





q PROBLEM 5.1

30 mm —)—| l-@-

Locate the centroid of the plane arca shown.

miik
30 nun
Li
T !
I*wm— 240 iy
SOLUTION
Dimensions in mm
i
/e
& 1o
Bag o ‘l‘ 7
X Fewi/l |,
g 1{_/0: J3e
M ) ]
A, mm* X, mHm ¥y, mim ¥4, mm® VA, mm’
1 0300 105 I5 0.66150x10° 0.094500x 10°
2 9000 225 150 2.0250x10° 1.35000%10°
x 15300 2.6865x10° 1.44450%10°
- - 6 -
Then ¥ w24 26865x10 X =175.6 mm 4

A4 13300

- X¥A_ 1.44450x10°

Y Y =944 mm 4
: zA 15300
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v PROBLEM 5.2

20 i 30mm

: _; Locate the centroid of the plane area shown.

T

36 mum

—

e

24 mim
x
SOLUTION
Dimensions in mm
“ istdlel
24412
¥
A, mm? ¥, mm ¥, mm XA, mm’ VA, mm’
i 1200 10 30 12000 36000
540 30 36 16200 19440
z 1740 28200 55440
Then X’:—Z—'E—/E:M X =1621mm 4
A 1740
7. zyd_ 55440 Y =31.9mm <

A 1740
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PROBLEM 5.3

— Locate the centroid of the plane area shown.

(12 in,—-r—* 21 in, m__,_l

SOLUTION

Dimenstons in in.

e 124105

o L

i} C ¥
sl el s
e K X
A,in? ¥, in. ¥, in, X4, in? yA4,in’
I %XIZXES:()O 8 5 720 450
2 21x15=315 22.5 7.5 7087.5 2362.5
b 405.00 7807.5 2812.5
Then ¥ o 2XA_T807.3 X =19.28in. <
A 405.00

joo A _ 28125 ¥ =694in. <
A 405.00
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=

PROBLEM 5.4

e 3 i -——:—l«-m §in. —‘»i

T E._u

3in. E

Locate the centroid of the plane area shown.

6 in.

SOLUTION

Y = 4 in. —>

— =
—-;———w‘«s-y 7.5 in.
4 n.

¥
4 n,
A, in? ¥,in. ¥, in. %4, in} yA, in?
I ,
1 5(} 2)(6) =36 4 4 144 144
2 (6)(3) =18 9 75 162 135
by 54 306 279
Then XA =354
X(54)=306 X =5.67in. 4
YA = T34
¥(54)=279 Y =517 in. 4
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PROBLEM 5.5

Gir. Hin.

|

_T Locate the centroid of the plane area shown.

8 i

N
|

2 in,
X
SOLUTION
" “
ot o i
G) ¥
o -
\_Dl- N, 1z .
| @ l
SN % *
A, in? X, . 3, in. ¥4, in} VA, in?
] 1420 =280 7 10 1960 2800
2 ~7t(4Y = —167 6 12 -301.59 ~603.19
p) 229.73 1658.41 2196.8
Then yo2x4 165841 X¥=722in. 4
x4 22973
7.2¥4_21968 ¥ =9.56in. 4
ZA 22973
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<———120 mm “—'“*"

-

75 mm

PROBLEM 5.6

Locate the centroid of the planc arca shown.

SOLUTION

25

4(75) | 21,83 v
AR

- e x

*CZ; 4 75 -21.9%1
- = A3 16Mmwm

195 - 31, B3 = 163,16 v

A4, mm? X, mm ¥, mm A4, om’ ¥4, mm’
1 %(120)(75) = 4500 80 25 360%10° 112.5%10°
2 (75)(75) = 5625 157.5 37.5 885.94x10° 210.94x1¢°
3 wgﬂ(?S)z =-4417.9 163.169 43.169 ~720.86x10° | —190.716x10’
% 5707.1 525.08x10° 132.724%10°

Then

XA=%%4

YA=X7 4

X (5707.1) = 525.08 % 10° X =92.0mm <«

¥(5707.1) = 132724 x10° Y =233 mm 4
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PROBLEM 5.7

Locate the centroid of the plane area shown.

Then

X = e
XA 194823

7 EFd_ 34021

x4 194823

f X
‘MQ-(') in.
SOLUTION
N 4x39 ®
W \ 10 .
< 5 B,
@ 4 ~>-('.2_ X
% }
A, in? ¥, in. 7, in. ¥4, in} 74, in.}
1 3;5(38)3 = 22682 0 16.1277 0 36581
2 —20%16 = -320 ~10 8 3200 ~2560
T 1948.23 3200 3402]
T34 3200

X =1643in. 4

V=17461n. 4
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Y PROBLEM 5.8

Locate the centroid of the plane area shown.

30in.

b B0 in.—”‘*" '
SOLUTION
4 " {30- ‘%%‘E'] s
®©
- +C-\ -
A v
25w ]
'L"( % X
b 15 1,
A, in? ¥,in, | F,in %A, in? VA4, in’
1 30x 50 = 1500 15 25 22500 37500
2 —g—(l 5)2 =353.43 23.634 30 —8353.0 -10602.9
= 1146.57 14147.0 26.897
Then fzgﬁzw X=1234in 4
x4 1146.57
yoIyd, 2087 7 =235in 4

XA 114657
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PROBLEM 5.9

Locate the centroid of the plane area shown.

60 nun

SOLUTION
b 4{6D)
b + —_—
H <, {20 -15.465 [
- ARG -
GOTM I l 45,435 mm (©) ) —'_fzs.%Smm
L X e *
= 30wmwm - =~ 25.465 mm
A, mm? X, mm ¥, mm ¥4, mm® JA, mm’
1 (60)(120) = 7200 -30 60 -216x10° 432x10°
i
2 :;(60)2 =28274 25.465 95,435 72.000x10° 269.83%10°
3 —»:475(60)2 =-28274 -25.465 25.465 72.000% 107 ~72.000x10°
X 7200 ~72.000x10° 629.83x10°
Then XA=XIX4 X (7200)=-72.000x10° X =-10.00 mm <
YA=%EyA4  Y(7200)=629.83x10° ¥=875mm 4

PROPRIETARY MATERIAL. © 2010 The McGraw-Hif Companies, Inc. All rights reserved. No pert of this Manual mayv be displayed,
reproduced or distributed in any form or by any means, without the prior writter permission of the publisher, or used Beyond the limited
distribution o teachers and educators permitted hy MeGraw-Hill jor their individual corse preparation. [fvou are a student using this Manual,

Yyou are using it withouf permission.

549




PROBLEM 5.10

¥
47 wun 47 um

Semiellipse Locate the centroid of the plane area shown.
26 yin
¥

F0mm

SOLUTION

Dimensions i mm

42t
IW

-8
A, mm* X, mm ¥y, mim XA, mm’ v, i
I %x47x26:1919.51 0 11.0347 0 21181
1
2 —2—><94><70x3290 ~15.6667 -23.333 —51543 —T6766
= 52095 ~51543 ~55584
Then X = Exd 31943 X =-989mm o
A 52095
Y= Ly :j—s—séﬁgﬁ Y =-10.67 mm <€
A 5209.5
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¥ PROBLEM 5.11

Locate the centroid of the plane area shown.

SOLUTION

First note that symmetry implies X=04
\.1
4xl2 N i
3T 448
- N
@S )
% X
A, in? 7, in. 34, i
2
1 wﬂ%mmo.sm 33953 | —341.33
2
2 —’f%ﬂ =226.19 50930 | 1151.99
) 125.659 810.66
—_— s 3
Then Y = Tyd _810.66in. or ¥=645in. 4

$A4  125.66in”
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PROBLEM 5.12

y
1 Parabola

1 L i

” ,
1% mm% i

i

Locate the centroid of the plane area shown.

&} aam |

SOLUTION

A, mm* X, mm ¥, mm ¥4, mm’ VA, mm’
I (15)(80) = 1200 40 7.5 48x10° 93x10°
1
2 5(50)(80) =1333.33 60 30 80 [0° 40x10°
T 25333 128%10° 49x10°
Then XA=T¥A

X (2533.3) = 128x10° X =50.5mm <

YA =X74
¥(2533.3)=49x10°

Y =1934 mm 4
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Y PROBLEM 5.13

Locate the centroid of the plane area shown.

T4 906.86

i
20 |!nm ) riieg
x = ky?
|F3€) mm**l *
SOLUTION
L‘
4530 Yo
R P
4
n T ® (2o ;’3‘;“0 Y vavn
{ W-LLC’}MM
i
{‘}3_,1- DY v x
A, mm? X, mm ¥, mm ¥4, mm® $A, mm’
1 %xmxzo:zoo 9 i5 1800 3000
2 %(30)2 =706.86 127324 | 327324 | 9000.0 23137
z 900.86 10800 26137
Then Y:%EM X =11.91mm 4
4 906.86
?mm— 26137 Y =28.8mm 4
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v PROBLEM 5.14

Locate the centroid of the plane area shown.

