5684)]x 10 1b - ft - s
= (38.4527 +5.0648 + 13024 — 0.5974)x 10 b - ft - 5

or  I,=0.04421b ft.5° o
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40 mm" PROBLEM 9.144

50 moiw | s

Determine the mass moment of inertia and the radius of
gyration of the steel machine element shown with respect to
the x axis. (The density of steel is 7850 kg/m®))

GO wm

13 mm
15 mun

Z 45 mm
43 mm

SOLUTION

First compuie the mass of each component. We have
m= Pl
Then my = (7850 kg/m*)(0.09%0.03% 0.15)m’
=3.17925 kg

my = (7850 kg/sn3)[§(o.045)2 xo.m} m®

=0.998791 kg

my = (7850 kg/m*)[7(0.038)” x0.03] m* = 1.06834 kg

Using Figure 9.28 for components 1 and 3 and the equation derived above (before the solution to
Problem 9.142) for a semicylinder, we have

I,r :(I.x)l +([.\')2 M(I,\:)S

= [1—}5(3.17925 kg)(0.037 +0.15%) m? +(3.17925 kg)(0.075 m)z}

+4(0.998791 kg) 1.8 (0.045 m)y? +~’—(0.04 m)®
4 ox* 12

2
+(0.998791 kg){(O.E’&)z +(f3<—;)-'-05—5—+0.015J ] mz}
V4

- {-55(1 06834 kg)[3(0.038 m)® +(0.03 m)* ]+ (1.06834 kg)(0.06 m)z}
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PROBLEM 9.144 (Continued)

=[(0.0061995 + 0.0178833) + (0.0002745 + 0.0180409)
—(0.0004658 + 0.0038460)] kg - m”

= (0.0240828 + 0.0183154 - 0.0043118) kg - m?

=0,0380864 kg - m?

or [ =38.Ix10" kg-m’ «

M=+ iy — my = (317925 + 0.998791 - 1.06834) kg
=3.10970 kg

Now

md g2 Lo 0.0380864 kg -m’
' _ 3.10970 kg

or kx=110.7 mm <«
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Y
50 min
) 80 mm

16 mn TO mm

4(} irum

30

:/2‘4 -

PROBLEM 9.145

Determine the mass moment of inertia of the steel fixture shown
with respect to {a) the x axis, (b) the y axis, (c) the z axis. {The
density of steel is 7850 kg/m’.)

SOLUTION

First compute the mass of each component. We have

m = PeV
Then m, = 7850 kg/m® % (0.08 0.05% 0.160) m’
=5.02400 kg

my = 7850 kg/m® x (0.08x0.038%0,07) m* = 67048 kg

my = 7850 kg/m’ x (%x 0,024 x 0.04] m’ = 028410 kg

Using Figure 9.28 for components 1 and 2 and the equations derived above for component 3, we have

((J) I,rx(fx)]—(fx)lm([:\').%

2

2 2
= {%(5.02400 K)[(0.05)" +(0.16)" }m’ + (502400 ke) H%] +[9_19] ] mz}

2 2
- {715(1 67048 kg)[(0.038)" +(0.07)* ] m” +(1.67048 kg)“ﬂ.OS m_mo'(fg] +[0,05+9;;Zj } mz}

]
4

_ 116 2 b 2 |2
{(0.28410 kg){( 9]_[2)(0.024) +--(0.04) }m

2 2
oz (005 222 fu15- 2] ||
T

=[(11.7645 +35.2936) — (0.8831 +13.6745) — (0.0493 + 6.0187)}x 10~ kg -m’
= (47.0581~14.5576 — 6.0680) <107 kg - m*

=26.4325%x107 kg - m?

or I, =264x107kg-m* <€
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PROBLEM 9.145 (Continued)

¢y L= =), - ()

2 2
= {%{5.02400 kg)[(0.08) + (0.16)* | m* + (5.02400 kg)[(&gﬁ) + ( 0‘16) }nz}

2

2 2
f«{l—li(i.()?()fig kg)[(0.08)" +(0.07)° T m® + (1.67048 Rg)[[&g—ﬂ +(0.05+9:§Z] sz}

2 2
_{é(o.zszuo kg)[3(0.024)" +(0.04) T m” +(0.28410 kg)[(%ﬁj +(0.16 "_%Qij } mz}

=[(13.3973 + 40.1920) - (1.5730 + 14.7420) ~ (0.0788 + 6.0229)]1x 10 kg - m?
=(53.5893~16.3150 - 6.1017)x 107 kg - m*

=31.1726x107 kg - m? or I,=312x10"kg-m* «
(C) [z:([z)]w(lz)zm([z).?
2 2 '
:{1—12-(5.02400 kg)[(0.08) +(0.05)* 1 m* + (5.02400 kg){[ﬂ‘;ﬁ] +(9'—§3J }nﬁ}
I 0,082 0.038 Y’ |
- E~241.67048 kg)[(0.08)* +(0.038)° Tm? +(1.67048 kg){[—'z—J +(().05w;5m) m’
]
2 2]
. 024
~1(0.28410 kg)[im ”’,_, (0.024 m)* +(0.28410 kg) 9~9§] + o.()s—w) m’
2 9x° 2 3
=[(3.7261+11.1784) = (1.0919 + 4.278 1) - (0.0523 + 0.9049)]x 10 kg - m?
= (14.9045—5.3700 - 0.9572)x 107 kg - m*
=8.5773%107 kg - m? or 7, =858x10 kg -m*> «

To the instructor;

The following formulas for the mass moment of inertia of wires are derived or summarized at this time for use
in the solutions of Problems 9,146 through 9.148.

Slender Rod

I.=0 1,:}"2,2«_55%2 (Figure 9.28)

. >
{,=1= %m[} (Sample Problem 9.9) \k.
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PROBLEM 9.145 (Continued)

Circle

We have [ = Irzdm = ma’

Now T} =7 +1 ‘.
o <> N
And symmetry implies [, =1 £ dm
!

Semicircle

Following the above arguments for a circle, We have

T_l, =1, :g:mrar2 I, = ma*
Using the parallel-axis thcorem
1, =1, +mx’ ngg
4
or l,=m 1.4 a’
2 7
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PROBLEM 9.146

Aluminum wire with a weight per unit length of 0.033 Ib/ft is used
to form the circle and the straight members of the figure shown.
Determine the mass moment of inertia of the assembly with respect
to each of the coordinate axes.

SOLUTION

First compute the mass of each component. We have

= ff— = —l—(ﬁij L
AL

g g\l
. . It
Then iy = e 0,033 b/ X (22X T6 in) x—
322 ft/s 12 in.

=8.5857x107" b-s¥/ft

"y = My, = g :B—EM;}:&:EXO.OSS Ib/fi x8 in.x

2 1in.
=0.6832 Ih- s>/t

Using the equations given above and the parallel-axis theorem, we have

L= (T + )y + UL +(1 )4+

2 in.

N
:[%(8.5857><10'3 Ib-s%/f)(16 in.)g]x[ll I,t )

12 .

1 s 1y
+| (06832 1b-*/R0)(8 in)” |x

i,

2
+H0+(0.68321b-57/R)(8 in.)zix(!;ﬂ ]

4 2
4{%(0.6832 Ib-s*/f6)(8 in.)” +(0.6832 th-s2/f)(47 +167) in.ZJx[ 1 ; *,t )
11,

+[~1]5(0_6832 Ib-s/f)(8 in.)* +(0.6832 Ib-s*/ft)(87 +122) in.z}x(il ﬁ j

2 in,
=[(7.6315) +(0.1012) + (0.3036) + (0.0253 + .2905) -+ (0.0253 + 0.9868)]x 10> Ib - fi - s
=(7.6315+0.1012+0.3036) +1.3158+1.0121)x 107 b - 1t - §°
=10.3642x107 b - fi - 52 or [ =1036x1071b-ft-s> «
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PROBLEM 9.146 (Continued)

(=) () =0,)s
L=+ Uy + U,y + (1), +(,)s

. 2
z[(8.5857><1()"3 Ib-s* /)16 in.)z}x( l-fgt )
12 in.

2
+2[0+(0.6832x 107 b - s /1)(16 in.)"’-]x(lgif‘ J
mn

=[(15.2635)+ 2(1.2146) + 2(0.0253+ 0.6832)]x 107" b fi -5°
=[15.2635 +2(1.2146) + 2(0.7085)]x 10 b i - *

=19.1097x10 b ft -5 or [, =19.11x107"Ib-ft-s* «

Symmetry implies I, =1, 1, =1036x107Ib-ft-s* <
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Y PROBLEM 9.147

The figure shown is [ormed of émin.—diametcr steel wire. Knowing that the
specific weight of the steel is 490 Ib/ft’, determine the mass moment of inertia
of the wire with respect to each of the coordinate axes.

SOLUTION

First compute the mass of each component. We have
m=pg,V =L 41,
g

Then

490 a1, Y . 1Ry
iy = Aty = e X | | —in. | [ X{7 %18 in)x :
322 fifs 418 12 1n.

=6.1112%107 b s¥/ft

490 1/ | xf1. Y . 1a Y
iy = Py 35 e = | i, | X8 X :
122 fis? | 418 12 in.

=1.9453%10" Ib- s/t

Using the equations given above and the parallel-axis thcorem, we have

([.1')3 m(]x)cl
o=+ )y +(U)+(1),

2
= 1(6..1112><10‘31b-32/ﬁ)(18in.)2 X ”:1
2 12 1n,

2
J{é(ﬁ-11!2><10‘3 Ib-s* (18 in)” + (6.1112x107 b s2/f0)(18 in‘)sz(];‘z )
m,

v V2
+ 2[{5(1 9453x107 b s*/f)(18 in)” +(6.1112x107 Ib- s2/1)(97 +18%) in?}{ 1; [_‘ ]
E .

=[(6.8751)+(6.8751+13.1502) + 2(0.3647 +5.4712)x 10 Ib- i - s
=[6.87514 20.6252 +2(5.8359)]x 10> b-fi - s° _
=39.1721x107 b - fi -5* or /. =003921b-1t-5* 4
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PROBLEM 9.147 (Continued)

(]y)l m([y)z’ Uy)a :([)!)4
Li=U +U )+ T+

2
_ _ o It
=20 (6.1112x107 b s¥/)(18 i) |x
[( s/ m)] [12111.]
11t

2
+2[(0+1.9453x 107 Ib- s> /10)(18 in.)z]x( :
12 in.
=[2(13.7502) + 2(4.3769)]x10* b - ft -5
=36.2542x107 Ib-ft -

()3 =)
L=Un+U )+ L+,

P ‘ 2
mB(s.mzxm‘? Ib-s2/0)(18 m.)sz( oL ]

12 in.

+{(6.1 112x107 lb-szlﬁ)(-l-*j;)(i 8 in.)?
2z

2 Y.
+(6.1112><10*1b-s'2/fa){[2xm] +(18)2}n.2}x( | fi
¥/

12 in,

! it Y
+2[-3-(1.9453><m3 Ib-s* )18 in.)z]x(} : J

2m,
=[(6.8751)+ (1.3024 +19.3229) + 2(1.4590)]x 107 Ib- fi - 5
=[6.8751 +20.6253 + 2(1.4590)]x 107 b - ft - s '
=30.4184x107Ib- 11 -5°

or 1,=003631b-ft-s* 4

;

or I, =003041h-ft-s° 4
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PROBLEM 9.148

A homogeneous wire with a mass per unit length of 0.056 kg/in is
used to form the figure shown. Determine the mass moment of inettia
of the wire with respect to each of the coordinate axes.

|—SOLUT!ON |
\-‘
First compute the mass m of each component. We have
m=(m/L)L
= (L056 kg/mx1.2 m
=0.0672 kg
< X
Using the equations given above and the paratlel-axis theorem, we have
L=+ U+ (L) H( )+ s + (1)
Now (]\ )] = ([x )3 = ([r )4 = ([\ )b and (]r )2 = (]\ )5
Then I = 4[% (0.0672 kg)(1.2 m)z] +2[0+ (0.0672 kg)(1.2 m)z]
=[4(0.03226) + 2(0.09677)] kg - m*
=0.32258 kg - m’ or [, =0323kg-m’ 4
L=+ Uy + )5+ () + ()5 +U,),
Now (]y)] xO, (13;)2 :(]y)():- and (I),)4 z(]y)ﬁ
Then I, = 2[»;!;(0.0672 kg)1.2 m)2]+[0+ (0.0672 kg)(1.2 m)*]

+ 2[;15(0.0672 kg)(1.2 m)* +(0.0672 kg)1.2*> +0.6%) mZJ

=[2(0.03226) + (0.09677) +2(0.00806 + 0.12096)] kg - m
=[2(0.03226) + (0.09677) + 2(0.12902)] kg - m”
=0.41933 kg - m” or 1,=0419kg-m° «

Symmetry implies [, =1 1,=0419kg - m* <«
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y PROBLEM 9.149

8 mm Determine the mass products of inertia Iy, 1., and L, of the steel

fixture shown. (The density of steel is 7850 kg/m®)

16 mn T0 mm

A4}

N

B0amm

SOLUTION
First compute the mass of each component. We have

m= pV

my = 7850 kg/m® x (0.08 X 0.05x0.16) m” = 5.02400 kg
m, = 7850 kg/m® x(0.08x0.038x0.07) m® =1.67048 kg

Then

n, = 7850 kg/m’ x(f‘fxo,ozaiz ><0.04] m® =0.28410 kg
2

Now observe that the centroidal products of inertia, /.- gad sy and [_'f, of each component are zero because of
s faly'e 4y zx
Symmetl'y. Now

¥, = (0,05 -——()—%:ig] m=0.031m

7, = [0.05 *MJ m =0.039814 m
3

and then
m, kg X,m y,m Z,m mxy, kg-m’ miz, kg m” mEx, kg m*
1 5.02400 0.04 | 0.025 0.08 5.0240x107° 100480107 | 16.0768%107
2 1.67048 0.04 1 0.031 0.085 2.0714x107 4.4017%107° 5.6796%x107°
3 0.28410 0.04 | 0039814 | 0.14 0.4524x107 1.5836x107° 1.5910%107°