20 4.
SOLUTION
Dimensions in in.
9 9
@ -
Gy 1 4 @__ .
| |3 (o —‘.f 1o(29)
kS *
..J%.,uc)l‘_ t _.i 3020) l..
A, in? X,in. | y,in. | ¥4,in® y4,in’
I -%x(zoxzoyzﬁgg 12 75 3200 2000
2 %{20)(20)33%0—9 5 | 60 | —2000 | 800
)y 529 1200 1200
Then poExA_ 1200, X =9.00in o
A [400)
3

- vA 120
Y“E) . 200

oz (ﬁ‘.@‘?_)
3

Y =9.00in. <
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v PROBLEM 5.15
/\"m'tux

Parahols

60 nin

x
IW'{’S mm——'»‘]

Locate the centroid of the plane area shown.

SOLUTION

I'mivn b

anvaiiind WA
)
#o §.~,t. ) mm C
s 2 e,
X T X
A, mm? ¥,mm | ¥, mm ¥4, mm’ yA, mm?’
2
1 —3~(75)(120) = 6000 28.125 48 168750 288000
1
2 -—2—(75)(60) = —27250) 25 20 ~56250 —43000
x 3750 112500 243000
Then XTA=%5A

X (3750 mm*) =112500 mm*
and YEA=X74

Y (3750 mm?) = 243000

or X =30.0mm

or ¥=64%mm <«
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Y PROBLEM 5.16

Determine the v coordinate of the centroid of the shaded area in
terms of ¥y, 1, and @

X
SOLUTION
\i
\.‘
o] - G i
% i o X
First, determine the location of the centroid.
sin{ % -«
From Figure 5.8A: Py =»~2+r2 u-~(~3~+---~)— A, x[fﬂrz]rf
3° (£~ 2
2 coso
=5h
" 5-a)
. - 2 cosg F 4 2
Stmilarly Py = e A= =—alp
"5-a) 2
w—, 2 cose (7 2| 2 cosa |( 7 2
Then LyA:ArzTM |y ..._._ri___f;____ — - {h
ol -l
———g—(r; - f)cos o
and | ZAz(fwwa)rfw f{maf]rf
2 2
-1 22
“{z a)(fz )
Now ¥Y34=3574

[FER N

r - (2005 a} <

22 -
S 8 T 20

!
| S
PN
v |
1
)
S—
——
N“N
|
=
g
L 1
i
lro
——
oy
]
—
(9]
&
o
=
=<
It
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Y PROBLEM 5.17

Show that as r; approaches ry, the location of the centroid
approaches that for an arc of circle of radius (5 +r,)/2.

SOLUTION

xJ

u_’ 1 x
First, determine the location of the centroid.
sin{# — ¢
From Figure 5.8A; ¥ :——2—;-' __(Ew_l A, = ir—-a #
3° (2-a) 2
2 . cos o
=gy
3 (5-a)
_ 2 cosa b4 2
Similarly Py 4 =Z-uln
3 (4-a) 2
Then o0 P {La}f 2, cosar (gzma)}iz
35 (z-a)|\2 3 (5-a)\2

24 4
mw(n; - ff')cos o
V2

and A = Ewa’ [ EW(XJJ]E
2 - 2
T 22
=) ——o |[r —F
(Z-a)ii-r)

Now Y3A=2%y4
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PROBLEM 5.17 (Continued)

Using Figure 5.8B, ¥ of an arc of radius »éu(r, +1) s

= sin(4 —ar)
V= (1)
cos X
=l By ) ()
27 TG
Now rzj —r]z _ (?‘2 WI‘])(?‘; + 15 -Hf)
T (r =1 )y +5)
2 2
_h thnh
Bty
Let Y =p+A
R=r—A
1
and =R AP AN =AY =AY
‘ 7'22 ~r§2 (F4+AY+(r-A)
BERLS
2r

In the imit as A — 0 (i.e., ; =), then

r;——rf 3
) 2—5:’
H —h

So that ?m-z—)(g—(ri -{-nrz _———_COS(Z or }7:(”1 +]_2)~COSQ’“ ‘
34 3 -2

Which agrees with Equation (1).
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distribution to feachers and educators permitied by MeGraw-Hill for their individual conrse preparation, If vou are a student using this Manual,
you are using i without permission.

558




y PROBLEM 5.18

For the area shown, determine the ratio a/b for which ¥ = J.

X
SOLUTION
4 3 “ ,
® @
¢t - < 2
1 3
t X 4 %
A X i xA yA
2 2
1 “ab e zb ﬂ 2ab
4 5
2 2
2 —iab la %b -E-E —-f—ii—
3 6 3
2 2
sl @b
12 135
Then XEZA=X%4
X lab xa-b
6 12
= ]
or =gd
2
Yid=%7v4
2
Y[lab :i{)—
6 15
or )7=-2—b
5
Now X=Y= la:w%b or a 4 <
2 5 b 5

PROPRIETARY MATERIAL. © 2010 The MeGraw-Hill Compamies, Inc. All rights reserved. No part of this- Manual may be displayed,
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v PROBLEM 5.19

For the sermiannular area of Problem 5.11, determing the ratio #/r) so
that ¥ =35/4.

SOLUTION
lu‘
47 4
. W o_ Ley
L )
@ z ®C1 ®
% ! X
A Y ¥4
2 KF o
4r;
2 ) —L =
22 T ?
i 2 % 3.3
)_“, »5(12 -K ) 3(r2 ¥ )
Then YIA=XVA
! 3 T2 2y 273 3
or ZIIXE(@ =K )—-5(12 -H )
3
It gl 2| o
161 5 K
Let p:?-_
"
97 3
“{*&[([’“‘"U(Pwl)}:()'?*i)(!? tp+h
or 160 +(16 -9 p+ (16 -97) = 0

PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. Ne part of this Manual may be displayed,
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PROBLEM 5.19 (Continued)

2 o A
Then p=0079MENA6-97) —416)16-97)

2(16)

or p=-05726
p=13397

Taking the positive root ' 221340 <
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A

300 llll)IWﬁ»l 12 mm PROBLEM 5.20

60 men | % A composite beam is constructed by bolting four
12 mm __| q - | plates to four 60 x 60 x 12-mm angles as shown,
: : __ - The boits are equally spaced along the beam, and
o f :Z; . the beam supports a vertical load. As proved
* - 450 mm it . in mechanics of materials, the shearing forces
_ exerted on the bolts at 4 and B are proportional to
60w | : | the first moments with respect to the centroidal x
; | axis of the red shaded areas shown, respectively,
¢ L«i l L. in Parts ¢ and b of the figure. Knowing that the
HEE *’"w‘*"JM*T -1 force exerted on the bolt at 4 is 280 N, determine
12 mm 12 the force exerted on the bolt at B.
{a) ()
SOLUTION
©
{ ]

29C vam

From the problems statement: £ is proportional to (.

F/f F!)' . F — (Q,\')H F‘A

Therefore: = QF =
Q)4 @ (@04
12
For the first moments: Q4= (225 + —2—] (300x12)
= 831600 mm’
(O.); =04+ 2(225 - %}(48>< 123+ 2(225 -30)12 x60)
= 1364688 mm’
Then Fy mlgg%(zso N) or F=459N «

PROPRIETARY MATERIAL, © 2010 The McGraw-Hill Companies, lnc. Al rights reserved. No part of this Mamal mav be displayed,
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o —— &

»
453in. 450

PROBLEM 5.21

The horizontal x axis is drawn through the centroid C of the area shown, and
it divides the area into two component areas 4, and A,. Determine the first
moment of each component area with respect to the x axis, and explain the
resulls obtained.

SOLUTION

Note that

Then

and

Now

3 in,

% in. A <o e -————al

4
b tn, — * /A;;“-\(élzb\m’mf

LA

l———‘?n\.—___.-]

0, =574

(O = G—in.JGxﬁxsjmﬁ or  {Q,), =25.0in} «
(0,), = [—%x 2.5 in.Jquxz.s]in?

o+ (w—i—x 2.5 in.][lxéxiz.Sjin.z
3 2

Q\' = (Qx)[ + (Q\ )2 = (}

or {(Q,),=-25.0in" «

This result is expected since x is a centroidal axis (thus y =0)

and

Q,=LiA=YZAF=0= 0 =0)
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¥

150 in.

I*———*—l - (1,75 i,
N
1

2.00 in.

I+ 1.50 4. |

400 in.

§.5§)jh /

]

2.000n.

ot

075 i = 200 i,

PROBLEM 5.22

The horizontal x axis is drawn through the centroid C of the area shown,
and it divides the area into two component arcas 4, and 4,. Determine
the first moment of each component area with respect to the x axis, and

explain the results obtained.