Finally,

T =)~ )y = (1) =[(0+5.0240) - (0+2.0714) - (0+0.4524)]x10”

=2.5002x107* kg - m* or 1, =250x10"kg-m* 4
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PROBLEM 9.149 (Continued)

Ly = (I = (1) ~(1,); =[(0+10.0480) - (0+4.4017) — (0 +1.5836)] x 10~

=4.0627x107 kg -m?
or 1,=4.06x10"kg m* 4

Lo s (L) =)y =)y =[(0+16.0768) ~ (0 + 5.6796) — (0 +1.5910)]x 107
=8.8062x107 kg - m*
or 7, =88Ix107kg-m* «
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¥ 16 mm PROBLEM 9.150

Determine the mass products of inertia I, I, and [, of

GO ; [
2ty [ the steel machine element shown. (The density of steel
’D/L is 7850 kg/m®)

20mm ¢

SOLUTION
L‘
First compute the mass of each component. We have I / ®
&

O

m= PV
3 3 % “
Then my = 7850 kg/m” x(0.1x0.018x0.09) m” =1.27170 kg x

m, =7850 kg/m® x(0.016x0.06x 0.05) m* =0.37680 kg
my = T850 kg/m® x (7% 0.0122 x 0.0y m’ = 0.03551 kg

Now observe that the centroidal products of inertia, -, {7, and £+, of each component are zero because of

symmelry. Now

m, kg X,m i ¥, m Z,m mx y, kg-m? myz, kg-m’ mz ¥, kg-m’
t| 1271170 0.05 | 0.009 0.045 | 0.57227x107 | 0.51504x107 | 2.86133x107
2 1 0.37680 0.092 | 0.048 0.045 | 1.66395x107 1 0.81389x107° | 1.55995x10
3] 0.03551 0.105 | 0.054 0.045 | 0.20134x107° | 0.08629x107 | 0.16778x107
L 243756x10° | 141522x107 | 4.58906x107
0
Then I, = X[ + WX F) or I, =244%107kg-m* 4
0
1,, =S +myz) or 1, =1415x107 kg-m’ <
0
1, =+ mZx) or I, =459x107kg-m* 4
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PROBLEM 9.151

Determine the mass products of inertia Ly s, and [, of the cast
aluminum machine component shown. (The specific weight of

2.4 in. . . . 3
vg i Aluminumis 0.100 Ib/in.")

SOLUTION

First compute the mass of each component. We have

m=pyV =lany
g

_0.100 Ib/in}

Then m = 5 X (7.8x0.8%1.6)in.?
322 fifs
=31.0062x107 1b- /1t
. /in? :
m, :%x(z.w 0.8%2)in.*
32.2 fifs
=11.9255x107 b-s™/ft
- 3
y - 0100 b/m" Z (0.8 x O.S]in.-‘ =2.4977 b-s7/ft
32.2 f/s? 2 i
3
my = 2000 0,557 x0.61in* = 17708 b-s2/8
32.2 ft/s

Now observe that the centroidal products of inertia, Toysd pesand [, of each compenent are zero because

of symmetry. Now
4%0.8
£V 4

x :—[7.8+ Jin.=—8.13953 in,

PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companics, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior wriiten permission of the publisher, or used beyond the limited
distribution to feachers and educators permitted by McGraw-Hill for their individual conrse prepavation. If you are a stndent using this Manual,
you are using it withon! permission.

1609




and then

PROBLEM 9.151 (Continued)

m, Ib-s*/ft %, f voft | Zft | mEV, Ib-fi-s? wiyz,lb-fi-s° mz %, b fl-s

1| 31.0062x107° 39 04 08 335.901%107° 68.903x107°¢ 671.801%107°
. X 13 2 > 9011 68, B01x10

A 1.2 0.4 26 . ] B

2 | 11.9255%10 = | = | 239,752 %10 -~86,129%107¢ 258.386%10

12 12 12

_8.13953| 04 | 08
2 |12 |

7.8 1.1 0.8

12 12 12

~56.473x107° ~5.550%10°° 112.945%10™°

3| 2.4977x107°

~105.511x107° —10.822x10°° 76.735%x107°

4 | 1.7708x107°

T ~537.637x10°° | ~171.404x10™° | 1119.867x107°
0
Then I, = 2§y +mT ) or [, =—538x10°Ib-ft-s” <
0
1. =z%+mﬁ) or I, =-1714x10"°1b-fi-s* 4
0
1, =S A mET) or I, =1120x10"1b-fi - 5s* «
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PROBLEM 9.152

Determine the mass products of inertia /., /,,, and /,, of the cast

aluminum machine component shown. (The specific weight of
aluminum is 0,100 1b/in.%)

SOLUTION

First compute the mass of each component. We have

’”ZPALV:‘&LV
g
.1
Then m, xwx(S.Qxl.SxZZ)in?
32.2 fifs
=72.5590%107 Ib-s%/ft
.3
my = 0100 1b/in- lb/”; x[f(i.;)le.g}n;‘
32.2 fifs 2
=10.6248x 107" b - s*/ft
-3
my = SOOI g1 1x1.2)in?

32.2 fifs?
=5.7391x10" 1b-s*/f

Now observe that the centroidal products of inertia, I_rr),r, T...and ..

Vs > of each component are zero because
of symmetry, Now

_ 4x1.13.
x2x~(5.9+ X! 1)m.
3
= —6.36685 in.
— . LY.
y3 2[1.8*‘5—)]1}.

=1.25in.
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PROBLEM 9.152 (Continued)

and then
m, tb- 5%/t ¥, ft y,ft 7t | mxy,b-ftos? | myz,Ib-fi-s® | mE ¥, Ib-ft-g?

295 0.9 1.1 4 3

1 | 72.5590%107° TS EE 7 ~1.33781x107 | (.49884x107 | —1.63510x10™
6.36685 | 0.9 1.1

2 | 10.6248x10° | = 12’ Ty o ~0.42279x107° 0.07305x107 | =0.51674x107°
0.7 1.25 1.3

3 | 57391107 T S I ~0.03487x107|  0.06476x107 | ~0.03627x107*

Finally, Io =W +{1 ) —(I_U,)3

=[(0-1.33781) +(0—0.42279) — (0 — 0.03487)]x 10
or I.=-1726x10"1b-1t-s* «

xy T

[J"z = (Iyz)l + (Iyz)z —-'(]yz )3
= [(0+ 0.49884) + (0 + 0.07305) — (0 + 0.06476)] x 10

or  /,=0507x10"1b-ft-s° 4

[.'{.1' = (Iz,\')l + ('12,\' )2 - ('[zx )3
=[(0-1.63510)+ (0~ 0.51674)— (0 —0.3627)]x 107

or 1, =-2.12x10"1b-fi-s* 4
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v PROBLEM 9.153

A section of sheet steel 2 num thick is cut and bent into the
machine component shown. Knowing that the density of
stecl is 7850 kg/m’, determine the mass products of inertia
1y, 4z, and 1, of the component.

400 mm

N

z HH) 1man

SOLUTION

my = pV = 7850 kg/m*(0.2 m)(0.3 m)(0.002 m) = 0.942 kg
ny = p¥ = 7850 kg/m® (0.4 m)0.3 m)(0.002 m) =1.884 kg

For each panel the centroidal product of inertia is zero with respeet to each pair of coordinate axes.

m, kg X, m ¥, m Z,m Mx ¥ My E mz X
@ | 0942 0.15 0.t 0.4 +14.13%107° +37.68x107° +56.52x107°
1.884 0.15 0 0.2 0 0 +56.52%107°
b3 +14.13x107° | 43768107 | +113.02%107°
1, =+1413x107 kg-m’ I,=+1413g-m" <
I, =+37.68x107 kg m’ 1,=+377g-m* <4
I, =+113.02x107 kg - m* 1, =+113.0g-m* «
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PROBLEM 9.154

A section of sheet steel 2 mm thick is cut and bent into the
machine component shown. Knowing that the density of steel
is 7850 kg/m3, determine the mass products of inertia 1, [,
and 7., of the component,

400 mm

Do

225 mm

235 mm

SOLUTION

First compute the mass of each component.

We have m= PV = Pt
Then m, = {7850 kg/m® )[(0.002)(0.4)(0.45)Jm’
=2.8260 kg

m, = 7850 kg/m’ [(0.002){% 0.45%0.1 8]}113

=0.63585kg
Now observe that
Lol =) = () =0
(Iye), =), =0

- 1
From Sample Problem 9.6:  {(Jxy'); e = ~—;Ez~b22h§

- 1 i
Then (1,1."):')2 = pSTl(]x'y’)Z,atea = Psrl(“iabé?th = mgngbZhQ
Also Y=7=%=0 % :[—_0.225+0§5]mm~0.075 m

PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No parf of this Manual may be displayed,
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PROBLEM 9.154 (Continued)

Finally, Ly =T, +m¥ 7)=(0+0)+ [ﬁgl(m(().(ﬁSSS kg)(0.45 m)(0.18 n)
4

+(0.63585 kg)(-0.075 m){g'%mﬂ

=(—1.43066x 107" = 2.8613%107 ) kg - m*
or I =-429%10"keg-m’ 4

Ay

and I, =X +myE)=(0+0)+(0+0)=0
or { e = 0

I, =% +mzZ%)=(0+0)+(0+0)=0
or I_=0 <

Fay

PROPRIETARY MATERIAL. € 2010 The MeGraw-Hill Companies, Inc. All rights reserved, No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used bevond the limited
distribution fo teachers and educators permitied by McGravw-Hill for their individual course preparation. Ifvou are a student using this Manual,

you are using it without permission.

1615



! PROBLEM 9.155

A section of sheet steel 2 mm thick is cut and bent into the
machine component shown. Knowing that the density of steel is
7850 kg/m3, determine the mass products of inertia /, /., and
1, of the component,

350 npn

it % X

SOLUTION
First compute the mass of each component. We have

m= pPerV = peytd

3 2 “% *
Then m, = (7850 kg/m®)(0.002 m)(0.35x0.3%)m
=2.14305 kg

i, = (7850 kg/m’ }(0.002 m)[%x 0.195* ]mz
=0.93775 kg
m, = (7850 kg/m’ }(0.002 m)[%x 0.39x0.1 5) m’
= 0.45923 kg
Now observe that because of symmetry the centroidal products of inertia of components | and 2 are zero and
(L) =L )3 =0
Also (s mmass = Pt (ﬁ'z')s,;;lca

Using the results of Sample Problem 9.6 and noting that the oricntation of the axes corresponds to
a 90° rotation, we have

1

(T}"z')lm’ea = 7'2-]}32'[1?2
| I 1
Then Uy )y = Pyt 724)3 k= ggna3b3h3
Also V=X, =0
195
5, = 20195 082761 m
3z
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PROBLEM 9.155 (Continued)

Fmnally,

Ly =2l + WX Y)

=(0+0)+(0+0)+ [0 +(0.45923 kg)(0.35 m)(—%é mﬂ

= ~8,0365%107° kg - m? or [, ==8.04x10"kg-m* «

]yz = Z( vz
=(0+0)+[0+(0.93775 kg)(0.082761 m)(0.195 m)]

+myz)

1 _ .
+ [3?(0.45923 kg)(0.39 m)(0.15 m) -+ (0.45923 kg)(——{gﬁ mJ(g-? mﬂ
. .

=[(15.1338) +(0.7462 - 2,9850)]x 10 kg - m?
=(15.1338~2.2388)x10° kg - m*
=12.8950x107° kg-m’ or /,,=12.90x10" kg -m* 4

sz = E(};f\" +mz '"x")
=[0+(2.14305 kg)(0.175 m)(0.195 m)] + (0 + 0)

+{o+ (0.45923 kg){gj—g mJ(OSS m):,

= (73.1316 +20.8950)x 10 kg - m?
=94.0266x107 kg - m* or [, =94.0x107 kg m* <
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PROBLEM 9.156

A section of sheet steel 2 mm thick is cut and bent into the machine
component shown. Knowing that the density of steel is 7850 kg/m’,
determine the mass products of inertia /y,, £, and I, of the component.

SOLUTION

First compute the mass of each component. We have

m = PopV = poytd
Then

= m, = (7850 kg/m®)(0.002 m){%x().225><0.135J m? = 0.23844 kg
m, = (7850 kg/m*)(0.002 m)(%x 0.225° ] m® =0.62424 kg

m, = (7850 kg/m’)(0.002 m)(%x 0. 1352) m* =0.22473 kg

Now observe that the following centroidal products of inertia are zero because of symmetry.

T =T =0 (), =), =0
(L) =) =0 Uy =) =0
Also Fi=7,=0 % =%=0
Now [, =%(1 +mX¥)
so that I.=0+4

Xy
Using the results of Sample Problem 9.6, we have
1

]uv arca = ml)2h2
24
Now ]m’,nms.\: = p‘slt 1’m',area i
2,2 ' "
= porti —bh
Ps1 {24 ]
] B
=-—mbh
12
i
Thus, (N mﬁmlblh,
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PROBLEM 9.156 (Continued)

While (U,); = M%m3b3h3

because of a 90° rotation of the coordinate axes,
To determine [, for a quarter circle, we have

0
=d [ty vy dim

al

N . . 1 1
Where Uy =U Vg :“2“":5"“2 —u?
dm= pot dd= pertv du = pgta® —u” du

Then i, = J-dlm, = J;:](zt)[—;—\/az - J(pSTt 7 _uzdu)

_b P R
_zps,].fj-ou(a u”)dy

oAt A
i
-

bl b

|
Thus (1,.), = ———rmyds
- 2
because of a 90° rotation of the coordinate axes. Also

(1,)s =emad
Finally, . .
Ly =2, =1 m)’lze) AV [(.ﬂy}’) T b+ U, ),
:[mé(0.23844 kg)(0.225 m)(0.135 m)} +[§%(0.22473 ke)(0.135 m)z}
= (~0.60355+0.65185)x 107 kg - m*
or [, =483x10"kg -m’> 4

0 0
L, =2 )=, 0+, ) "'[(-2‘.()3 +1myZ3%5 | +] Fio Vo + 373 %4]

- [71—2_(0.23844 kg)(0.225 m)(0.135 m)} + [w%(0.62424 ke)(0.225 m)z]
¥4

= (0.60355 - 5.02964)x 107 kg - m*
or I =-443%10"kg -m* 4
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’ PROBLEM 9.157

Brass wire with a weight per anit length w is used to form the figure shown.
Determine the mass products of inertia L, 1., and /., of the wire figure,

F4
SOLUTION
First compute the mass of each component. We have
L{
1
m= w =l
g g
W = \
Then m = -Qrxay=222a ~®
g g [
ny, z—vz(a)xﬂia \@
g g
By = E(Zcr) o
8 g
w[ 3 ] w
my =— 24 X—a |=3T—q
g 2 g

Now observe that the centroidal products of inertia, /.., /., and [ .., of each component are zero because
of symmetry.

m x ¥y z mxy myz HZX
2l | 2 a a 4r Y dr
g g g g
W i W 3
2 g 2a ~a 0 —a 0 0
g 2 g
W W
3 2—a 2a 0 a 0 0 4=
g g
4 | ma | 24 2 % o g o 127 g
g 2 g £ g
5 Y -sm)d IRV AP 4+ 2myd
g g g
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PROBLEM 9.157 (Continued)

0
Then L, =X +mi7) T -2169(1 ~57) 4
0
1, =E(}, +my7) or i, =~1 1.71":—115613 <4
. s
I, =Z(Fo +mizX) or I, = 4—2—’6:3(1 +27) 4
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v PROBLEM 9.158

Brass wire with a weight per unit length w is used to form the figure shown.
Determine the mass products of incrtia /7, {,., and [, of the wire figure.

SOLUTION

First compute the mass ol each component. We have

m:w’ﬁ:lw[,
£ g
Then " e irxgwa =}—nlﬂa
g 2 2 g
my =230y =34
g g

W W
My )= -
N (zxa)=n
¥

b4
Now observe that the centroidal products of inertia, f{yr,f},.z», and 7., of each component are zero because of
symmetry.
b X ¥y z Xy Wy z HE X
I 3 9
A ISP I 2a —a 92 Sala L
2 g N2 2 g 2 g 4g
W i W o3
2 3—a 0 —a 2a 0 3—a 0
g 2 g
w 2 w4 w4 w3
3 T—a —{a) —a a -2—a —F—d 2-mq
g z g g g
. b w
z -nts WE g 1w s
g g\2 4g
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PROBLEM 9.158 (Continued)
0 _
Then 1, =X(F + mXT) or I, =-1 Jg-af <
° i
- _— W4
Iyz =2 e +ﬁ’ly2) or ]yz :?Z-—Ea (ﬂ“i‘!)) ‘
’ I
L =X(}i +nizX) or I, = =2 <
. AT
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! PROBLEM 9.159
M

v 180 mm The figure shown is formed of |.5-mm-diameter aluminum

wire. Knowing that the density of aluminum is 2800 kg/m’,
determine the mass products of inertia 1y, 1., and [, of the
wite figure.

230 mm

300 mm

SOLUTION

First compute the mass of each component. We have
m=py V= pa AL
Then

my = m, = (2800 kg/m’) —3(0.0015 m)® [(0.25 m)

=1.23700x10" kg

n, = mg = (2800 kg/m®) u‘;:m(o.oms m)? [(0.18m)

=0.89064x107 kg

m; = mg = (2800 kg/m’) 3;’;(0.0015 m)? (0.3 m)

=1.48440x10 kg
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PROBLEM 9.159 (Continued)

Now observe that the centroidal products of inertia,

. [},:z', and I,

«» of each component are zero because

of symmetry, Iy B
m, kg X, m y,m Z,m mx y, kg- m* myz, kg m® mz X, kg- m*
11123700107} 0.18 0.125 0 27.8325%10°¢ 0 0
2 [0.89064%x107°|  0.09 0.25 0 20.0394x10°° 0 0
3 | 1.48440x107 0 0.25 0.15 0 55.6650x107° 0
4 11.23700x107 0 0.125 0.3 0 46.3875%107° 0
5 [0.89064%107°]  0.09 0 0.3 0 0 24.0473x107°
6 |1.48440x107 0.18 0 0.15 0 0 40.0788x10°°
x 47.8719%107° | 102.0525%10°® | 64.1261x107°
0
Then 1, =X(J + mix 7) or 1,=479x10"kg-m* 4
0
- T, e . —6 2
{,, =5y + WY E) or 1, =102.1x10"kg-m° 4
0
1, =X/ +mz %) or I, =641x10"kg - m’ «

PROFPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights teserved. No parr of this Mannal may be displayed,
reproduced or distributed in any form or by any means, withont the prior written permivsion of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a student using this Manual,
you are using if withouwt permission.

1625




PROBLEM 9.160

Thin aluminum wire of uniform diameter is used to form the figure shown.
Denoting by s’ the mass per unit length of the wire, determine the mass
products of inertia 1, 1., and I, of the wire figure.

SOLUTION

First compute the mass of each component. We have

= (ﬂ)L =m'L
L

Then my =mg = m,[zr_ RlJ = ﬁ:m'Rl
2 2
my =my =m'(Ry ~R)

o o,
m, =m | —R, |=—mR
(28,

Now observe that because of symmetry the centroidal products of inertia, 7 s :Z , and 1., of components
2 and 4 are zero and

(Tx')")l = (Tz’_\")l =0 ([\ v )3 = (F;"z').? =0
(};’z’ )5 = (j_z'x')ﬁ =0

Also =520 JF=Rn=y=0 F=5=0

Using the parallel-axis theorem [Equations (9.47)], it follows that / , = {,, =/, for components 2 and 4.

To determine 7, for one quarter of a circular arc, we have df,,, = uvdm

where U= acosé v=gsingd \Y
e don,
and dm = pdV = p| A(adB)]
where A 1s the cross-sectional area of the wire. Now !
O a
Ao b F\y
M=mi—|= pA (]
e L\l
so that dm = m'ad@ ;
and I, =(acos@)asin@)m'ad8d)

=m'a’ sinOcos Odé
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PROBLEM 9.160 (Continued)

2 .3
Then 1, = 'fd]m, = j m'a’ sin @cos 046
i
1 i I
=m'a’| —sin’ 8 =—m'a
2 0 2
Thus, (f,pz I 2%”?’}?13
d L)y == w'B (1) = tw'R
an ( z.r)3 _'—Em 2 ( 4\'}-')5 “"Mmi"m 1

because of 90° rotations of the coordinate axes. Finally,

4] 0
T =2 ) =] :fy’ b+ |+ [(ﬂr))’s +my |+ {1,)s

or i, = L m'R
) 2
0 0
]yz = Z([yz) - ([yz )§ + [( y’z')} + m3J73?3]+ {( y'z')S + mﬁj;'SES]
| S
or I, =—mR <4
2
0 0
[z,\' - E(]zx) = [( z',r')l + mlnémi.fl ] + (]zr )3 + E( 4 )5 + 'nSESES}
or 1= W%m'Ri <
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PROBLEM 9.161

Complete the derivation of Egs. (9.47), which express the parallel-axis theorem for mass products of inertia.

SOLUTION

We have I, = jxydm 1, = 'fyzdm I, = sza’m (9.45)
and x=x+% y=y+y z=z'+%7 (9.31)
Consider I, = nydm

Substituting for x and for y
I, = J'(x’ +E) Y+ T)dm

= Ix'y'dm-iuj? x'dm+f€jy'dm+35fj.dm

By definition Loy = Ix'y'dm
and j.x'dm =mx
J.y'dm =my

However, the origin of the primed coordinate system coincides with the mass center G, so that

I,=1s+mxy QED. 4

ay

The expressions for 7, and 7, are obtained in a similar manner.
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v PROBLEM 9.162

For the homogeneous tetrahedron of mass m shown, () determine
by direct integration the mass product of inertia 7, () deduce 7,
and [, fram the result obtained in Part «.

<N

SOLUTION

(@)  First divide the tetrahedron into a series of thin vertical slices of thickness ¢z as shown.

Now xxw£z+a:a[lw£)
¢ c

and y=A~£z+b=b[l——Z‘]
c ¢

The mass dm of the slab is 4 \\(\ "
1 1 zY Ny 2
dm=pdV = p| ~xydz i==pab| 1-= | dz A= dz
2 2 ¢
c] z 2
Then m= '[dm = Jn —z—pab(l —;] dz
3 [
1 ¢ zy 1
=—pab|] —— | I-= =—pabe
2 ( 3)( (:J 6"
0
Now dl = dl o+ Zy Ty dim
where d;ﬂf;ﬁ\_z =0 (symmetry)
_ — | i z
and ZpL = E X = gx :ga(! w:}
Then I, = Ja’l = ch la 1~—Z—] lpab 1-5}2 dz
X ZXx o 3 ¢ 2 c
oo, z? 2 7
=~ pa?l i 3iil i
6pa )L z - +3(:2 7 dz

or I xiumac <
C 20
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PROBLEM 9.162 (Continued)

(b)  Because of the symmetry of the body, I,, and 7, can be deduced by considering the circular
permutation of (x,v,z) and (a,b,¢).

Thus,

1. mimab <4
20

1, L <
20

Alternative solution for Part «;

First divide the tetrahedron into a series of thin horizontal slices of thickness dy as shown,

a y
NO X=——y- = .I"'““_'
W X by o a( bJ
and Zﬁ"‘Ey*i*(,:C(l"*-:}i
b b

The mass dm of the slab is

2
dm = pdV = p(—lz—xzdy] =%pac[l m%) dy

Now di,. = pidi

zx,area

where t=dy

2X,4rce

2 2
Then dizx = p(dy) —i%':a[iw%] }[c(lm%ﬂ

and 4, = -i%xzzz from the results of Sample Problem 9.6.

4
1 2 2[ y] I m [ J’)
— =2 | dy=—2 i b d
24,0ac b Y 4})“ b v
Finally ! "_[df = bwl " C L 4d:
1y, zx zx o 4 ba b )

5 L
m_l__niac (__[)_J( m_)i] or ]Z‘,:—E—mac <4
45 5 b) i 20
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PROBLEM 9.162 (Continued)

Alternative solution for Part a;

The equation of the included face of the tetrahedron is

so that y:b(l—i——iJ

For an infinitesimal element of sides dx, dy, and dz:

dm = pdV = pdydxdz

z
From Part a X = a[l - —]
C

Now

¢ pali-zie) ph(l-xa—zic)
1, = szdm = L j( '[ zx(})dydxdz)

} 0

=pf j:”“"/”zx[b(l -3 2 dez

3 afl—z/c)

zZX

= ——]'——mac |
20
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PROBLEM 9.163

The homogeneous circular cylinder shown has a mass m. Determing the mass
moment of inertia of the cylinder with respect to the line joining the origin O
and Point 4 that is located on the perimeter of the top surface of the cylinder.

SOLUTION
From Figure 9.28; I,= %ma2
and using the parallel-axis theorem i A ¢ *
hY 1
1 =1, =—m(3a* +h*)+ m(E) _T2~m(3a2 +4h%)
Symmetry implies Ty=1,=1,=0

For conventience, let Point A lie in the yz plane. Then

1 .
Aoa = =]+ ak)
W +a
With the mass products of inertia equal to zero, Equation (9.40) reduces fo

<«
T =FAL+ LA+ LA

2 2
2 . -+ Lm(Saz +4h%) <

1
= — | T
2 VR +d* 12 NI A
1 L1087 +34°

or 1y =——wmua

|
12 W+

Note: For Point 4 located at an arbitrary point on the perimeter of the top surface, 4, is given by

Aoy = {acos @i+ Aj + asin gk)

i
\/;2_%9,2

which results in the same expression lor /.
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PROBLEM 9.164

The homogeneous circular cone shown has a mass m. Determine
the mass moment of inertia of the cone with respect to the fine
Jjoining the origin O and Point 4.

SOLUTION

. 3 ) , , 9

First note that dpy = Ea +(=3a)” + (3a) :5(;

. L3 . [P

T'hen Apa =5 —ai =3aj+3ak |=—(i—2j+ 2k)
Ea 2 3

For a rectangular coordinate system with origin at Point 4 and axes aligned with the given x, y, z axes,
we have (using Figure 9.28)

111,
T e
20
Also, symmetry implics Iy=1,=1,=0

With the mass products of inertia equal to zero, Equation (9.46) reduces Lo

j()rl x‘[\)"\z Jr]y/ll)? + 12;1"3

LS00 3 0 2V 111 L2y
o= ) | b e a” | —
20 3) 10 3) 20 3

=" ma or I,,=322ma" 4
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y
40 mm

PROBLEM 9.165

Shown is the machine element of Problem 9.141. Determine ils
mass moment of inertia with respect to the line joining the origin O
20 and Point A.

i A0

20 w4

X

A0 mm

SOLUTION

First compute the mass of cach component.

_0.284 Ib/in.’

We have m= peaV = V = (0.008819 Ib-s¥/ft - in2 )V
P 32.2 ft/s? ( )

Then

my = (7850 kg/m*)[7(0.08 m)* (0.04 m)] = 6.31334 kg
m, = (7850 kg/m*)[£(0.02 m)*(0.06 m)] = 0.59188 kg
m, = (7850 kg/m® )[7£(0.02 m)*(0.04 m)} = 0.39458 kg

Symmetry implies l,=1,=0 Iy =0
and (T,\-'y')z = (?;3")3 =0
Now I, = 2(7;»),, + 01X VY = 1,5, Yy — WX Vs

=[0.59188 kg (0.04 m)(0.03 m)]—~[0.39458 kg (— 0.04 m)(- 0.02 m)]
= (0.71026 - 0.31566)x 10~ kg - m”
=0.39460x107 kg - m”
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PROBLEM 9.165 (Continued)

From the solution to Problem 9.141, we have
1. =13.98800x10" kg-m”
1, =20.55783x 107 kg - m’
I, =14.30368x107 kg - m?