SOLUTION

First determine the location of the centroid C. We have

A, in? ¥, in. v, in?
1 Q(éx?,xE.S]mB 0.5 1.5
i} 1.5%5.5=8.25 2.75 22,6875
1 45%x2=9 6.5 58.5
by 20.25 82.6875
Then YV'Ed=2y'4
¥'(20.25) = 82.6875
or Y’ =4.0833 in.
Now Q. =2y4
Then Q) = B(ﬁ.s ~ 4.0333)5:1} [(1.5)(5.5~ 4.0833)]in.”
+[(6.5 - 4.0833)in.][(4.5)(2)}in2
and (@), = -B(4.0833 in.)][(i 5)(4.0833)]in?

e

H_.
0
"“‘“««(!‘l
»

Z

or  (Q), =233’ 4

—{(4.0833—O.S)in.]XZK§X2x1.5Jin.2} or (), =-233in" 4
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PROBLEM 5.22 (Continued)

Now O = Q)+ =0

This result is expected since x is a centroidal axis (thus ¥ = 0)

and 0, =3L34=V54 (Y =0=0, =0)
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y PROBLEM 5.23

The first moment of the shaded area with respect to the x axis is denoted by Q..
(a} Express (2, in terms of b, ¢, and the distance y from the base of the shaded
area to the x axis. () For what value of y is O, maximum, and what is that
maximum value? '

I*—b‘>|

SOLUTION - /// 7
o,
Shaded area: ' ‘I; Ll }’\ =3
A=bc=y) o
g, =y4 e
= (e pibte )] -
2 =)
1
(@) 0, =h(c* =) <
by For Q. .. 9. 0 or lb(uz »)=0 ' y=0
dy 2
For y=0: (Qx)ﬁ—%bcz (0.)=—bc" <4
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PROBLEM 5.24

A thin, homogeneous wire is bent to form the perimeter of the figure

- indicated. Locate the center of gravity of the wire figure thus formed.

SOLUTION

Dimensions in mm

4L —

Perimeter of Figure 5.1

Y
»——z:;._{/e:ﬁ

i > = 3c0
fO05"
185 Q\ ~27 G 150
_ ‘ ] 5
7 -2 ‘Cn
280
L ¥ v ¥L, mm® VL, mm’
[ 30 0 15 0 0.45x10°
il 210 105 30 22.05%10° 6.3x10°
11 270 210 165 56.7x10° 44.55x10°
v 30 225 300 6.75x10° 9x10°
Y 300 240 150 72%10° 45%10°
VIl 240 120 0 28.8x10° 0
b3 1080 186.3x10° 105.3%10°
XL =Xx¥L

X (1080 mm) =186.3x10° mm?

YSL=ZV1

¥ (1080 mm) =105.3x10° mm*

X =172.5mm 4

¥ =97.5mm <
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PROBLEM 5.25

A thin, homogeneous wire is benl to form the perimeter of the figure
indicated. Locate the center of gravity of the wire figure thus formed.

SOLUTION

First note that because wire is homogeneous, its center of gravity will coincide with the centroid of the
corresponding line.

7 L, mm X, mm ¥, mm %L, mm?* i, mim?
1 20 10 0 200 0

2 24 20 12 480 288

® 3 30 35 24 1050 720
5 < 4 46.861 35 42 1640.14 1968.16

5 20 10 60 200 1200

6 60 0 30 0 1800
z 200.86 3570.1 5976.2

Then XEL=XXL X(200.86)=3570.1 X =1777 mm o

YEL=X3L ¥ (200.86)=5976.2 ¥=298mm 4
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Y PROBLEM 5.26

flﬂinﬁ—z*— 21 iu.ﬁ—"—>| R L . X .
: - A thin, homogeneous wire is bent to form the perimeter of the figure
indicated. Locate the center of gravity of the wire figure thus formed.

SOLUTION

Firsi nole that because the wire is homogeneous, its center of gravity will coincide with the centroid of the
corresponding line.

g
@ @
® *
L, in. X, in. ¥, in. ¥L,in.? VL, in?
| 33 16.5 0 544.5 0
2 15 33 7.5 495 112.5
3 21 22.5 15 472.5 315
4 V122 +15% =19.2093 6 7.5 | 115.256 144.070
by 88.209 1627.26 571.57
Then XEL=XXL
X(88.209) =1627.26 or X=1845in. 4
and YEL=EVL
Y(88.209)=571.57 or ¥ =648in. 4
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y PROBLEM 5.27

A thin, homogeneous wire is bent to form the perimeter of the
figure indicated. Locate the center of gravity of the wire figure
thus formed.

201,

SOLUTION

First note that because the wire is homogeneous, ifs center of gravity will coincide with the centroid of the
corresponding line.

K

L, in, ¥, in. ¥, in. ¥L,in? VL, in?
1 18 ~29 0 ~522 0
2 16 ~20 8 ~320 128
3 20 -10 16 —200 320
4 16 0 8 0 o128
5 38 19 0 722 0
6 (38 =119.381 0 24.192 0 2888.]
% 227.38 ~320 3464.1

o IEL _ 320

= X =—1407 in. 4
$L 22738

Then

SFL 3464.1

Y %1523 in. 4
L 22738

Y o=
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PROBLEM 5.28

A uniform circular rod of weight 8 Ib and radius 10 in. is attached to a pin at C and
to the cable A8, Determine () the tension in the cable, (b) the reaction at .

SOLUTION

- . _ 2
For quarter circle F=—
A
2¥
(@) YIM, =0: W(w}»«rrzo
T
T:W(—Z—JE(S 11;)(% T=5091b 4
¥/ /A
(b) HLIF =00 T-C, =0 5091b-C, =0 C, =509«
HEF, =0 C,-W=0  C,-81b=0 C,=8b!
€ w0 dy =&
Cr=do8 2l s C=9481b ™ 57.5° 4

FROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any farm or by any means, without the priev weitten permission of the publisher, or used beyond the limited
disiribution to eachers and educators pevmitted by McGraw-Hill for their individual course preparation. If vou are a student using this Manual,

you are using if without permission.

571



PROBLEM 5.29

Member ABCDE is a component of a mobile and is formed from a single
piece of aluminum tubing. Knowing that the member is supported at C and
that /=2 m, determine the distance o so that portion BCD of the member
is horizontal,

i 1.50m
I*ff %i

SOLUTION

First note that for equilibrium, the center of gravity of the component must lie on a vertical line through C.
Further, because the tubing is uniform, the center of gravity of the component will coincide with the centroid
of the corresponding hne. Thus, X =0

So that TFL=0 t‘fc
Then 25 A
(075 55 Y075 0
2 COS 1 . m @
+(0.75—~ d)mx (1.5 m) 2
+[(1.Smd)m-(%x2mxchSSSOHX(Zm):O
or (0.75+l.5+2)dz[~;~(0.75)2~2]00555°+(0,75)(1.5)+3 or d=0739m <
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1.50 m

PROBLEM 5.30

Member ABCDE is a component of a mobile and is formed from a
single picce of aluminum tubing. Knowing that the member is
supported at C and that d is 0.50 m, determine the length / of arm DE
so that this portion of the member is horizontal.

SOLUTION

First note that for equilibrium, the center of gravity of the component must lie on a vertical fine through C.
Further, because the tubing is uniform, the center of gravity of the component will coincide with the centroid

of the corresponding line. Thus,

X=0
So that ZxL=10
or _(0';5 sin 20°+O.53i1135°)m><(0‘75 m)

+(0.25 mxsin35°)x (1.5 m)

+{1.0><sin35°——é~)m><(l m)=0

+ (sinBS"—%)] =)

or ~0.096193
(L) 5 (L), (XL

The equation implies that the center of gravity of DE must be to the right of ',

Then [ —1.14715/ +0.192386=0
; 1.14715 ¢ \f(~1.14715)2 — 4(0.192386)
QF =
2
or [=0204m

Note that sin35° “é—f > 0 for both values of / so both values are acceptable.

or /=0943m 4
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PROBLEM 5.31

The homogeneous wire ABC is bent into a semicircular arc and a straight section
as shown and is attached to a hinge at A. Determine the value ot @ for which the
wire is in equilibrium for the indicated position.

SOLUTION

First note that for equilibrium, the center of gravity of the wire must lie on a vertical line through 4. Further,
because the wire is homogeneous, its center of gravity will coincide with the centroid of the corresponding
hine. Thus,

X ={)
So that 2xL =0

1 2r
Then ——recos@ i{r)+| ——rcosf ((mr)=0

2 T
or cosf =

1+27
2= (.54921

or =567 4
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PROBLEM 5.32

Determine the distance A for which the centroid of the shaded

Simplifying Eq. (2) yields

it area is as far above line BB as possible when (o) & = 0.10,
SN (&) k= 0.80.
l B
H “
a.
~ ¥
© N
O
| b—o * bas-l %
A v yA
1 —E—ba —E—a Ew:lzb
2 3 6
2 LY Ly Lo
2 3 6
b h 2 2
“(a—kh {a” K
= 5 (a } p {a )
Then YEA=EyA
= b b
V| —(a~khy|==(a" — kit
[2 (a—k 1)1 o (a )
1 42
or Y= il )]
Ha—kh)
v ~ TIPS BT N
and dY 1 -2kh(a - ki)~ (a” = kh™)(=k) =0
dh 3 (a~khy
or 20(a—kiy—a” v EkIF =0 2

k2 = 2ah+a® =0
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PROBLEM 5.32 (Continued)

L. 2at J2a)" ~ 4k )a®)
B 2k

:%[u\/ifﬂ

Note that only the negative root is acceptable since #<Ca. Then

Then

(a) k=010
o
h—o.m[l“\/lw{).l()] | or h=0513a 4

() k = (.80

hm_%a[l—\/l-o.go] or =069 4
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PROBLEM 5.33

Knowing that the distance / has been selected 1o maximize the
! distance ¥ from line BB’ to the centroid of the shaded area,

i
;‘ show that y =24/3.
B B
SOLUTION
See solution to Problem 5.32 for analysis leading to the following equations:
Ty
§ oo LR (1)
3(a - ki)
2h(a—kh)—~a* +kh* =0 (2)

Rearranging Eq. (2) (which defines the value of # which maximizes ¥) yields
a’ —kh* =2h(a ki)
Then substituting into Eq. (1) (which defines ¥)

?zm-]mmx%(amkh) or Y=2h 4
3(a—kh) 3
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¥ PROBLEM 5.34

Determine by direct integration the centroid of the area shown. Express your
answer in terms ol a and A.

e —

SOLUTION
v/

r_ B T

X da /

p=ty g h

o \ y
Xgp =X g Yo
4
- 1 5 ~x
Yer 2}’ _ N
dA = ydx >
4 o h 1 .
A= A ydx = J-O [“;‘)C]dk =—ch
JE dA~'fx)dx~rr(ﬁx d!(*fli ﬁ ’ “lhal
£L 5 RS e B 3
- af 1 f h 2 1 2 3 5
Jyt:'t,dA “L (Ey]ydx =5 L [“{;\ZJ X = — | — 0 = ha
9 = =1 1.5 .
XA = xEI,dA X ——ah :-é-ha YF="u
yA% J.y dA ¥ iah x—i—hzg }'j__,_h ‘
it 5 p
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y , PROBLEM 5.35

7
= // T
\ - Determine by direct integration the centroid of the area shown, Express
h your answer in terms of g and 4.
.
| a -
SOLUTION
, i
At (a, 1) »: h=ka
h
or k=
a <
Yai h=ma ]h ,Ii' . ?’EL ??.
%
or = h L- X —‘J e A,
[
Now Xpg =X
- !
Vi = E(y; +5,)
and dA = (v, wy])dxx[hxujfxzjldx
a4 g
= —;—(ax —xH)dx
a
a l o
Then A= IdA:J J:i«(ax-—xz)ch:% 232 -ixz‘ nlah
O - o 2 3 o 6
— q h 2 hla 3 | 4 ‘ 1 2
and XgdAd= | x| —(ax—xNdx=-"r| ~x ——x"{ =—a°h
& L L? (x=x) az[:; 47, 12
- 1l ity
[ = [S0n eyl —det= (53— o
Vsl B 5, W
k= '"5 N —C;E‘I - a4 X X
1 l’l‘.z Gz | 5 ‘
| e g
24°1 3 5
B
_ b s
15
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PROBLEM 5,35 {Continued)

WA= [Fpat F Lanl=Lan F=Lg

6 12 2
sa= [vodd: 5| Lan|=ai? —
yA = J.ymd/{. }[6(111}w15ah >___§h >
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v PROBLEM 5.36

Determine by direct integration the centroid of the area shown. Express your
answer in terms of g and 4.

X
SOLUTION “
For the e¢lement (EL) shown =~ hey
' _ dy
At x=a, y=h h=kd’ or k:j; -
a T
Then v =y : l
W le- % _J *
Now dAd = xely = ;5% v dy
P | _ i d 173
g = E’C = “2_117{)}
Yy =¥
Then A= IdA :Jh_g._ Vly = “3“3__(},443) ’ =2k
) h]ﬂ' 4 h]B b
h
- vl o a [ a3 3
d dA: - 143 — ll}d T ___)51’3 o 2h
o A Y (h"-* R REYEA LAY BT
it
— Bl a 3 3 .2
LA = e = = h
J.y,f:[, A .[U y[hhﬁg ¥ Cl_’}") hlﬂ [7 ¥ . 7
Hence FA= X, dA: f(gah] EE v=2q 4
- 4 10 4
_ _ (3 3 o, _ 4
A= |y dA: ¥ ah |=>-ah r=—h 4
Y jyi,f. J [40 J 70’ J 7
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v PROBLEM 5.37

Determine by direct integration the centroid of the area shown.

| ’ |
SOLUTION
For the element (EL) shown y= é\;‘ a’ —x*
a
and dd =(b—y)dx
=é(aw a*t —x? )a’x
4]
Xp =X
— 1
Yer ""“""2“(}”“ b}
=i(a+\;‘a2 —xz)
2a
Then A= J.dA = J.ﬂﬁ(a—\/az ﬁ?)dx
O o
To integrate, let x=asin@: Ja© ~x" =acos@, dv=acosOdb
2 b _
Then A= J. —(a — acos@)acos Bdd)
0 a
2
= 2 a*sin@ — o (£+ sin;{e}
a 2 4
0
= ab(l MEJ
4
. — _fe|b 22
and J.x,;,‘dA_ L x[a (a a’—x )dr}
, 2
:f{ 5x2+£(a2 _xz)m
ai\2 3
0
= ~lna3b
>

PROPRIETARY MATERIAL, © 2010 The McGraw-Hi}l Companies, Ine. All rights reserved. No part of this Manwal may be displayed,
reproduced or distributed in any form or by any means, without the prior written permission of the publisher, or used heyond the limited
distribution to teachers and educators permitted by MeGrave-Hill for theiv individual course preparation. [f you are a student using this Manual,

you are using it without permission.

582



PROBLEM 5.37 (Continued)

_[j;ﬁf,dA = j‘:Eb—(a +ya? -5 )[E(cz —a® —x* )de
a

a
2 Tt 2 3 !
= hz J (“'z)d":'{}_z =
2a° 90 2a°1 3 )
1
= e gh?

A= |5,dd: ¥ ab(i-—z

6 34 -m)
- — T 1 2b
A= |V, dd: bll—-—|i=— '])2 or Vo= —-
¥ ijI. y|a ( 41 664‘ T o
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PROBLEM 5.38

Determine by direct integration the centroid of the area shown.

SOLUTION

First note that symmetry bmplics ¥=0

For the element (EL) shown

Vig, Zgi' {Figure 5.8B)

dA = wrdr
The A= lat= " nrdr= rt rz_” 22 *
1en -—I IML wrdr=rm| — —w-i(r2 “Il)
5
ang j_?,i,‘d/i = '[_té%;;(m'dr): 2(%}'1’5 22(.@3 - rf)
- 3.3
So A = j?[deA: fl—g—(r; Wfiz)}zé(?'; - ',3) or y_:%ML} ﬁ:f:z 4
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v PROBLEM 5.39

Determine by direct integration the centroid of the area shown.

e ot st o]

SOLUTION
First note that symmetry implies =0 4
Y - ] o dx hi
\ e ﬂﬂ_ﬂd ag
_,—d:—‘,,_p-¢
X *
N o
™ a \/ \/
]
dA = adx dA = atadg)
o =X Xpy = Ea cosg
3
N _ _ 1] _ 143 — 2
Then A= J-dA = .[o adx _L{ 3 a‘dg

2
=alxly =gl = (1~ )

and ¥ dd = ) xadx) ’ —2—a605¢ «Lazdgﬁ
£ 0 - 3 2

b a

X I I . o
= | - ——am |8
7|73 [sing]”,

i

(12,
a | ——-SIing
2 3

— . — 3-4si
EAKJ‘TfmdA: x[az(ima)}:a{—;—%sma) or x:mﬂ

60—y
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y PROBLEM 5.40

your answer in terms of @ and b

Determine by direct integration the centroid of the area shown, Express

X
SOLUTION
Al =, =h
X y . 9
b=k(0-a) or k=—
a
Then y= v[% (x~a) ¥
“ s A i
Now Xy =X f ‘X
— hY b 2 -i—Y\—J I‘—d'ﬁ. e
g ==X~ d ML
Yir 5 202( )
. b 2
and dAd = ydx =—(x—a) dx
a
a 2 b 3¢ I
Tl A= faa=["Zo-a)‘a :%{ Y } L
ien j L az(r ay dx 2 (x—a) Rt
. rOo L S 2,2
and _[)tm.‘dflm .L x[az (x—a) dx}m i ,[0 (x 2ax" +a ,\)dx
4 2
:i i(~+~—»~2~c;-~>c3+a—x2 =——I—azb
a4 3 2 12
_ a b b 6 1 i
sdd= | (x—a) | =(x—a)dy |= | —~(x—a)
[pmdd= | )Lz( a) } 2a4[5< ’|
=—abh’
- - {1 1 5 1
Hence ¥A= |X,dA: X\ —ab|=—a'b I=—a 4
. 3 12 4
S4= L7 - EIT ~ 3
A = j}ELdA. ){3abj_mab y=1sb 4
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I PROBLEM 5.41

Determine by divect integration the centroid of the area shown. Express
your answer in terms of ¢ and b.