[
By observation Ao =—=(2i+3)
13

Substituting into Eq. (9.46) 0 0 0

< b <
I(JA = [\’/?’3 + [yﬂ‘zz’ +/I/z¢?'z2 m‘?’]_ly‘x‘,t/?“ - 2%;’1)’3’2 - 2!4/122'&

2 2
= (1 3.98800)(%) + (20.55783)(%}

- 2(0.39460)(—\/%][%”x 107 kg - m?

= (4.30400 +14.23234 - 0.36425)x 107 kg - m?

or T, =18.17x10 kg -m* <

— 1
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50 min

80 mm

1G narm T0 e

AF 1

,“/24 Fai

PROBLEM 9.166

Determine the mass moment of inertia of the steel fixture of
Problems 9.145 and 9.149 with respect to the axis through the
origin that forms equal angles with the x, y, and z axes,

50 s

SOLUTION

From the solutions to Problems 9.145 and 9.149, we have

Problem 9.145:

Problem 9.149:

1. =264325%107 kg-m’
7, =31.1726x107 kg - m’
[, =85773x10" kg - m’
I, =2.5002%107 kg -m’
1, =4.0627x10 kg - m*
7, =8.8062x10" kg -m*

From the problem statement it follows that

Now

or

Substituting into Eq. (9.46)

Noting that

We have

A=A =4,

A+ A+ A =1=30] =1

;L“,z,ay:;{z:i

5

Loy = [x/?'.f +1,

AL 1A =21

v xp

AA, -2 AR ~ 20, A,

e fA N«

BB = A=Ak = A =AA =

¥

I :}5{26.4325 +31.1726+8.5773
~2(2.5002 + 4.0627 +8.8062)]x107 kg - m”

or I, =11.81x107kg-m* «
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PROBLEM 9.167

£
The thin bent plate shown is of uniform density and weight ¥, Determine
a ¥ its mass moment of inertia with respect to the line joining the origin O and

Point 4.
SOLUTION
First note that m=m, = ,_[ji
2g
...
and that Apg =—p=(i+j+Kk)

BNES
Using Figure 9.28 and the parallel-axis theorem, we have

[,t = (].1')] + (1\)2

LY, iW(aJZ
=) == @ ] =
1202 ¢ 2g\2

Ll 1} s (1 1YL aw,
= ||t @ ] e g 2=y
2 gi\02 4 6 2 2 g

1)‘ :([y)i +(iy)2
. 2 N2
= A_Eu w]____p{/_ (az+(12)+i£ (ﬁ] +(£]
1202 ¢ 2¢gll2 2
+ 11w ar2+—1——”i ((1)2+(3J
1202 ¢ 2g 2
Pwi(1r 1Yy, (1 5) N ar
= b d” | b g | =g
2g|le 2 12 4 g

I =) +(1,),
1(1w), iW(an
= | g A —| =
1202 ¢ 2002
N2
+ JM l“P_V_“ a2+_l_ﬂi (a)2+(£)
1202 ¢ 2 g
IW(I 1]2(1 5J2 5W o,
w | | — b g | —+ gt =l
221012 4 12 4 6 g
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PROBLEM 9.167 (Continued)

Now observe that the centroidal products of inertia, IZ'},», T)h, and 7., of both components are zero because
of symmetry. Also, ¥, =0

0
. - e . W a W
Then I =Xl +mx V)= n,Xx s S ()| = | e—g
X ng 3) 2 X2 Y2 zg( )(2] 4g
R A AN
]yz"“ Ufylz:+myz)—m2y222ﬁ~2w~§ —'?: —2— -—"8*"?0
0

1= (o mET) = mEF + mE%,
1 W{(a (a IW(a] iw .,
T e e [ e o | (a):ﬂwa
2g\2)0\2) 2g\2 8 g

Loy = LA+ LA + LA, =20 AR -2 A4 ~21, A4

Substituting into Equation (9.46)

X7y ¥z o2 At Y
Noting that
B =2 A A = A h, = Ad =
' | o T3
We have
Ini :l l_”ia2 +—I/Ka2 +—5—~P~V~a2 -2 Jﬂfgaz +1£V—a2 +§~Kaz
3i2¢g g 6 g 4 g 8 g 8 g
3 W
:l li_z —_— _W_az or ](}A :‘_é"'““‘_"az 4
3| 6 4)ig 18 g
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PROBLEM 9.168

A piece of sheet steel of thickness 7 and specific weight ¥ is cut and
bent info the machine component shown. Determine the mass
moment of inertia of the component with respect to the joining the
origin O and Point 4.

SOLUTION
First note that 4
| .
)u()A Z“J-g(l+2]+k) 4
Next compute the mass of each component. We have 0
N
= pV S —y-—(lA) P
g t
Then m =L t(2ax2a) = 48
g b4
NES , £><.512]::£r~—7-1ia2
g\2 2g

Using Figure 9.28 for component | and the equations derived above (following the solution to Problem 9.134)
for a semicircular plate for component 2, we have

L= )+{)
1

- —;(42’5612][(2[;)2 + Qa1+ 4 (@ 1 a?)
120 ¢ g

=47 2 (%+2]a2 2N l+ 5)02
g 3 2 4

=18.91335 27 4
&

PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Ine. All vights reserved. No pert of this Manual may be displaved,
reproduced or distributed in any form or hy any means, without the prior written permission of the publisher, or used beyond the Hmited
distribution to teachers and educators permitted by MeGraw-FTill for their individual cowrse preparation, If you are a student using this Marual,
YVou are using it without permission.

1639




PROBLEM 9.168 {Continued)

L =(,)+(1,),

= ii—l——(tiﬁaz]@a)?‘ + 42?:512 (o ):|
120 g g

Ty (1 16 ry ,|(4aY
+ —Laz(wm@?}al+w]—/—~al ——-J +(a)’
2 g 2 9r 2 g Iz

n4ﬁa2{l+lja2+£Z{a2[l~—l—%—+—l—6?+1)a2
g 3 2 2 97 9x

= 7689534 4t
g

]z:('lz)]+(12)2
{—3{421@2}(2(;)2 +42’ia2(a2)}
12V g g
Ty H(1 16 Ty ol 4aY |
+ ——I——az(mu%ﬁﬂjaz%ﬂ—z—az (———] ~[*(2at)2
2 g \4 of 22 |37 J

- ﬁaz(}n%ljaz+£Ka2[—l—~—1§;+~!"63*+4]a2
g 3 2g 4 97 9

=12.00922 24
g
Now observe that the centroidal products of inertia, 7./, { .., and I

s o 0f both components are zero because
of symmetry. Also ¥, = 0.

0
Then I, =T+ X ) = m 55, = 2L [i“-J (2a)
? . 2g n
=1.33333 L 4
g
0
-y i L L o
I, mE(jé. +my Z)=myz, +im,y,7,
=4 (@)@ + Lo axa)
g 2g
—7.14159 2 4
g
0
- — &Y o 4a
I, =X(J, +mZx)=mx, =—=>~a"(a)} —
s ( ) 2422 ) g ( ) Iz
=0.666672% 4"
g
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PROBILLEM 9.168 (Continued)

Substituting into Eq. (9.46)

— 2,9 192 2
Tog =LA+ 1A+ 1A -21 A A~ 21 A A =20, A7

2 2
318.913351’-&(&] +7.689532’5a4(3—}

g Je g s

+12.009222§a4 (—\/%T -—2(1 .33333?&}[%}(-&)
- 2[7.;41 59%&]{—%}(%] - 2(0.666675—614J[%J(—}5J

=(3.15223+5.12635+2.00154 —0.88889 ~ 4.76106 — 0.14’,2222)?—/£ar4
g

or Iy =441 <
g
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Y PROBLEM 9.169

Determine the mass moment of inertia of the machine component

origin characterized by the unit vector 4 = (—4i+8j+Kk)/9.

s
350 o

SOLUTION

From the solutions to Problems 9.136 and 9.155. We have

Problem 9.136: 1. =175.503x10" kg - m*
1, =308.629%10 " kg-m*
7. =154.400x107 kg - m’

Problem 9.155: I, =-8.0365x107 kg -m*
1, =12.8950x107 kg - m”
1, =94,0266x10 " kg m”
Substituting into Eq. (9.46)

Lop = LA, + LA+ T A0 =20 A A, =20 AR =21, A4,

Ryl

4Y 8Y 1y
w 175.503(—_] %3(}8.629(*J +154.400[—]
9 9 9
41\ § ATE|
s 33 amol )
~2(94 0266. ! 4 10 kg - m?
( . )*9‘ _*(; X g-m

= (34.6673 + 243.855 +1.906 - 6.350
~2.547+9.287)x10 kg - m’

of Problems 9.136 and 9.155 with respect to the axis through the

or I, =281x107kg-m’ <
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PROBLEM 9.170

For the wire figure of Problem 9.148, determine the mass moment
of inertia of the figure with respect to the axis through the origin
characterized by the unit vector A = (~3i - 6j+ 2k)/7.

SOLUTION

First compute the mass of each component. We have

-+

" (nf['i}L =0.056 kg/mx1.2 m

= (L0672 kg
Now observe that the centroidal products of inertia, TIIP:, I’;,»zr, and 1., for each
component arc zero because of symmetry.
Also
X=X =0 Vg =¥s =Yg =0 =z =z;=0
_ <0
Then fy = E(f}'y' THXY) =X, ) + Xy

=(0.0672 kg)(0.6 m)(1.2 m) +(0.0672 kg)(1.2 m)(0.6 m)
=0.096768 kg - m?

A
1, =X} +myz)=0

7 = z@ﬂ» PET) = myE F, + msEiTs
=(0.0672 kg)(0.6 m)(1.2 m) + (0.0672 kg)(1.2 m)(0.6 m)
= 0.096768 kg - m*
From the solution to Problem 9.148, we have
I, =0.32258 kg - m*
1, =1, =041933kg m’
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PROBLEM 9,170 (Continued)

Substituting into Eq. (9.46) 0
2 ~
Ty =1 AL+ LA+ 1,47 =201 AR, ~20, A A ~20, 4,4,

y
2

2 2
=|0.32258 W2 +O.41933(—v—6—} +(1.41933 2
7 7 7

_ AR 21 3 kg m?
2(0.096768)( 7]( 7) 2(0.096768)(7)( 7”1@, m

I, =(0.059249+0.30808 + 0.03423 1~ 0.071095 + 0.023698) kg - m’
or I, =0354kg-m’ 4
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y PROBLEM 9.171

For the wire figure of Problem 9.147, determine the mass moment of inertia of
the figure with respect to the axis through the origin characterized by the unit
vector 4 =(-3i—6j+2k)/7.

I SOLUTION

First compute the mass of each component. We have

m=pet =B 4,
g

Then

4907 21 Y (Y
My = py = e i, J><(7r><1§<$m.)>< 02

C322Ms | 418 2in.

RN
X 18 in.x ”,t
] 12 1n,

s s and £, for each component are zero because

=6.1112x107 1b-s*/ft

8

iy =y T e | e

32245 | 4

490 Ib/1* E(E . JQ

=1.9453 1b-s%/1t

Now observe that the centroidal products of inertia,
of symmetry.

Also NL=x=0 y=0 E=%=0
A0 L
Then f, = E(j_{; + WX Y) = X, 1,

2in.

2
=(6.1112x107 lb-sz/’ft)(~min.J(]8 in.)(iiJ
T ]
= -8.75480%107 b ft-§°

L0
1, = ST+ niF 7Y = m 7, + m 5,5,

Now ny =y, W=V Z, =, {,=0
—_ 1‘0
L, =X +nmizX) or 1.=0
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PROBLEM 9.171 (Continued)

From the solution to Problem 9.147, we have

7, =39.1721x103 b1t - ¢*

7, =36.2542x107 b M-

7, =304184x1071b-fi s

Substituting into Eq. (9.46)
0 0

Loy =L AL+ 1AL+ LA7 =21 AR, - 214'&),,%2 - 2/41,@

wp iy

32 % 232
=| 39,1721 —— +36.2542(F—— +30.4184| —
7 7 7

~ 2(~8.75480)(~%)(W%H><103 Ib-ft.s”

= (7.19488 + 26.6357 + 2.48313+6.43210)x107 Ib- ft - *

or I, =0.04271b-ft 5° <
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PROBLEM 9.172

For the wire figure of Problem 9.46, determine the mass moment of
inertia of the figure with respect to the axis through the origin
characterized by the unit vector A = (—3i - 6j+ 2k)/7.

SOLUTION

First compute the mass of each component. We have

W
m == e (WiL) L

m, ~(0.033 Ib/A) (27 x 16 in.)x L

3221t 12in.
=8.5857x107 b-s*/ft

11t
12 in.

Hl, = 1y = 1y = g = m(ﬂ.(}&% Ib/fE)(8 in.)x

=0.6832x107 1b- fi/s?

Now observe that the centroidal products ol inertia, o, 7., and /..., of each component are zero because
of symmetry. Also

G =E=X=0 ¥y =0 7 =2,=5=0
— 10 —
Then Lo = Z(L oy +mXY) = myX,y, + myX, v,

=0.6832x10° st O [ A n
12 12

+0.6832x107 Ih -2/t Eﬂ] ﬁﬂ
12 i2

= (0.30364 + 0.45547)x 107 Ib - ft - 5°
=0,75911x107° bt -5

Symmetry implies [.=1_  I_=075911x10"1b-ft-s’
I'y ¥z Xy vz
0

1, =2(Jfe +WZX)=0
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PROBLEM 9.172 (Continued})

From the solution to Problem 9,146, we have
I =1,=103642x10" Ib-fi-s*
1, =19.1097x107 Ib- fi - s>

Substituting into Eq. (9.46) 0
«
Lo =LA+ LAD A LA =20 AR =20 A A =21 AR

332 6 Y 2\
10.3642[—7J %19.1097[W?J +10.3642[7}

~2(0.7591 1)(%}(—%} 2(0.7591 1)(%}(%” 102 1h -

(1.90663 +14.03978 + 0.84606 — 0.55771 +0.37181)x 107 Ib-ft -s*

it

H

or I, =16.61x107 1b-fi-s* o
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PROBLEM 9.173

For the rectangular prism shown, determine the values of the
ratios b/a and ¢/a so that the ellipsoid of inertia of the prism is
a sphere when computed (&) at Point 4, (b) at Point B.