<
i el
SOLUTION
2 2 2 ’
n=kx but b=ka' y=—x
a
Yy = ,[(2).‘4 but b= i(2G4 Yoy == ;%xé
b 2 X4
dd =y = y)x = 5| X" = 1dx
a a e
Xpp =X
_ 1
}’ﬁ'f.:‘z"(y¥+y2)
b 2 }C4
e B SR SR
2a° o
4
A= J‘dA«# 22
a Jo * a’ !
mi u{i—j;im o
a2 3 5612 0
—;Mba
15
[nn =[5 SR
TR 0T g2 o
b 7] 3 x5
z-;wzw o X “‘“;"2““ dx
W—fg— Ei-——i I
a4 6t
I
::H“*Clzb
12
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PROBLEM 5.41 (Continued)

ij'!‘dAm -‘—‘—2~ X +—‘2‘- 3 X iy dX
a a )a a
:mffi ¢ 4_:3?_ dx
2a* Jo 7]
2 5 9 1
LA E AN
215 94" | 45
¥A = |Tpdd: Zba =L Feta 4
15 12 8
i 2 2 1
VA = |y, dd: Zba |=ab’® V=—h 4
By _[yEL )’(]5 J s Y 3
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PROBLEM 5.42

Determine by direct integration the centroid of the area shown,

SOLUTION Y
We have Xy =x - ¥, dx
5 v a x+x2' r
EL - - —2—
2 2 L L n y
-2 el
dAd = yedx = a =+ |dv A
: 21,
2L 2 W2 3
Then A= J.dA:J‘ a 1—£—+% dy=al x -+ lq
0 L L 2L 347 o
=§vaL
)
21 " 2 2 3 4
and JAE,,,dA:J‘ x| a I—i+% i |=a| 2 T
. 0 L L 2 3L 417 A
10,
2 2
— X X X
dAd=| =l gl l——+10 gy
J7 I AE L7
El 2 3 4
T P KN S A
2 Jo L ]42 3 4
21,
Yl NN S S o
2 Lo o2 st
“—'_l—l~c12L
- _ — {0 _
Hence XA= |T;dAd: ¥ Bar|=ap F=21 4
- 3 3 4
ot (1 i, 3
ij LA Vi —al=—ag =—a 4
b Ye }{8 j 5 Y 20
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v PROBLEM 5.43

Determine by direct integration the centroid of the area shown. Express
your answer in terms of ¢ and b.

SOLUTION

R a
For y, at x=qg,y=h g= kb oor k= — 4
y — dX

Then v m\—%—xm —
a 4
it T
Now Xy =X . “h l

i *
112
- a. . Y, bx
and for 0= x=—: o
3 YL 2 2 da
142
dAd = y,di = hb—=dx
: Ja
For £<x<a Vv —i( PP )-—li iwl_i_fli
5 T YEL 2}1 Y2 1= 510, \/;
172
' ox 1
dd = -y Yol = B e — — 4+ — 1dx
(V2 =) \/c_: P
w2 a 2
Then A:IdAzJ biwdx-z—j b —{——54»1 dx
0 \/Z al2 \/5 a 2
o2 32 y <
:A{%xvz} +b %L__..ux___.{__]_x
Jal3™ 4 3Ja 20 27|,

W.z__'li_ (ﬂ " +(a)3f2 m{ﬂjm
3Jall2 2

1 aV| 1 o\
2 fu— — —— ey J—
+ b —_5; a”) (2) +2{(a) [QH

= w]w?’mab

24
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PROBLEM 5.43 (Continued)

) a RIvEE
de+j x| b i~~-wi+l dx

i 2 J; 74 2

@

,1/2

JE

12 ;
b2 572 “ 2 xsm x3 I4
| = X + bl e

\/‘; 0 5\/5 3a —:{ufz

2 b (CIJF‘/E . ( 1)512 (a]f'}fz
= e | ] — ¢ N S
5Jall2 2

t aY 1 aY 1
+h » {a) (2} +4 (a) (2J f

al2
and Xpp dAd = I x

7 JEn
24()
al2 b x x”z
I,VH _L \/E gy
1 1/2 1/2 . 1

a b x X X X
%I et [EOLIL | PN B STL F
(i

22\ a 2 Ja Ja a2

U1 L0 (8 1 (x 1Y
= X e | e e
2al2 |, 21 20 3ala 2

=E#ab2
48
Hence YA = j'f,,.] dad: 5 Bap |-l o ey 05460 4
24 240 130
T (13 1, Y
A= |y dd: F| —=ab |=—ab = b= 0,423 4
4= [t 3 [24”) a3 3
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PROBLEM 5.44

Determine by direct integration the centroid of the area shown. Express
your answer in terms of ¢ and b.

x
SOLUTION
b 1 b8 dx
- 2
For y;at x=a, y=2b 2b=ka’ or k= 5
[#]
4
2h 5 -
Then = u-;x“ " 1‘13.
] . *

By obscrvation

p, = _hrany - b[z—i}
o o

Now Xy =X
— 1 b 2 2
and for 0=x=a: Yo =50 =5 and  dA = ydx ‘***x dx
a
_ _ i b X X
For a=x=2a N T Vy = 2| and  dA = yde =5 2 |dx
2 2 a a
. 2h 2
Then 4= [ad= .L j (2«——}1&
3y 4 2 2a 7
By -ﬂ(z_f&] =Tab
a3, 2 a 6
Ao
» e 2h s 2a ) X
and jxh-LdA = L) Y(;?‘( de% L 1[!)(2 a]a’x]
o 2a
2| 3
z% L R
a’ | 44, ai,

- —%azb%fl{[(2a)2 ~(ay’] +§‘-t;[(2a2) - (a)ﬂ}

“ka 2p
6
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PROBLEM 5.44 (Continued)

» e a b 2 2}) 2. 20!1 " X x
| J}:ELdA— L " X [ag X dx}— L 2[2 a) b[Z a)‘i"

- 2ai
20 5 boa %Y
::wT R 4t — 2_._
a 5 ’ 2 3 a
) (e}
:lzab2
Hence A= [, di: f(labjrlazb F-a 4
: 6 i)
_ _ 7 17 .5 _ 17
A = 2y {4 —-CI])' I b“ v =—h 4
sttt {202 o
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Y PROBLEM 5.45

- g Cigd
y=a c.f;sg() 0< o< zz
iy =a s g Z

A homogeneous wire is bent into the shape shown, Determine by direct
integration the x coordinate of its centroid.

SOLUTION

First note that because the wire is homogencous, its center of gravity coincides with the centroid of the
corresponding line

\1
Now Yy =acos’ @ and  dL = Jd +dy?
Where x=acos & dx=-3acos 0sin 8d0 AL
y=asin’@: dy=3asin’ 0 cos 846 ?
)
Then dL = [(~3a cos” & sin #dOY + (3a sin” 8 cos 8d6)’ v L-'ii_'t *
=3 cos @ sin O(cos” @ +sin’ )2 d6
= 3a cos #sin 846
e ‘ 1., 1
L= JdL = I 3a cos B sin Bd6 = 3aiiusin 6]
o 2 0
3
=—q
2
- 7f2 3 .
and Xgdl = jl acos  @{3acos & sin 8d)
(

alz
=3g° [choss 9] =—3ch2
5 5

0

Hence XL = {x,; dL: f[%aj = %az

=i

i
Ll e
)

A

Alternative Solution

L
¥=acos’ @z cos’ O = (~]
a

23
y=asin’ @ =>sin’ 6’:{4}1}
4]

20 23
(_) 4,[2’_) =1 or y=(a*? -y

o o
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PROBLEM 5.45 (Continued)

Then _E_é;_ . ((121’3 - x2f3)l/2 (_x*”:i)
Now Xy =X
and dl. =
72
d‘c:{l%—[(am __x?./}}lll(__x—]/})] } dx
o3 a
Then L= jd[,: j fﬁdx:am’ Exzm ﬁ—3—a
0 x 2 0 2
143 I
. - e o i3 sa| 3
and J.xELdL- '[0 X i dx |=a {53@ L = Sa
_ — 3 -~
Hence XL=txpdl. x ia =_g X :3361 |
2 5 3
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A1

A

PROBLEM 5.46

A homogeneous wire is beat into the shape shown. Determine by direct
integration the x coordinate of its centroid.

\'A
%ﬁ%ﬂ@ I

SOL.UTION

First note that because the wire is homogeneous, its center of gravity coincides with the centroid of the

corresponding line

Now

Then

and

Thus

Xy, =rcos@ and  dl=rd6 ] 5
%
L= far=["" rao <ot = ar .