[l S vl

SOLUTION

(a)  Using Figure 9.28 and the paralleb-axis theorem, we have

at Point A ‘
I,= »Ern(bg + cz) ‘
: 12 e
] RN

2
1 5 a
I, = emla” +c™ )+ m) —
T )t {2}
1 2
=—m(da” +c”
5 ( )
1 2 2 o : 1 2 2
lo=——mla" +b6Y+m — | =—m(da” +0")
2 2 12
Now observe that symmetry implies
Lop=lyp=1,=0
Using Eq. (9.48), the equation of the cllipsoid of inertia is then
]v»xz +I 2t =1 Lm(b2 + et )t +“~1~+m’(402 +e?)y? +—l—m(4a2 +07)z% =1
’ ! : 12 12 12
For the ellipsoid to be a sphere, the coefficients must be equal. Therefore
I ]
Em(bz +eB)= %,”(402 +c?)

i 3 9
=—m(da” +b*
12 ( )

f

Then P +e? =4a® +¢° or - 2 4
(4]

and b+ =4 + b or £ 2 4
¢
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PROBLEM 9.173 (Continued)

(by  Using Figure 9.28 and the parallel-axis theorem, we have at Point B

2
1 : 1

e =—m(b* + )+ m s = mb* + 4

T12 2 12

2
I 2 2 C 1 2 2
{o=—mla"+e¢Y+mp— | =—nifa” +4c
) ( ) (2) 12 ¢ )

Io=—mla"+b
= ( )

Now observe that symmetry implies

]x'y' = [y”z' = [z’x' =0
From Part ¢ it then immediately follows that

1 2 2y} 2 2y | 2, 42
—m(b” + 4 Y= —m(a” +4e ) =—mla” + b
( ) ) ( ) % ( )
Then b +4c” =a® +4c7

and b* +4¢? = a* + b
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PROBLEM 9.174

For the right circular cone of Sample Problem 9.1}, determine the value
of the ratio ash for which the ellipsoid of inertia of the cone is a sphere
s e when computed (@) at the apex of the cone, (/) at the center of the base of
B B e e ! 7 the cone.

SOLUTION

{a)  From Sample Problem 9.11, we have at the apex 4

I, =-—ma*
10
1,=1, x»m(lcﬁ +th
4
Now observe that symmetry implies lo=1,=1=0

Using Eq. (9.48), the equation of the ellipsoid of inertia is then

I +T y*+12% =1 imazxzmbém -[—c12+/12 y2+—3—m(~1—a2+h2 2 =1
‘ ! 10 5 (4 5 \4

For the ellipsoid to be a sphere, the coefficients must be equal. Therefore,

j~~mar2 =~3—m —l—az+h2 or 9.2 <
10 5 14 h
{(h)  From Sample Probtem 9.11, we have
I.= —E—;—nr:ra2
Y]
o 3 2 1,
and at the centroid C [p=——m|a” +—h
- 20 4
3 1 Y 1
Then lLoy=1,="wma® +=i [+ m| =| =—mBa®+2h)
! 20 4 4 20
Now observe that symmetry implies
].t'y' = ]y’z’ = ]z'x' =0
From Part « it then immediately follows that
1
inzaz = e mt(3a” + 204%) o L= 2 <4
10 20 h 3
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PROBLEM 9.175

For the homogeneous circular cylinder shown, of radius a and length L,
determine the value of the ratio a/l, for which the ellipsoid of inertia of
the cylinder is a sphere when computed (@) at the centroid of the
cylinder, (b) at Point 4.

SOLUTION

(@) From Figure 9.28:

]
I =—ma*

X

= 2, 52
=[] =—mGa + L
O ( )

Now observe that symmetry implies l,=1,=1,=0
Using Eq. (9.48), the equation of the ellipsoid of inertia is then

]“.x2 + l),yz + fzz2 =1 ui—mazxz +¥1~2—m(302 + Iy %—I%m(,?ag +IM =1

For the ellipsoid to be a sphere, the coefficients must be equal. Therefore

2 ] i
lmazzim(3a2+ff) of L= o
2 12 L3
(6)  Using Figure 9.28 and the parallel-axis theorem, we have
1= ma®
T2
1 LY 1, 7
I‘,f=1-r:#*m(3az+f,2)+m 2 o=m| e —1F
’ . ) 4 4 48
Now observe that symmetry implies
IU’ = .]y'z 21233 =0
From Part « it then immediately follows that
Lo em[ L2+ L or 2o 4
48 LoVi2
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PROBLEM 9.176

Given an arbitrary body and three rectangular axes x, y, and z, prove that the mass moment of
body with respect to any one of the three axes cannot be larger than the sum of the mass moment
the body with respect to the other two axes. That is, prove that the inequality /. =/ y +1,and th
mequalities are satistied. Further, prove that/ = L1_il the body is a homogeneous solid of revo
x is the axis of revolution and y is a transverse axis,

inertia of the
s of inertia of
e two similar
Iution, where

SOLUTION
(i) Toprove I+l =1
By definition I, = j(zz +x*)dm
i, = J.(x2 + 3" Ydm
Then I,+1,= j(z2 +x)dm + j(x2 + 3 Ydm
= J‘(y:Z + 2% Ydm + 2 Ixzdm
Now I( v+ z8)dm = I, and J'xzdm =0
I, +1 =1,
The proofs of the other two inequalities follow similar steps.
(i)  Ifthe x axis is the axis of revolution, then
1, =1,
and from Part (i) I+, =1,
or 21, =1,
1
or I = I
2

Q.E.D.

X

Q.ED.
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PROBLEM 9.177

Consider a cube of mass m and side a. (a) Show that the ellipsoid of inertia at the center of the cube is a
sphere, and use this property to determine the moment of inertia of the cube with respect to one of its
diagonals. () Show that the ellipsoid of inertia at one of the corners of the cube is an ellipsoid of revolution,
and determine the principal moments of inertia of the cube at that point.

SOLUTION
{a)  Atthe center of the cube have (using Figure 9.28)

1 2 z |
I =7 =1 =—m(a"+a")=—ma
=1, =1 ]2( )6

Now observe that symmetry implies
I, =1,=1I, =0

Using Equation (9.48), the equation of the ellipsoid of inertia is
] 9 l
—ma® |x*+ ima“ vl —ma |2t =1
6 6 6

which is the equation of a sphere.

6

(=R") «

or X+ y2 +z° = 5
ma

Since the ellipsoid of incrtia is a sphere, the moment of inertia with respect to any axis (L through the
center O of the cube must always

]

(b}  The above sketch of the cube is the view seen if the line of sight is along the diagonal that passcs
through corner 4, For a rectangular coordinate system at 4 and with one of the coordinate axes aligned
with the diagonal, an ellipsoid of inertia at 4 could be constructed. 1f the cube is then rotated 120°
about the diagonal, the mass distribution will remain unchanged. Thus, the ellipsoid will also remain
unchanged afier it is rotated. As noted at the end of Section 9.17, this is possible only if the ellipsoid is
an ellipsoid of revolution, where the diagonal is both the axis of revolution and a principal axis.

bethesame | R =

Loy :imaz |
6

I
It then follows that [o=1p, :gmaz <

In addition, for an ellipsoid of revolution, the two transverse principal moments of inertia are equal and
any axis perpendicular to the axis of revolution is a principal axis. Then, applying the parallel-axis
theorem between the center of the cube and corner A for any perpendicular axis
2
V3

1,=1, =—l—nu:2 +a —a
! 6 2

or  f.=1, :—l—lma2 «
! - 12

{Nofe: Part b can also be solved using the method of Section 9.18.)
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PROBLEM 9.177 (Continued)

First note that at corner A

Substituting into Equation (9.56) yields

k= 2ma’k* +~S~§~mza(’km—!~%l—mja9 ={
48 864

For which the roots are

1
ky = —ma®
6

ky=ky= imznmag
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PROBLEM 9.178

Given a homogencous body of mass m and of arbitrary shape and three rectangular axes x, y, and z with origin
at O, prove that the sum I + [, + £, of the mass moments of inertia of the body cannot be smaller than the
similar sum computed for a sphere of the same mass and the same material centered at O. Further, using the
result of Problem 9.176, prove that if the body is a solid of revolution, where x is the axis of revolation, its
mass moment of inertia /, about a transverse axis y cannot be smaller than 3ma*i10, where ¢ is the radius of
the sphere of the same mass and the same material.

SOLUTION
(i)  Using Equation (9.30), we have

[ o+1 4+l = J(yz + 28 )dm + I(Z:2 +x"ydm + j(xz + yH)dm

= 2!(3:2 + 4 2 dm ™,

:ZJ‘f‘de

where 7 is the distance from the origin O to the element of mass dim, Now assume that the given body
can he formed by adding and subtracting appropriate volumes ¥, and ¥, from a sphere of mass m
and radius a which is centered at (J; it then follows that

5

L =My ('Whmiy = m'phcm = m)

Then
.+ Iy + Iz)bmjy =(] + I}, +1, )Sphcrc +{I, + I), +1, },,l
~(I, 41, +1,),,
or UoA T, 41 sy = U+ 1,1, e +2 j Pdm—2 . e

Now, m, =m, and 5 = r, for all elements of mass dm in volumes T and 2.

j. ¥+ dnt — J. ridm =0
.'Hi

Ty

so that (T4 1+ T oy =+ D, 4 L) e QED.
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PROBLEM 9.178 (Continued)

(i)  First note from Figure 9.28 that for a sphere

Thus (U +1,+1) ma’

sphere ™ “5‘

For a solid of revolution, where the x axis is the axis of revolution, we have
1, =1,

Then, using the results of Part (i)

(1,420 Yy = gmaz

From Problem 9.178 we have I, ==

or (2[)’ - [A')bedy =0
Adding the last two inequalities yields

6
(4]}» )b{)dy = 'gmaz

3 ;
or (ny)budy = T—amaz Q.E.D.
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PROBLEM 9.179*

The homogeneous circular cylinder shown has a mass m, and
the diameter OB of its top surface forms 45° angles with the
x and z axes. (&)} Determine the principal mass moments of
inertia of the cylinder at the origin O. (b) Compute the angles
that the principal axes of inertia at O form with the coordinate
axes. (¢) Sketch the cylinder, and show the orientation of the
principal axes of inertia relative to the x, y, and z axes.

SOLUTION
(@)  First compute the moments of inertia using Figure 9.28 and the O
parallel-axis theorem. l
, &
! a aV'| 13,
I, =1, w—mBa’ + Yt mi | = |+ = | |=-=ma
R ) J2 2 12 :
B
f, ::-é-ma2 +mla)’ = %maz z

Next observe that the centroidal products of inertia are zero because of symmetry. Then

0

I =k +m"f'17“m{-gm [wﬁ]—wwiwmag
LAWY W) ¥

0
- — all a ] 2
I =l . +myz=m|——|[ = =~ m
A B

0
- - d a | 3
[ =} +mzX=m|— ||~ |=—ma
ot [Jz} JzJ 2

Substituting into Equation (9.56)
K* M(E+§~+E]mazK2
12 2 12
2 2 2

13 3 BY (BB (v Y (U Y (1Y o
{12 E2)+(12x12] [ zJEJ ( 2J§] [2] (may K
R G

272712 22 2

13 P Y I | 23

U | S 2 — N
(1 J[ zf] ( zf}[ 2IJ[ZH( “rer

3
+
2

Miw

PROPRIETARY MATERIAL. © 2010 The MceGraw-Hill Companies, Inc. Al rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to feachers and educators permitied by MeGraw-Hill for their individual course preparation. If you are a student using this Manuad,

you are using it without perission.

1658




PROBLEM 9.179* (Continued)

Simplifying and letting K = ma’¢ vields
3 565 . 95

q )
T 2= )

¢ 34’ 144§ 96
Solving yields

9
¢ =0363383 £, z% &, =1.71995

The principal moments of inertia are then

K, =0363ma’* 4
K, =1.583ma” 4

Ky =1.720ma" 4

(b)  To determine the direction cosines A, A,, A, of each principal axis, we use two of the equations of
Equations (9.54) and (9.57).

Thus,
(I, =KV, ~ 1 A, ~ A =0 (9.54a)
L A =1 A+, ~K)A, =0 (9.54c)
A HAL+ A =1 (9.57)

{Nofe: Since I, =1, Equations (9.54a) and (9.54c) were chosen to simplify the “elimination” of A,
during the solution process.)

Substituting for the moments and products of inertia in Equations (9.54a) and (9.54¢)

G%maz W—K}/?,x -(wz}gmaz]ﬁy —(%maﬂﬁz =0

m[%mazjﬂY -(w 2\1/_2_ mazjﬂ), +(£«ma2 - K'JEZ ={)

13 1 1

L P L LY i
(¢ Jarshi o

! I 13 .
and “*'5/,1‘,", +~2—“\/5_~/’Ly +(Emgjﬁz == () (l])

Observe that these equations will be identical, so that one will need to be replaced, if

13 1 9
—_— = or E
12 ¢ 2 ¢ 12
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PROBLEM 9.179* (Continued)

Thus, a third independent equation will be needed when the direction cosines associated with K, are
determined. Then for K| and K,

Eq. (i) through Eq. (it): [w}%~ é’u[w;mﬂ A, +[~—;———G—;—m g’ﬂﬁz =

or A=A,

Substituting into Eq. (i): G—% - {] A+ —~]—~/1 - —;—ﬁ\ =0

w2
7
or ly:Z«/:?.‘(é'————— A,
12
Substituting inlo Equation (9.57):

2
A {Zﬁ(ﬁ%}&} +(A) =1

2
or [zm[g’w{ﬂ }13 =1 (iii)

K, : Substituting the value of ¢ into Eq. (iii):

2
{2 + 8((}.3()3383 —-1-75] }(;{x ) =

or (A4,), =(4,), =0.647249
and then (A =22 [0.363383 - %)(0.647249)
= 0402662

(9,\'}1 = (92 )I = 49-70 (9}’)] = I .|3.70 4

K,: Substituting the value of {5 into Eq. (iii):

7Y
{2 + 8(! .7199575] }(./L-)? =1

or (A); =(A,); = 0.284726
and then (4,), =22 (1 71995 ~—122—J(0.284726)
=0.915348

(8., =(6,), =73.5" (6,),=23.7" 4
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PROBLEM 9.179* (Continued)

Ko For this case, the set of equations to be solved consists of Equations (9.54a), (9.54b), and (9.57).
Now

LA A~ KA, 1A, =0 (9.54b)

Substituting for the moments and products of inertia.