H,J _LM rd@ =0, mam an |
- 7204 8
jfode Lm reos(rd8) ) 5

=r*[sin 017"

1 b ﬂf
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¥

a
2

PROBLEM 5.47*

A homogeneous wire is bent into the shape shown. Determine by
direct integration the x coordinate of its centroid. Express your
answer in terms of a.

SOLUTION

First note that because the wire is homogeneous, its center of gravity will coineide with the centroid of the
corresponding line.

L!
We have at x=a, y=a
I an
a=ka® or k=
T 'y
Then y= L '’
Ja %, — *
and E{X & X
& Wa
Now Xy =X
2

and ol = 1+[QJ dx

dx

52
+( 3 %2 oy
2Ja
Jada+9x dx

I

i
2Ja

Then L= |dlL= j( @+ 9x dx
)

2f

2\]/_[2>< (4a+9x )””}

= 5"7—[0 32 8]

13

0

=1.43971a

Jader 4+ 9x oy
2f

and J.’fn dl = j
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PROBLEM 5.47* (Continued)

Use integration by parts with

H=x dv=+4a+9x dx

du = dx V= —2—(451 +9x)?
27

— 1 2 172 N @ 2 2
Then X dl = e | x X (da +9x — | T A{da+9xY " dx
el = [ - (a+9x) } J, 574a+9m)
/2 o
S e ] [3_(461 + 9.r)5’2:|
27 27a | 45 X
az 3/2 2 5/2 .
= T3y - 213y - 32
27{( ) 45E( ) ]}
=0.78566a>
FL= jxgdl: ¥(1.43971a)=0.785664 or ¥ =0.5460 4
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PROBLEM 5.48*

/y = D8 E

21

Determine by direct integration the centroid of the arca shown
\
a

P
]

L N
2 2

SOLUTION

We have

Xpy =X 1
L@ )

Yt 2y Y

and

A
dA = pdx = acosﬂdx
Then

-

LN
AL 3
A= JdA = Jm X

. x
acos——-dx —H -
0 2L

2 . ax
= | —8in——
2

¥

0
2,

Fid
and

'[xELdA = x(acosﬁdx}

2L
Use integration by parts with

Ax
H=x v = cos

dx

-+

du = dx v=2L in 2%

Sin—-
Then

T 2L
J‘_ X 2L . #mx 2L . 7mx
Xcos—dx = Xsin—— _[—— 1
2L /s 21

2L .oxx 2L X
X 8in-—-+ COE e

T 2L 2L

JXELdA — 2L [ zx 2L

L2
. ; X
X SN —— + —— (0§ —
Y4 2L & 2L:|
L 2
=a 1 |~
b/ 4 Z\ff Fid

=0.106374al?
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PROBLEM 5.48* (Continued)

112 g nx m,
Als Y, dd=| ~cos— v
S0 J-)’u, dd L 2(,0% 2L[a cos 57 dx)
. L2
B BRSNS
22 ¥ | 2 \4 ox
=0.204584"L

or X=0.236. 4

V2

$d= [fdi: ~Zal. {=0.106374al’

or ¥=0454a 4

A= [y aa v -‘gaL = 0.204584°L.
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v PROBLEM 5.49*

Determine by direct integration the centroid of the area shown.

x
SOLUTION
s —%
ht €.
We have Xer =§vr cos Qr—i-aeg cos &
- 2 2 4. .
; =—rsin @ =-ge" sin &
TE T3 3 S - 1
L
and dAd = —;—(r)(rdﬁ) = %azemdﬁ ¥ l ‘
71 3 g S B PR
Then = fad= '~ adg =) o
02 2 |2 o

=—3Iaz (e ~1)

=133.6234
and Xy dA = J.”gaeg cos 9[}“(126’26()’9)

- ¢ 3 2
= %cf r & cos 8d6
4
To proceed, nse integration by parts, with
u=e" and  du=32d8
dv=cos@df and v=sind
Then Iew cos8dd = e’ sinf — |sin 8(3e*°dG)
Now let u=e"? then du=23""d0
dv=sin8dH, then v=-cosf

Then jew sin#d0 = &*? sing — 3[-—839 cosf - J (~cos@)3e'd 9)}
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PROBLEM 5.49* (Continued)

L
So that J‘cm cosdif = ffﬁ;(sin #+3cosd)
34 d
jx dd =t a?| E(sin @+ 3c0s )
LY 3 10 ;

3
= f;a(uae“ ~3)=-1239.264°
Also J.f o A = rzaeﬁ sinf lazewdﬁ
EL o 3 2
= —;-‘—a} J'”e_w sin #d 6
(

Using integration by parts, as above, with

3 3
u=e’ and  du=3e"%46

dv:jsinﬁdé? and v=-cosf

Then [e” sin0d6 = e cos6 ~ [(~cos O)3e*d0)
o0
So that J & 5in 0d 6 = —}b—(w cosé +3siné)
1 e i
J.Pp, dA=—a’ | —(—cosf + 3sin 6)
- 3 10 N
3

=L (& +1)=413.094
30

Hence A= J.xmdA: ¥(133.623¢%) = ~1239.26a" or ¥=-927qa 4

A= .[yﬂdA: 7(133.6234°) = 413.094° or 7=3.09 4
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v PROBLEM 5.50

Determine the centroid of the area shown when a=2in.

"
SOLUTION “
We have Xp =x
R T m“f
yf;'!,:_z_ym—i(i_';] .“: " "
: ) R p— dx e
and dA = ypdx = (1 - MLJ dx
x
Then A= _[dA mj” R L I
! x)2
a 2 4 2
and I;TEELdA: X [lml)dx =Ty = ff~~ma+~l— in’
| X 2 ' 2 2

- atl 1 i | pe 2 1
. Ax —_ —— o - T e ity SRS C
I)’L-.Ld | 2(1 x][(f x)dx} 2L (1 . + xzjdx
=—i—[x—2lnx—}-] :l(aA21m,:r——1—Jin.3
2 x] 2 a

¥A= |¥pdd: X=-2 " Lin
) a-Ina—1

a-2lna-L
L '
Ha-Ina-1)

Find: ¥ and ¥ when a=21n.

Loy Loyl
We have Z‘E:W of X=1.629mn. 4
— n —

2-2In2-4

and Pem L2
22-1n2-1

ot ¥=0,1853in, <«
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v PROBLEM 5.51

Determine the value of a for which the ratio /¥ is 9.

SOLUTION 4

We have Xp =X

R R T /N/SZ_L I

J’Js.r.:‘z“yza(i““;] Ly K x

bo-— %, —J dx MeL
and dA :ydx::[l wi)dx
X
o 1Y ely u

Then A= ‘[dA—L (]m;)—z———[xminx},

=(g~Ina-1in’

o

a t x°
and ¥y A = xKI——]dx}: Sl
J. J‘l X 2 ,
2
= Ls gt |in?
2 2

_ a ] 1 1 1 e 2 1y,
= =|l-—|l~|dxi=— T
fraan= {421 L -2 L
xl[x—Zlnx—-}—}
2 X,
:}—[a—illimlein.S
2 a

2
= » . [fl — 1+ ; .
A= v{xﬁLdA: X = i,
a-ha-1

a-2ma-1

vA= {yV,dd: V= fgp,
= [Fndd: 3 Aa~Tna—1)
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PROBLEM 5.51 (Continued)

Find: a so that ii;:()
¥

¥ ¥ Xy clA
We have _i_ :_A;i _ LL
y oy j Ty dA

Loy gl
Then —2 2 =9
%(a~2fna-':;)
or & =1a* +a+18ama+9 =0

Using trial and error or numerical methods and ignoring the trivial solution g = 1in., find

a=1.901in. and o=3.74in. 4

PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Meouwal may be displaved,
reproduced or distribuied i any form or by any means, withous the prior writfen permission of the prblisher, or used heyvond the limited
distribution to teachers and educators permiited by MeGraw-Hill far theiy individual course preparasion. If vou are a student wsing this Monued,

You are using it without permission.

605




I PROBLEM 5.52

30 mun «1—! ;*u

Sy Determine the volume and the surface area of the solid obtained

by rotating the area of Problem 5.1 about () the line x = 240 mm,
| {b) the y axis.
ke

w0 PROBLEM 5.1 Locate the centroid of the plane area shown.
S L

i

T
’W 240 mm *"‘i

SOLUTION
Y = '2_"«0ww\e\/r1 —
From the solution to Problem 5.1 we have 3
A=153%10"mm? 30 waen — N [
—_—_— 63
LxA= 2.6865><10. mm @l o
L 74 =1.4445%10° mm’
300 vam
Applying the theorems of Pappus-Guldinus we have Bo‘l“""‘ ®
(¢}  Roiation about the line x = 240 mm ®|
_ 1 0] _l A
Volume = 27(240 x4 e >
240 v

= 272404 — £54)
= 27 240(15.3%10%) — 2.6865x10°] Volume = 6.19x10° mm’ <€

Area = 27X
=20 (R L + XL + X, Ly XL + X L)

L=27%(%,,)L

line **

Where x,,....%;

h

are measured with respect to line x = 240 mm.

Arca = 2[(120)(240) + (15)(30) + (30)(270)
+(135)(210) + (240)(30)] Area = 458 x10°mm” <

(h)  Rotation about the y axis

Volume =27X, A= 22(23A4)

= 27(2.6865%10°mm’) Volume =16.88x10°mm’

Area =2x X, L=2m%(%;,)L
= 270N Ly + Byl + Ly + XLy + X5 Ls)
= 27[(120)(240) + (240)(300)

F(225)(30) + (210)(270) + (105)(210)]  Area=1.171x10°mm’ <
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v PROBLEM 5.53

AWnum 30 gun
S T

Determine the volume and the surface area of the solid obtained by rotating
the arca of Problem 5.2 about («) the line y = 60 mm, (b) the y axis.

30 mm
i PROBLEM 5.2 Locate the centroid of the plane arca shown.

£

!
2 o
!
X
SOLUTION ;
From the solution to Problem 5.2 we have EOM:;J, 20w Y= 60w
A=1740 mm® . (
L3A = 28200 mm® 36w
LA = 55440 mm* ® —3t
. . . 2 vam
Applying the theorems of Pappus-Guldinus we have Fz)
{a)  Rotation about the line y =60 mm @ *
Volume = 27(60 - y) A4
= 2{60 A4 — T yA)
= 2a[60(1 740} - 55440] Volume = 308 x 10° mm* <
Area =27¥,
= 2]1'-‘3:’()—}“11:: )L

=2 (0 Ly yyly + o dy + VL + T L)

Where 3,,..., 7, are measured with respect to line y = 60 mm.

Area = 275[(60)(2()) +(48)(24) + (36)(30) + (18)y/(30) +(36)? + (30)(60)]

Area =382x10°mm?* <
(/) Rotation about the y axis

Volume = 27X, A= 27(234) = 27(28200 mm®) Volume =177.2x10°mm* <
Area = 27Xy L= 20 X%, I = 20(F L, + By Ly + Ty Ly + %Ly + % L)

= 273[(] 0)(20) +(20)(24) + (35)(30) + (35)Y(30)? +(36) + (1 0)(20)]

Area =22.4x10°mm” o
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v PROBLEM 5.54

Determine the volume and the surface area of the solid obtained by rotating the
area of Problem 5.8 about (a) the x axis, (b) the v axis.

20 in.
L5 in.

>/\J

30 in,

PROBLEM 5.8 Locaie the centroid of the plane area shown.

30 in.—|

SOLUTION
AN,
From the solution to Problem 5.8 we have @
A=1146.57 in? o (®
XA =14147.0in”
T5d = 26897 in o @
X
Applying the theorems of Pappus-Guldinus we have
()}  Rotation about the x axis:
Volume = 2”}7("-«;‘4 =272y A
= 27(26897 in) or Volume =169.0x10%in” 4
Area = 2rY, A
= 27[ z(j;line)/{
=270y, Ly + Yyl + Yaly + Ysls + Y L)
= 27[(7.5)(15) + BOWmw=15) +(47.545)
+(50){(30) + (25)(50)] or Area=28.4x10%in" 4
()  Rotation about the vy axis
Volume =27X,, A=272E% A4
=27(14147.0in>) or Volume =88.9x10”in’ «

Area = 27X,

ine

L =2 X%, )L
=27(x Ly + XLy + XLy + XL + X L)
2x15

= 271’[(1 5)(30) + (30)15)+ (30 - )(ﬂ'xl 53+ {30)5) + (15)(30)}

or Area =15.48x10"in.” o

PROPRIETARY MATERIAL, © 2010 The MeGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any form o by any means, without the prior written permission of the publisher, or used beyond the limited
distribuition (v teachers and educators permitted by MeGraw-Hill for theiv individual course preparation. If you are a student using this Manual,
you are using it without permission.

o08




AT

[4— R e el (s

PROBLEM 5.55

Determine the volume of the solid generated by rotating the parabolic
area shown about (a) the x axis, (b) the axis 44"

SOLUTION

First, from Figure 5.8a we have

A :iah
3

2
y=—h
773

Applying the second theorem of Pappus-Guldinus we have

(e} Rotation about the x axis:

(A Rotation about the line 44"

Volume = 2774

= 27:(217 iah or Volume :—léfmhz «
5 3 15

Volume =27(2a) 4

4
= 27m(2a) [g ahj or Volume = %éfmzh <
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PROBLEM 5.56

Determine the volume and the surface area of the chain link
shown, which is made from a 6-mm-diameter bar, if R = 10 mm

and L = 30 mm.

SOLUTION

The area 4 and circumference C of the cross section of the bar are

Am%dz and C = rd.

Also, the semicircular ends of the link can be obtained by rotating the cross section through a horizontal
semicircular arc of radius B, Now, applying the theorems of Pappus-Guldinus, we have for the volume F:

V= 2’(Vside) + Q(VL,nd)

= 2(AL) + 2(RA)
= 2(L+mR)A

or V = 2[30 mm + (10 mn_a)][g«(() mm)z}

=3470 mm’

For the arca A: A=A Agee )+ 2 A0a)

=2(CL)+ H7wRC)
= 2L+ R)C

or A=2[30 mm -+ (10 mm} (6 mm)]

= 2320 mm?

or ¥V =3470 mm® <

or A=2320mm’ 4
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PROBLEM 5.57

Verify that the expressions for the volumes of the first four shapes in Figure 5.21 on Page 253 are correct,

SOLUTION
- 4o
Y= 30
‘ +C
a
X
L E— - 4%
=R
T ? S I o .
&‘
P —d X%
=3
13
1

|

L
"
w

b o

Following the second theorem of Pappus-Guldinus, in each case a specilic
generating area A will be rotated about the x axis to produce the given shape.
Values of ¥ are from Figure 5.8a.

(1) Hemisphere: the generating area is a quarter circle

We have V=2nyA=2xn da j{az} or V-——%f.ra3 <4
It A 4 3

(2)  Semicllipsoid of revolution: the generating area is a quarter ellipse

We have V=2n7v4=2n da " ha or V= gfz'azh 4
3z 4 3

(3)  Paraboloid of revolution: the generating arca is a quarier parabola

We have V=2ry4= 2%(%:7}(%5111) or =éfmzh «

(4)  Cone: the generating arca is a triangle

We have V=27pA4= 275(%)[%}‘154] or V= u;mzm?h <
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PROBLEM 5.58

A -} -in.-diameter hole is drilled in a piece of l-in.-thick steel; the hole
is then countersunk as shown. Determine the volume of steel removed
during the countersinking process.

SOLUTION

The required volume can be gencrated by rotating the area shown about the v axis. Applying the second
theorem of Pappus-Guldinus, we have

Y

+~m%pm1hﬂh~—@@iman—

]
Mhn. 4§\\
‘ C

L

V=2rxA

=27 w3~+l 1 in. [x wEmxlin.xw]—in. V= 0.0900in."
8 3 2 4 4
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PROBLEM 5.59

Determine the capacity, in liters, of the punch bowl
shown if B = 250 mm.

SOLUTION
The volume can be generated by rotating the triangle and circular sector shown about the v axis. Applying the
second theorem of Pappus-Guldinus and using Figure 5.8a, we have
V=2nxA=2nEx 4
4 = 27X A + %, 4,)

’o R ’
L0 - i 30° )
=27 l><iRJ lxinﬁ + m2R51:130 ER‘“
3 2 2 2 IxE 6

‘ER R R
FAA Y | RN
zR X 1643 23

= _3_;_{;3_”(0'25 m)*
=0.031883 m’

Since 10 /=tm’

; _
V:0.03;883m3xmf V=31914

Im
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m\* ’7 (3625 i,
_ L
' I
0.125 in.

)

O

0.375 in. |

PROBLEM 5.60

Three different drive belt profiles are to be
studied. If at any given time each belt makes
contact with one-half of the circumference of
its pulley, determine the contact area between
the belt and the pulley for each design.

Jin.

SOLUTION

@ »

-1 tevad

SN
I}

(1 V.

SOLUTION

Applying the first theorem of Pappus-Guldinus, the contact area 4. of a belt
is given by:

A = VL =nZYL

where the individual lengths are the lengths of the belt cross section that are
in contact with the pulley.

T e |2/{(g§_~ (a)

(h)

A =al2(n L))+ VL, |

=7 {2{[3 - 9—’125} m][wJ +{(3~-0.125)n.J(0.625 in.)}
2 cos20°

or A.=8.10in" «
A =72y )]
= 2z[(3 ~0.08~ m)in}[w——-&”s mJ
2 cos 20
or A.=685in> «

Ae =720 L))
= R‘[{3 ———%(—Q;z—-sljin.][ﬂ(@,% in.)]

or Ao =7.01in" «
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PROBLEM 5.61

The aluminum shade for the small high-intensity lamp shown has a uniform thickness of | mm, Knowing that
the density of aluminum is 2800 kg/nr’, determine the mass of the shade.