1 5 3, J [ 1 2]
o ma A +| Sma® - K |4 ~] - na” |4, =0
[zﬁ )*[2 SN/

1 3 I .
or e At | A A —= A, =0 iv
2\/5”[2(5])2\/5 )
Substituting the value of &, into Egs. (i) and (iv);
13 19 1 I
Do a2 sy =0
(- 12) o+t - S,
i 3 19 1
NI ) (RSP
5 )2 ) (4,), 2\/—2-( )2
1
or ~(4:); +:/‘5‘(/1y b= (4, ); =0
V2
and (4. ), “*6“*(/1)4 )y H(A) =0
Adding yields (4,), =0
and then (/?Ly)z =~(4,),

Substituting into Equation (9.57) 0

(A5 (A0 +(=A); =1
i
2

(6,), =45.0° (8,), =90.0° (8,), =135.0° 4

or (k)=

and (4), =—

{(¢)  Principal axes | and 3 lie in the verlical plane of symmetry passing through Points O and B. Principal
axis 2 lies in the xz plane.
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PROBLEM 9.180

For the component described in Problem 9.165, determine (a) the
principal mass moments of inertia at the origin, (b) the principal axes
of inertia at the origin. Sketch the body and show the orientation of
the principal axes of inertia relative to the x, p, and z axes.

X

40 mm

SOLUTION

(a)

From the solutions to Problems 9.141 and 9.165 we have

Problem 9.141; L =13.98800x107 kg -m”
1, =20.55783%107 kg-m’
1, =14.30368x10 " kg - m*
Problem 9.165: {,=1,=0
1, =0.39460x10 " kg m*

Eq. (9.55) then becomes

1L-K -, 0
~I, I,~K 0 |=0 or (I,—KXI,—K)I,-K)~(,~K)I} =0
0 0 I -K
Thus [-K=0 IJ,~(+1)K+K -1, =0
Substituting: K, =14.30368x107 kg-m’

or K, =1430x10"kg-m* «
and  (13.98800%107°)(20.55783 x107) = (13.98800 + 20.55783)(107°)K + K * ~(0.39460x107)* =0
or K% —(34.54583x 107K +287.4072x107¢ =0
Solving yields K, =13.96438x10 kg m’

or K,=13.96x10" kg - m* «

and K, =20.58145%x107 kg -m’ or  K;=206x10"kg-m’> 4
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PROBLEM 9.180 (Continued)

(h)  To determine the direction cosines 4, A, 4, of each principal axis, use two of the equations of
Eqgs. {9.54) and Eq. (9.57). Then

Ky Begin with Eqgs. (9.54a) and (9.54b) with [, =7, =0.

([,1' - 'Kl )(;Il’r)l - ].ry (‘jly )l =0
~L (A, +(U, - K)(A,), =0

Substituting:
[(13.98800-14.30368) x 107" 1(2,), - (0.39460x107°)(4,), =0
~(0.39460 107 )(A,), +[(20.55783 - 14.30368)x1071(4,), =0
Adding yields 0 . (4.) =(4,), =0
Then using Eq. (9.57) (/1/)? + (;ﬁ? +(A4,) =1
or (4,), =1

(8, =90.0° (6,),=90.0° (6,),=0° 4
K»: Begin with Egs. (9.54b) and (9.54¢) with 1,, =7, =0,

‘—]..l‘y (/J{t )2 + (]y - K2 )(/}i’y)?_ =) (])
(I, =Ky )4, ), =0
Now I,#K,=(1),=0
Substituting into Eq. (i):
—(0.39460%107* WA, +1(20.55783 —13.96438)><IO"3}(/1),)2 =0

or (/?»y ), =0.059847(1,),

Using Eq. (9.57): (A,); +[0.059841(A), " + (42 =1
or (4,), =0998214

and (}l},)2 = ().05974()

(6,),=34°  (6,),=866° (6,),=90.0° €
Ks3: Begin with Egs. (9.54b) and (9.54¢) with /,, =1, = 0.

_‘]_\'_y (”Ir )3 + (‘[y - K3 )(/1_}’)3 = O {ll)
(1, = Ky)(4,); =0
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PROBLEM 9.180 (Continued)

Now 1,#K;=>(4,),=0
Substituting into Eq. (i1):
—(0.39460x 107 YA, )3 +[(20.55783 ~ 20.58145) x1 (}’3}(/1__,)3 =

or (A, ), =—16.70618(4,);
6
Using Eq. (9.57): (%ﬁ+pm7%mmgﬂﬁu%le
or (A,); =—0.059751 (axes right-handed set =" ")
and (4,); =0.998211

(6,0, =934°  (8,),=343°  (6,);=90.0° 4

Note: Since the principal axes are orthogonal and (&, ), =(6,); =90°, it follows that
(Al =14, WA =145

The differences in the above values are due 10 round-off errors.

(¢)  Principal axis 1 coincides with the z axis, while principal axes 2 and 3 li¢ in the xy plane.
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y PROBLEM 9.181*

oL min 80 mm

16 mun 70 nun

A0 mn

50 mm axes of inertia relative 1o the x, y, and z axes.

-

24 mm

For the component described in Problems 9.145 and 9.149
determine (a) the principal mass moments of incrtia at the
origin, (b} the principal axes of inertia at the origin.
Sketch the body and show the orientation of the principal

SOLUTION

(@) From the solutions to Problems 9.145 and 9.149, we have

Problem 9.145: 1 =26.4325x10 7 kg m? Problem 9.149: 1 =2.5002x10 " kg-m?
7, =31.1726x10 kg - m” 1, =4.0627x107 kg - m’
7, =8.5773x107 kg - m? I, =8.8062x107 kg - m*

Substituting into Eq. (9.56):

K* ~[(26.4325+31.1726 +8.5773)(10 *)]K 2
+[(26.4325)(31.1726) + (31.1726)(8.5773) + (8.5773)(26.4325)

—(2.5002)” - (4.0627)" ~(8.8062° (10K
—[(26.4325)(31.1726)(8.5773) ~ (26.4325)(4.0627)’
- (31.1726)(8.8062)” —(8.5773)(2.5002)

— 2(2.5002)(4.0627)(8.8062)}(1077) = 0

or K7 =(66.1824x107)K? +(1217.76x10")K - (3981.23x10™°) =0

Solving yields
K, =4.1443x107 kg - m’ or K, =4.14x107kg-m* <«
K, =29.7840x10" kg - m* or K,=298x10"kg-m* «
Ky =32.2541x10 kg - m’ or K;=323x10"kg-m* «
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PROBLEM 9.181* (Continued)

{(h)  To determine the dircction cosines A,, 4,, 4, of each principal axis, use two of the equations of
Egs. (9.54) and Eq. (9.57). Then
K,: Begin with Egs. (9.54a) and (9.545).
([x - K] )("2’\ )l - [.\;_v(/ily)l - sz (‘a’z )§ =0
Ty A+, = KA ~ 1, (4.), =0

Substituting:
[(26.4325 — 4.1443)(107)](4, ), = (2.5002107)(A, ), ~ (8.8062x107)(4,), =0
H(2.5002x 107 )(A), +[(31.1726 - 4.1443)(107)](A, ), — (4.0627x107°)(A, ), = 0

Simplifying

8.9146(4, ) ~(4,); -3.5222(4,), =0
~0.0925(A), +(4,), = 0.1503(4,), =0
Adding and solving for (4, ):
(A,), =2.4022(1,),

and then (A, =[8.9146 ~3.5222(2.4022)](4, )
=0.45357(A),

Now substitute into Eq. (3.57):
(A,) +[045357(A,), F +[2.4022(4,),F =1
or (4,), =0.37861
and (4, =0.17173 (4,); =0.90950
(8), =67.8° (8,),=80.1° (4,), =24.6° <
K,: Begin with Eqgs. (9.54a) and (9.54b).

(/, - K, )(/1\)2 - ]xy(/ly b Iz_v(’?'z)l =0
(A, +, = Ky)(A ), — 1, (4,), =0

Substituting:

[(26.4325 - 29.7840)(107)](A,), —(2.5002x107°)(4, ), —(8.8062x 107°)(4,), = 0

~(2.5002x 107Y(A,), +[(31.1726 - 29.7840)(10 ))(4, ), = (4.0627 X107 )(4,), =0
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PROBLEM 9.181* (Continued)

Simplifying
~1.3405(4,), ~(4,), - 3.5222(4,), =0
~1.8005(4, ), +(4,), —2.9258(4,), =0
Adding and solving for (4,),:
(4,), =—0.48713(4,),

and then (4,); =[~1.3405~3.5222(-0.48713)](4,),
=0.37527(4,),

Now substitute into Eq. (9.57):

(A5 +[0.37527(A), P +[-0.48713(A,), | =1
or (4.), =0.85184
and {(4,), = 031967 (4,), =-0.41496

(0 =31.6° (6,),=71.4° (6.),=1145" 4
K, Begin with Egs. (9.54a) and (9.54b).
(I = KAy = 1 (A =1 (A,); =0

L Ay + U = KA )y~ T (A,)y =0

Substituting:
[(26.4325 - 32.254 1)(107))(A, ), — (2.5002 % l{)’E)(A},)E, ~(8.8062x107)(A,); =0

~(2.5002x107)(4,), +[(31.1726 -32.2541)(10" A5 ~(4.0627x107)A, ), =0
Simplifying
~2.3285(4, )y~ (4,); —3.5222(A, ); =0
2.3118(4,), + (,%'},)3 +3.7565(A. ), =0
Adding and solving for (4, ),:
(4, ); =0.071276(A,),

and then (A,); =[-2.3285-3.5222(0.071276))( A, )5
=-2.5795(4),
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(c)

PROBLEM 9.181* (Continued)

Now substitute into Eq. (9.57)

(A +[=2.57195(4,), T +10.071276(4,); 1" =1 (i)
or (A}, =0.36134
and (4,); =0.93208 (A,), =0.025755

(6,); =68.8° (6,);=158.8° (6,);=88.5" 4

Note: Principal axis 3 has been labeled so that the principal axes form a right-handed set. To obtain the
direction cosines corresponding to the labeled axis, the negative root of Eq. (i) must be chosen; that is,

(A.); =~0.36134.

Then (6,), =111.2° (6,);=21.2° (6,),=91.5" 4
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PROBLEM 9.182*

For the component described in Problem 9.167, determine («) the principal
mass moments of inertia at the origin, () the principal axes of inertia at the
origin. Sketch the body and show the oricntation of the principal axes of
inertia relative to the x, y, and z axes.

SOLUTION
(@)  From the solution of Problem 9.167, we have
I, —izaz o —-lw]iy-—«cz2
T 2g To4g
LS
g 8 g
JREE L3
6g - 8¢

Substituting into Bq. (9.56):

K3m(;+1+ w 2}]('2

?Q

ot
M
—
B e
S

3]

I

]

{
—
N
o0 =
—
N
o0 | i

!( Jo(s) GJ( J —~( JRE

Simplifying and letting K = -Hf—azK yields
g

4

K?—2.33333K% + 1.53125K ~0.192708 = ()
Solving yields
Ky =0.163917 K,=1.05402 K,=1.11539

e S W
The principal moments of inertia are then K, =0.1639—q" o
4

K, =1.0547. 7 <
I

k=117 <
g
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PROBLEM 9.182* (Continued)

To determine the direction cosines A,, 4,, 4, of each principal axis, use two of the equations of
Egs. (9.54) and Eq. (9.57). Then

K,:  Begin with Eqs. (9.54a) and (9.545).
(].\' - Kl )(‘R’r )l - [,\'y (’%y)l - IZ.I‘ (/lz)l = 0
—],ty(ﬂ‘x )I + ([y o K2 )(;{’y)l - Iyz (/Iiz )l = 0

Substituting
[(1—0.163917J[Ka2ﬂ(4\-)1 —[lzaz](ﬂy); *{Eﬁaz}ﬁz)l =0
2 g 4 g 8 g
_(l_”i&}(ﬂ,‘)] + (1*~0.1639f7)(£’£azﬂ(&)1 {lﬂ’if)@z); =0
4 g ’ g ’ 8 g
Simplifying

1.34433(A, ), —(4,), = 1.5(4,), =0
—0.299013(2, ) + (4, ) = 0.149507(4, ); =0
Adding and solving for (4,);:
(4.), =0.633715(4, ),

and then (A4,), =[1.34433 ~ 1.5(0.633715)1(4, )
=0.393758(4, ),

Now substitute into Eq. (9.57):
(A7 +[0.393758(4, ), 1 +(0.633715(4, ), I =1
or (A, =0.801504
and (4,); = 0315599 (A), =0.507925
(0,) =36.7° (8,),=71.6° (8,),=59.5° ¢
Begin with Egs. (9.54a) and (9.54b):

(I,\' - k?.)(/l,r)z - I:ty(ﬁy)l - [zx(;i’z)Z = O
m[.r_}’('%.x )2 + (‘[y —'kl )(‘&'y )2 _]yz (/12 )2 = 0

2t
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PROBLEM 9.182* (Continued)

Substituting
(-1——1.05402} L (A, - LA (4,); - R (4,),=0
2 g ‘ 4g ' 8¢
-[ifﬁaz](,l‘.)z J{(l -z.05402)[~1~’5a2] (A), w(i—pzaz}(/t)z =0
4 g g 8 g
Stmplifying

—2.21608(2, ), —(4,); ~1.5(4,), =0
4.62792(4,), +(4,), +231396(4, ), =0
Adding and solving for (4. ),
(4,), =—2.96309(A, )

and then (A,); =[-2.21608 ~1.5(~2.96309)](4, ),
= 2.22856(4.),

Now substitute into Eq. (9.57):
(A)5 +[2.22856(2),1" +[-2.96309(A ), T =1
or (A,), = 0.260410
and (4,), =0.580339 (A,), =—0.771618
(6,),=74.9° (6,), =54.5° (0.),=140.5° 4
K. Begin with Eqs. (9.54a) and (9.54b):

([.1' - KE )(/1.\')3 - 1.\;1-'(';‘)')3 "“sz(/lz )3 =1
_-],\'}’(/1,\' )3 + (]}’ - K3 )(/1)' )3 - ]yz (/q’z )3 = ()

Substituting
Hl—u 1539](5%2}}(1;)? {E-W-aZJ(/L,)@ ~[§-Wua2}(&)z =0
2 g T ldg T \8¢g
#[lﬂa2)(4‘,)3 +] (1~ 1.115:a£>)[3ﬁaﬂH(/?,),)3 m[ﬂ—az)(@); =0
4g g 8 g
Simplifying

~246156(4, )y —(A,); ~1.5(4,); =0
2.16657(A, ), +(4,); +1.08328(4,), =0
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(c)

PROBLEM 9.182* (Continued)

Adding and solving for (4,),
(A,)y =—=0.T07885(4, ),

and then (A4, =[~2.46156 ~ 1.5(-0.707885)](4, ),
=—1.39973(4, ),

Now substitute into Eq. (9.57):

(A0 +[-1.39973(1,), " +[-0.707885(2,); " =1 (i)
or (A), =0.537577
and (A )y ==0.752463  (4,); =-0.380543

(6,); =57.5° (8,), =138.8° (,); =112.4° 4

Note: Principal axis 3 has been labeled so that the principal axes form a right-handed set. To obtain the
direction cosines corresponding to the labeled axis, the negative root of Eq. (i) must be chosen; that is,

(A.), =—0.537577

Then (8.), =122.5° (6,),=41.2° (6,),=67.6° 4
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PROBLEM 9.183*

For the component described in Problem 9.168, determine (a) the
principal mass moments of inertia at the origin, (b) the principal axes
of inertia at the origin. Sketch the body and show the orientation of
the principal axes of inertia relative to the x, y, and z axes.

1

SOLUTION
(@) Trom the solution to Problem 9.168, we have
I =1891335 7 4 1, =133333 7 4
g ! g
1,=7.68953 2 4 1, =7.14150L g
7, =12.00922 7 4 1, =0.66667" 4"
g g

Substituting into Eq. (9.56):

g
+[(18.G1335)(7.68953) + (7.68953)(12.00922) + (12.00922)(18.91335)

K> - [(1 8.91335+7.68953 + 12.00922)[Zfa4 ]]Kz

—(1.33333)* - (7.14159)* + (0.66667)2][1'i a4J K
g

~[(18.91335)(7.68953)(12.00922) — (18.91335)(7.14159)?
- (7.68953)(0.66667)* —(12.00922)(1.33333)?

3
—~ 2(1.33333)(7.141 59)(().66667)](1’a4J =0
g

Simplifying and letting

K=Lla'k  yields
g

K? —38.61210K7 +411.69009K — 74447027 = (
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PROBLEM 9.183* (Continued)

Solving yields
K, =225890 K,=1727274 K,=19.08046

L. - . t
The principal moments of inertia are then K = 2.262/—614 <
g

K, =17271 4" 4
g

K, =19.08" 4" <
g

To determine the direction cosines A, 4,, 4, of each principal axis, use two of the cquations of
Eqgs. (9.54) and Eq. (9.57). Then

K, Begin with Eqs. (9.54a) and (9.54b):

(]x "Kl)(ﬂ‘.\')l _].xy("ly)l _Iz.\‘(ﬂz)l =0
*'lxy(/lx)l + (-{y - K?,)(ﬁ'}r)] - ]yz(/lz)l =0

Substituting

{(1 8.91335 - 2.25890)[15514 H(ﬂﬁ,)l —(1 .333331’16;4}(/1),)] —[0.66667Z£cz4)(12 Yy =0
g a g

w[a .333333551‘*}(,1‘_), {(?.6895}- 2.25890)[14-514}](1), ) m(7.14159ﬁa4](ﬂz), =0
g g g

Simplifving
12.49087(4,), —(4,), - 0.5(4,), =0
~0.24552(A ) +(4,), ——-l 31506(A4, ) =0
Adding and solving for (1,),
(A,), =6.74653(A,),
and then (4,) =[12.49087 ~ (0.5}(6.74653)[{4,),
=9.11761(4,),
Now substitiite into Eq. (9.57): (,?Ll_)l2 +[9.11761(A, ) & +{6.74653(4 ) =1
or (A,), =0.087825
and (4,), =0.80075 (4, ), =0.59251
(6,) =85.0° (8,), =36.8° (8,), =537 4
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PROBLEM 9.183* (Continued)
K, Begin with Eqs. (9.54a) and (9.54b):

{Ix MKZ)(E’_;')Z mI.r)r(/’{y)l _11‘;(/12)2 =
A[.\'y (/1_()2 + (]_v - KZ )(/’i‘}’ )2 - Iyz (/1'2 )2 = 0

Substituting

[(18.91335—17.27274)(22.:14}{/?{\4)2 {1.333333’—’-4‘](1), ), —(0.66667ﬁa4j(ﬂz ), =0
g g g

ﬁ{z .333331{514)(/?,‘_)2 +[(7.68953 -1 7.27274)[—73a4ﬂ(,1p)2 —(7. 141591’551“}(/12)2 =0
g g : g

Simplifying
1.23046(4,), = (4,);, = 0.5(4,), =0
0.13913(4,), +(4,), +0.74522(1,), =0

Adding and solving for (A ),
(), =-5.58515(4,),

and then (A,); =[1.23046 - (0.5)(~5.58515)1(4, ),
=4.02304 (4,),

Now substitute into Eq. (9.57):
(A,); +[4.02304(2), +[-5.58515(1), ] =1
or (A.), =0.14377
and (4,); =0.57839 (1,), =-0.80298
(6,), =81.7° (8,), =547 (4,),=1434° 4
K, Begin with Egs. (9.54a) and (9.54b):

(=K A~ 1y (A =1, {4, )y =0
Ly (s + (1, = K)(A)s T, (A,); =0

Substituting

[(18.91335— 19.08046){ﬁa4J(,1x)3 m(i .333332’5614](/1),)3 —[0.66667ﬁa“](/12 ) =0
g g g

-(1.33333ﬁa‘*J(,1‘,)3 +[(7‘.68953 —19.08()46)[ﬁa4ﬂ(/1y)3 {7.141591‘-5‘}(@ ) =0
g g g
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PROBLEM 9.183* {Continued)

Simplifying
~0.12533(4, ) = (4,); = 0.5(4,); =0
0.11705(4,); +(4, ), +0.62695(4,); = 0
Adding and solving for (4,),
(A,); = 0.06522(4,),

and then (4,); =[-0.12533 - (0.5)(0.06522)1(4, );
=—0.15794(1, ),
Now substitute into Eq. (9.57):
(4,0} +[-0.15794(4,), T +[0.06522(4, I, }* =1 0!
or (A, ); =0.98571
and (A4,); =—0.15568  (4,); =0.06429

(6,); =9.7° (6,), =99.0° (6,); =86.3° 4

(¢)  Note: Principal axis 3 has been labeled so that the principal axes form a right-handed set. To obtain the
direction cosines corresponding to the labeled axis, the negative root of Eq. (i) must be chosen; that is,
(4.); =-0.98571.

Then (6,), =170.3° (6,); =81.0° (8,), =93.7° 4
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Y PROBLEM 9.184*

For the component described in Problems 9.148 and 9.170,
determine (a) the principal mass moments of inertia at the
origin, (b) the principal axes of inertia at the origin. Sketch
the body and show the orientation of the principal axes of
inertia relative to the x, y, and z axes.

SOLUTION
(a)  From the solutions to Problems 9.148 and 9.170. We have
I, =032258 kg-m* I,=1,=041933 kg-m”
Iy,=1,=0096768kg-m*> 1, =0
Substituting into Eq. (9.56) and using
=1, I, =1 I =0

v 2% )z

K3 —[0.32258 +2(0.41933)]K >
+{2(0.32258)(0.41933) + (0.41933)* — 2(0.096768)* ]K
- [(0.32258)(0.41933)% ~ 2(0.41933)(0.096768)*] = 0

Simplifying
K —1.16124K% +0.42764K —0.048869 = 0

Solving vields
K, =0.22583 kg-m* or K, =0226kg-m’
K, =0.41920 kg -m? or K, =0419 kg -m* €
K,=051621 kg-m? or K, =0516kg-m’ o

(5)  To determine the direction cosines A, A,» A, of each principal axis, use two of the equations of
Eqs. (9.54) and (9.57). Then
K,: Begin with Egs. (9.545) and (9.54¢);

0
1 G+ U = KA~ Za(A)s =0
0
W‘]Z.l; (‘&’\ )1 - vz (‘&y )l + (12' - Kl )(ﬁ'z )3 = 0
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PROBLEM 9.184* (Continued)

Substituting
—(0.096768) A, ), +(0.41933 - 0.22583)(4,), =0

—(0.096768)(4,), +(0.41933 - 0.22583)(4,), =0

Simplitying yields

(A, = (4,)) =0.50009(4, ),
Now substitute into Eq. (9.54):

(A.)% +2[0.50009(1), T =1
or (4,), =0.81645
and (4, = (4. ), = 0.40830

(6,), =353 (8,),=(F,), =65.9° 4

K,: Begin with Eqgs. (9.544) and {9.541)

(7, =Ky )A ), ~ Ixy(/iy)z I (4,), =0
0
LAy + Uy~ Ky )y Yy A (A)y =0

Substituting
(0.32258 - 0.41920)(4, ), — (0.096768)(4,), ~{(0.096768)(4,), =0 0]

—(0.96768)(4, ), +(0.41933 - 0.41920)(41,), =0 (ii)
Eq. (i) = (4,), =0
and then Eq. (i) = (4,); =—(4,),
Now substitute into Eq. (3.57) 0

KR+, T =1

or (/ly )y = ““Jl“—i“
and (A4, = —71.2—

(6,), =90° (8,),=45° (8,),=135" 4
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(©)

PROBLEM 9.184* (Continued)

K, Begin with Egs. (9.54b) and (9.54¢): 0
I_\'_y (kl )3 + ([_y - K3 )(R’y )3 +/){(/11 )3 . O

0
LU =S8 + U~ KLYy =0
Substituting
~(0.096768)(4, ); -+(0.41933 - 0.51621)(4, ), = 0
~(0.096768)(4, ), +(0.41933 - 0.51621)(4, ), = 0
Simplifying yields
(4,); = (A ) ==(4)

Now substitule into Eq. (9.57);

(A5 +2=(4, )T =1 ()
1
or (/?{\- )3 = ‘\‘/?
and ()= (A) = e

5

(8\')3 =54.7° (BJ)} :(92)3 =125.3° 4

Note: Principal axis 3 has been labeled so that the principal axes form a right-handed set. To obtain the
direction cosines corresponding to the labeled axis, the negative root of Eq. (i) must be chosen;

I
That is, (A)y =——

i J3
Then (8.), =1253° (8,); =(6,), =54.7° <
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Y PROBLEM 9.185

i = mx Determine by direct integration the moments of inertia of the shaded area

with respect to the x and y axes.

| @ N
SOLUTION
At X=a, y=py=bh “
¥y b=ka® or k 2;% 4y
¥y b=pa o or m—b ” o
2t = h =
d ‘-—X—-—! L—dx. »
Then W z%xz
a
b
Yp=—X
a
lry 3
Now dl =~ v, — 9 Jdx
X 3 (u 2 yi )
(B3 3
=— Lx3~b ¥ |dx
34 a®
Then [ = Id] = J.a!)—}» Lf ~~Lx(’ dx
X x b 3 a} a(l'
_:’i{}_ i1 7}“
3447 7a° 0
or  /, mea'b'3 «
t28
2 2 210D b
Also dl, =x"dd=x"[(y, — y)dx =x"|| —x ——5x" |dx
o o
a 1 3 I 4
Then 1= fdt, = b =5 =" |
4 £ 7

or [ :—I—HSI) «
20

¥
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v PROBLEM 9.186

b - (307 Determine the moments of inertia and the radii of gyration of the shaded
- () area shown with respect to the x and y axes.

-
SOLUTION
N
We have did= ydc =5 lm(;] dx
a oy 8%
o ¥ /2
Then A= JdA: j b '1—[;} dx
0 a
%
:b[x— 2 x‘m:] :iab
Wa ol 3
) | VE I
Now dl, =—1y'dx=—1b/1-| = dx
T3 3 a

JE . 112 . NE
:_”1_3(;} e —[;] i
3 a a a

% 2 . LV
Then 1= far, = L = 1w3[;) ”{‘“J_[“) dx
s 43 y

or I =—1—ab3 «
’ 0

3

3

and = L = L ab .
o4 lab
b
or k,=—— 4
NI
J' U

Also dl, =x*dd = x" (pdx) = x lb ] (ZJ dx
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PROBLEM 9.186 (Continued)

o i 1 2 ¢
Then Io=\dl, =1 b| x¥* === |dx=b| —x> ~ x'
’ -[ ’ L ( Ja 37 e
[
o = ah <
21
1 4h
and Kl=-t= zlia
“3"151b

[#]
or ky =
A
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v PROBLEM 9.187

Determine the moment of inertia and the radius of gyration of the shaded
area shown with respect to the y axis.

SOLUTION

At x=a, y=p =b: i b=ka® or k:—?—

Vy: b=2b-ca’ or c=-— Ha
a
Then = %—-xz “
a A
2
X
=p 2=
Yz 1512
Now dA=(y, — y ) dx
2
x b 5
I e Al 7 2
02 (12

m~2~~§~(a2 —x%) dx
44

— 92,
Then A= IdA— J-O = (a" —x")dx
,) (43
:—”—?—l:azx—lxﬂ
a 3y
mf(iab
3
2 2|26 5
Now di, =x"dd=x ~5(a” —x") dx
a
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PROBLEM 9.187 (Continued)

Then I = jdly - j:—z—i—xz(ag - x*)dx
) a

a |3 5 0

or ],xu*a'jb «
S
, 1 42 5
and frmte A3 =—q
Y4 fab 5

o
or kB =—
¥ \/g
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Y PROBLEM 9.188

Determine the moments of inertia of the shaded area shown with respect to the

mf,_ x and y axes.
O oI
AN
! _t
SOLUTION
We have To=(Ih+{)~U
where (1) *‘*»}w(Za)(Zaf _3
x/1 12 3
) ¥ s
Now Lyady =Upgy)y =
and )= (), + Ad®
2
—- - o4 (7 ) 4a r 813,
L= h="rat | =ad [| = | =|=—-—=
or ( .11)2 ( EN )3 g a (2 d J{3ff] (8 973}61?
— 7z 8 Fia 4a :
Then (1), =, ), + Ad3 :(Eh()-ﬁw}a“ +(5~az}(a+§;J
m(i-{-é{i]aq'
3 B
- z 8 T 4g :
Uy =) + Ady :(-8—-_-9;};4 +(~2“02][ﬁ'“§;]
(55
8
Finally Irmia4+ [i+§£}a4 - (mi+—5£};4 I,=4a" 4
T3 3 B 3 B ’
Also fy=U 0+ ), ()
1 3 2, 2 16 4
Where I =Tz~(20)(20) +(2ay {a) :B—a

(1), =U,), {m%a“ +(§a2]<a>z]

e 4

y
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Semicllipse PROBLEM 9.189

4 mm——»‘*—‘ﬁfl mm
T

36 mm Determine the polar moment of inertia of the area shown with
respect to (a) Point O, (b) the centroid of the area.

0 8 mm

SOLUTION
First focate centroid C of the area.
4 . R &%%)MM "
S
° LA T M:j
Eo
A, mm? ¥, mm yA, mm’
1 %{54)(36) =3053.6 ﬂ; = 152789 46,656
2 ~Z18)? = -508.9 24 76304 3888
2 b2
pX 2544.7 42,768
Then YZA=X7A: Y(2544.7 mm?)=42,768 mm’
or Y =16.8067 mm <
(a) Jo=(Joh = (o)
= —;5(54 mm){36 mm)[(54 mm)* + (36 mm)* 1 %:—(l & mm)*
=(3.215510° ~ 0.0824 x10%) mm*
=3.1331x10° mm*
or  J,=3.13x10° mm* 4
) Jo=Jo+ ATFY
or jc =3.1331x10° mm* — (2544.7 mm*)(16.8067 mm)?

or  J.=241x10° mm' «
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Y PROBLEM 9.190

1

//\ To form an unsymmetrical girder, two L76 x 76 x 6.4-mm angles
T and two L152 x 102 x 12.7-mm angles are welded to a 16-mm steel
j ?' plate as shown. Determine the moments of inertia of the combined
section with respect to its centroidal x and y axes.

TEXTE x84

S

<~ Q
Gt ) Lo 132 x 102 % 127

SOLUTION
L76X76%6.4: A4 =929 mm?*

1, %1, =0.512x10° ram*
L152x102%12.7: A =3060 min*

I =2.59%10% mm*

LY

I, =720%10° mm*

v

First locate centroid C of the section:

A, mm? y 4, mm®

1 2(3060) = 6120 24.9 152,388
2 (16)(540) = 8640 270 2,332,800
3 2(929) = 1858 518.8 963,930
z 16,618 3,449,118

Then YEA=XTA

or Y(16,618 mm?)=3,449,118

or ¥ =207.553 mm

Now L=201),+(1), + 21 ),
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PROBLEM 9.190 (Continued)

where (1), =1+ Ad> =2.59x10° mm* + (3060 mm?)[(207.553 — 24.9) mm]’
=104.678x10° mm*

(1), =1 +Ad* = é—(;s mm)(540 mm)® + (16 mm)(540 mm)[(270 - 207.553) mm|*

= 243.645x10° mm?
(1) =T, + Ad* = 0.512x10° mm” +(929 mm’[(518.8—207.553) mm]’

=90.5086x10° mm*
Then 7 =[2(104.678) + 243.645 + 2(90.5086)]x 10° mm"
or I =634x10°mm’ «
Also I,=21,)+ (1), +2(1,),
where U =1, +Ad* =7.20x10° mm* + (3060 mm*)[(8 + 50.3) mm]’

=17.600610° mm"*
(1), = “1%(540 mm)(16 mm)y’

=0.1843x10° mm*
(4,)y =1, + Ad” = 0.512x10° mm* + (929 mm®)[(8 + 21.2) mm*
=1.3041x10° mm*

Then T, =[2(17.6006) +0.1843+ 2(1.3041)]x10° mm*

or ~}, =38.0x10°mm"* «
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' e 0,746 e, PROBLEM 9.191

2
centroidal x and y axes.

MJL ].71; in.

e in.-———-)-l

Using the parallel-axis theorem, determine the product of inertia of
the L5 % 3 x L -in. angle cross section shown with respect to the

é n.
SOLUTION
We have ]
- 0146~ 111}
[_\'y = ([_1}')] + (‘[.\-y )2
For each rectangle; 3
I =T 55 N 1am- -1
3 Ay C “.[14.- i( i“'“'
and fU =0 (symmelry) M=t i
D d kg -ote]ia
Thus 1, =LxyA
A, in? ¥, . 7, in. ¥y, int
1 3xé~:1.5 0.754 ~1.49 —-1.68519
2 4.5><%—:2.25 -0.496 1.01 -1.12716
p -2.81235

1, =-281n" «
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"h PROBLEM 9.192
-1 e 0. 763 im0,

L N il

- W__J* For the L5 x 3 x 1-in, angle cross section shown, use Mohr’s circle

to determine () the moments of inertia and the product of inertia

with respect to new centroidal axes obtained by rotating the x and y
axes 30° clockwise, (b) the orientation of the principal axes through
the centroid and the corresponding values of the moments of inertia.

174 in.

SOLUTION
From Figure 9.13a:

[, =943in* 1 =255in*
From the solution to Problem 9.191

1, =-281235in

The Mohr’s circle is defined by the diameter XV, where
X(9.43-2.81235), Y{(2.55,2.81235)

= I

Now I = 5(2, +1,) :%(9.43+ 2.55)=5.99 in*

2 2
L= I I
and R= [5(1,;1},)} +1) = {5(9.43—2.55)} +(-2.81235)"

= 44433 in.”
The Moht’s circle is then drawn as shown.

21,
tan 26, = ——
T.-T,
2(-2.81235)
9.43--2.55

= (,81754
=39.267°

or 26

"

and 6, =19.6335°

Then o = 1807~ (39.267° + 60%)
=80.733°
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PROBLEM 9.192 (Continued)

(@)  We have lo=1 ., ~Rcosor=5.99-4.4433¢0880.733°

or ]’; =527in* <«

1= + Reosar = 5.99 + 4.4433 05 80.733°

or 7‘ =6.7lin* <

Iy =—Rsima =-4.44335in80.733°

or {..=-439in" «

oy T
(2] First observe that the principal axes arc obtained by rotating the xy axes through

19.63° counterclockwisc

about .
Now T min = Lo £ R =599 4.4433
or 7. =1043in" «
I =1.547in" <
L, 4
O 3 L3°
x

From the Mohy’s circle it is seen that the o axis corresponds to 1 and the b axis corresponds to [

min "

e
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PROBLEM 9.193

A piece of thin, uniform sheet metal is cut to form the machine
component shown, Denoting the mass of the component by m,
determine ils mass moment of inertia with respect to (a) the
x axis, (b) the y axis,

SOLUTION

First note mass =m = oV = ptd @

- pt{(.’la)(ﬂ)m%(‘?a)(%ﬂ 0

_3 2
——2—pla %

Also ! mass — £ i arca

2m1

= area
3a°

((J) Now ],v,urc:l = (1.\' )l,urca - 2(‘[_1 )Z,areu

vt ol Lfa)
= (@) 2[12[2]@)}

= -

12

— 2 7
Then ‘[\' mass Mﬁ; x wa4
- 3a° 12

(b) We have [z,arca = ([z )l,arca - 2(12 )Z,ama

-1 2ayay -2 J—(a)[—“—f
3 12 2

31 4
= il
48

2m 3 ] 4
Then ! R Y |
z,mass 3612 48

= ~3-]~ma2

72
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PROBLEM 9.193 (Continued)

Flna“y’ ]y,muss = ]x,mass + [z.mass
= _1 ma?‘ + il—ma2
I8 72

=ma®
72

or I, =0.819ma° €
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PROBLEM 9.194

A piece of thin, uniform sheet metal is cut to form the machine component
shown. Denoting the mass of the component by m, defermine its mass
moment of inertia with respect to {(a) the axis 44", (b) the axis BB’, where
the 44" and BB’ axes are parallel to the x axis and lie in a plane parallel to
and at a distance a above the xz plane.

SOLUTION
First note that the x axis is a centroidal axis so that
I=1_  +md

X, Muss

and that from the solution to Problem 9,115,

_;,muss = I%]naz
() Wehave gt mass =—1—7§.r:'1a2 +ma)’
or 1, =1.389ma* 4
(6) Wehave Lyt mass = "f7§ ma® + m{a2 Y

or Iy =239ma" 4
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PROBLEM 9.195

0.48 m

A 2-mm thick piece of sheet steel is cut and bent into the machine
component shown, Knowing that the density of steel is 7850 kg/m”,
determine the mass moment of inertia of the component with
respect to each of the coordinate axes.

-~ 0.76 m
N
SOLUTION
First compute the mass of each component. We have )

m=pPorlV = port A é
Then my = (7850 kg/m®)(0.002 m)(0.76 X 0.48) m? " %
=5.72736 kg X

m, = (7850 kg/m* )(0.002 m)(-;— x 0,76 0.48J m?
=2.86368 kg

my = (7850 kg/m’ )(0.002 m)(%x 0.482) m?
=2.84101 kg

Using Figure 9.28 for component | and the equations derived above for components 2 and 3, we have

]x = (]x)l +([.t)2 +(Ix)3

i ) 048 Y
=[5 (572736 ke)(0.48 m)’ +(5.72736 kg) —-m

2
+[~S§(2.86368 kg)(0.48 m)’ +(2.86368 kg)[g';§ mJ J{% (2.84101 kg)(0.48 m)z}

=[(0.109965 -+ 0.329896) + (0.036655 + 0.073310) + (0.327284)] kg - m”
= (0.439861 + 0.109965 + 0.327284) kg - m?

or I, =0877kg m’ <
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PROBLEM 9.195 (Continued)

1=+, +(0,)s

2
:{Mw 72736 kg)(0.76” + 0.48") m” +(5.72736 ki’)[(ozﬂ)) +(9§§] }nﬁ}

{%(2 86368 kg)(0.76 m)” +(2.86368 kg)(( 76 I}H(zm 101 kg)(0.48 m)z}

=[(0.385642 +1.156927) + (0.091892 +0.183785) + (0.163642)] kg - m”
=(1.542590 + 0.275677 +0.163642) kg - m*

or  [,=1982 kg-m® o
L= +U )+ )

i 5 076 Y
=| (572736 kg)(0.76 m)” +(5.72736 kg)| == m

2
J~—(2 86368 ka)(0.76> +0.48") m? + (2. 36%68@)“(’;6] +(9_~§§] }mz}

l 3
+ [-;:(2.84101 ke)(0.48 m_)ﬂ
1, =[(0.275677 + 0.827031) + (0.128548 + 0.257095)

+{0.163642)] kg - m’
= (1.102708 + 0.385643 + 0.163642) kg - m*

or  1,=1.652kg-m” 4
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PROBLEM 9.196

Determine the mass moments of inertia and the radii of
gyration of the steel machine element shown with respect
to the x and y axes. (The density of steel is 7850 kg/m™.)

IHmeusious in min

SOLUTION

First compute the mass of each component. We have

m= Ol
Then ny = (7850 kg/m*)(0.24 X 0.04 % 0.14) m°
=10.5504 kg

my = my = (7850 kg/m’ )Bf(o.o?)2 ><0.04J m' =2.41683 kg

my = s = (7850 kg/m)[2(0.044)” x (0.0)] m* =1.90979 kg

Using Figure 9.28 for components 1, 4, and 5 and the equations derived above (before the solution to
Problem 9.144) for a semicylinder, we have

L=U0+ U, +U s+ (1) =~ ()5 where (1), =(1.),

= [i%(l 0.5504 kg)(0.04° +0.14%) mz} + 2{?12—(2.4.[683 kg)[3(0_07 m)* + (0.04 m)* }}
+ {]}2—(1 90979 kg)[3(o.044 m) +(0.04 mf}r (1.90979 kg)(0.04 m)z}

- {%(E 90979 kg)[3(0.044 m)? + (0.04 m)z]}

=[(0.0186390) + 2(0.0032829) + (0.0011790 +0.0030557) — (0.0011790)] kg - m”
= .0282605 kg - m?

or 1, =283x10" kg-m? <
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PROBLEM 9.196 (Continued)

L=+ + )+ ()~ (1)

where {(1,); :(1,1-)3 ()4 zluy)5|

Then I, = [}—12-(10.5504 kg)(0.24% + 0.14%) mz]

2
+2[(2-41683 kg)[lml%J(om m?)+(2.41683 kg)(0.32+ 4’“)'07) mZ]
2 97 k2

= [(0.0678742) + 2(0.0037881 + 0.0541678)] kg - m”
=0.1837860 kg - m*
or 1, =1838x107 kg-m’

Also = iy + iy + iy iy — mg where my =y, #1= |m5l
=(10.5504+2x2.41683) kg =15.38406 kg
I, 0.0282605 kg-m’

Then /(3 ==
Tom 15.38406 kg

or k, =429 mm 4

I, .
and k}% L (.1837860 kg-m
" 15.38406 kg

or  k,=1093mm 4
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