6mm 32 won Bmm - —- 1L —. 66 nun

|
32 l 28 v
i

SOLUTION

@
@

The mass of the lamp shade is given by
m=pV = pAl

Where 4 is the surface area and £ is the thickness of the shade. The area can be generated by rotating the line
shown about the x axis. Applying the first theorem of Pappus Guldinus we have
A=27yL =275l
=22(P Ly + Voloy + 930, + T4 L)

or A= 2%[19—2@& (13 mm) -+ [E—g—]—{)—]mm X \/ (32 mm)? + (3 ram)?

+(%2§] mmx \/(8 mm)” + (12 mm)*

+[%%.3_§}mmx \/(28 mm)* + (5 mm)> }

= 27(84.5+ 466.03+317.29 + 867.51)
=10903.4 mm>

Then m= pAt
= (2800 kg/m’ }(10.9034 107 m*)(0.001 m)
or m=0.0305 kg «
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PROBLEM 5.62

The escutcheon (a decorative plate placed on a pipe where the
pipe exits from a wall) shown is cast from brass. Knowing that
the density of brass is 8470 ke/m, determine the mass of the
escutcheon. -

SOLUTION

The mass of the escutcheon is given by m = (density)V, where ¥ is the volume. ¥ can be generated by
rotating the area 4 about the x-axis.

From the figure: I =75 ~12.57 =73.9510m
L, = 375 76.8864 nim
tan26°

=1L, —1,=29324 mm
¢ =sin”’ 1&2:9.5941"
75

azz‘g—i%?gi&:g.zow =0.143168 rad

Area A can be obtained by combining the following four areas:

T
BT-EMM\_ & - = - %-L 12.0 win
' 2w ;ep T |

Applying the second theorem of Pappus-Guldinus and using Figure 5.8a, we have

V=274 =2m 374

Seg, A, mm? 3, mm Vi mm’
I %(76.886)(37.5) = 1441.61 %(37.5) =12.5 18020.1
2 ~(75)" =~805.32 msin (+¢)=152303 | —122653
3 -%(73.95 1(12.5) =-462.19 %(12.5) = 4.1667 ~1925.81
4 ~(2.9354)(12.5) = —36.693 %(12.5) = 6.25 ~229.33
> | 3599.7
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PROBLEM 5.62 (Continued)

Then V=2r%yAd
=22(3599.7 mm®)
= 22618 mm’
m = (density)V

= (8470 kg/m*)(22.618x107%m*)
=0.191574 kg or m=0,1916 kg «
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PROBLEM 5.63

0.50 in.
0,695 is_ I A manufacturer is planning to produce 20,000 wooden pegs
[ S having the shape shown. Determine how many gallons of

l | paint should be ordered, knowing that each peg will be given

3,00 in. - S g
080 300 in two coats of paint and that one gallon of paint covers 100 ft”.

SOLUTION

The number of gallons of paint needed is given by
1 gallon
100 ft*

Number of gallons = (Number of pegs)(Surface arca of 1 peg)( J(Z coats)

or Number of gatlons =400 4, (A, ~ fi*)

where A, is the surface area of one peg. A, can be generated by rotating the line shown about the x axis.
Using the first theorem of Pappus-Guldinus and Figures 5.8b,

We have 3 e
f@ C), AV
of NG
B, ~3 A
ARV e
R=0.875 in. R AT
0 5 P '?_O( 0.5 .
811 200 = ——em +- —d
0.875 L @ (1. cos 2a)
or 20r=34.850° o =17.425°
A =2 L=22E7 L
L, in. ¥, in. VL, in?
1 0.25 0.125 0.03125
2 0.5 0.25 0.125
2540,
3 0.0625 9_35-%)3—123 =0.28125 0.0175781
4 | 3-0.875(1-cos34.850) - 0.1875 = 2.6556 0.3125 0.82988
5 %XO.IS’,’S =0.29452 0.5 _2x01875 4 38063 0.112103
¥ia
6 201(0.875) 0.875sin17.4257 in17.4250 0.137314
o

IyL=1.25312 in’
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PROBLEM 5.63 (Continued)

152
Then A =27(1.25312 in.l)x—h]—f?;
‘ 144 in.
=0.054678 fi”
Finally Number of gallons = 400x0.054678
=21.87 gallons Order 22 gallons <
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r= L1875 i PROBLEM 5.64

()a(l in.
0.62 )m\‘J_ "'}3‘ 00 in. The wooden peg shown is turned from a dowel 1 in. in
: - ¥ diameter and 4 in. long. Determine the percentage of the
| | 00 | initial volume of the dowel that becomes waste.
% L.
(;.5() i;lt
SOLUTION

To obtain the solution it is first necessary to determine the volume of the peg. That volume can be generated
by rotating the area shown about the x axis.

4 A
34 Asy

A

1
\.

1
t OIS W, _Ll ‘
} ERLE

The generating arca is next divided into six components as indicated

R=20.815 1w,
sin 26 = —0—5——
0.875
or 2 =34.850° o =17425°

Applying the second theorem of Pappus-Guldinus and then using Figure 5.8a, we have

A, in? 7, in. ¥4, in?
1 0.5%0.25%0.125 0.125 0.015625
, [3 - 0.875(1 — cos 34.850°) — 0.1875] s 0 120667

x(0.3125) = 0.82987 0 S
3 0.1875%0.5%0.9375 0.25 0.023438
4 ~ 7 (0.1875)F =-0.027612 0.5 2201875 _ o 40042 ~0.011609
4 iz
5 a(0.875) 2 X0‘8753S‘“”‘425 x5in17.425° | 0.04005
124

6 ~%(0.875 c0$34.850°)(0.5)= ~0.179517 %(0.5) =0.166667 ~0.029920

VL =0.167252 in.
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PROBLEM 5.64 (Continued)

Then Ve = 27(0.167252 in.%)
=1.05088 in.’

T,
Now V tiwed = 1(dlamcter)2 {(length)

- 3;15(1 in.)’ (4in.)

=3.14159 in.}

¥
Then %% Waste = 22 5 100%,

dowe!

Veaowet =V pey
- dowel pey %< 100%

dowe]

n(]m 1.05088

% 100% or % Waste = 66.5% <
3.14159
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i PROBLEM 5.65"
100
§%_# The shade for a wall-mounted light is formed from a thin sheet of
é translucent plastic. Determine the surtace area of the outside of
g the shade, knowing that # has the parabolic cross section shown.
250 mm
LN
\ ¥
y =k

SOLUTION

First note that the requited surface arca A4 can be generafed by rotating the parabalic cross section through 7
radians about the p axis. Applying the first theorem of Pappus-Guldinus we have

Now at

and

where

Then

We have

Finally

A =Xl

L.‘
x =100 mm, =250 mm -~
250 =4 (100" or k=0.025 mm™ ’*ﬂ
Xgr =X QdL
A
dL
@ 2kx
dx
dL = 1+ 4k dx
104
b= [y di= " x (\/1 +4k2x2dx)
0

1 i 100
xl=| = —— (1 + 45757y

3 4k° 0

1 f 2 232 32

2 s e+ 4(0.025)2 (100)° T — (1)’
5 (0_025)2{{ (0.025)° (10012 - (1)}
=17543.3 mm?
A=m(17543.3 mm?) or A=551x10" mm*® 4
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PROBLEM 5.66
50 Ihit Tﬂm 90
L0 I For the beam and loading shown, determine {a} the magnitude

fig 3 b and location of the resultant of the distributed load, (b) the
! 9f ! reactions at the beam supports.
SOLUTION
N 38, BEE
% R
!' 120 Wb/{+ Bz IRz
.——_-""-l-h—_
150 te/ft . 2—
Ale——ap—-sla A A+ e
R = %(1 501b/A0)(9 f1) =675 1b
Ry :%(1 20 /) (911) = 5401b
R=R +R, =675+540=1215Ib
XR=3XR: X(1215)=(3)675)+(6)}(540) X =4.3333 ft
(@) R=12151b] X =433 «
(b)  Reactions: FYEM, =0: B(9 ) (12151b)(43333 ) =0
B =585.001b B=5851b! «
HEF, =0; A4+585.001b-12151b=0
A =630.00 Ib A=6301b] «
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Parabola

\"'c/"‘“’x PROBLEM 5.67

”1 SO0 NAn For the beam and loading shown, determine (¢) the magnitude and
2 \*1;47 /I ; location of the resultant of the distributed load, (b) the reactions at the
i beam supports.

! 4m !
SOLUTION
- gW)2Sm ool
[ e W e i 1 o 4
.
200Y, R w/’ A 34
Ax AT ® By
A den —elpy 1By 2
g B - am?.\
{) Wehave R =(4 m)(Z(}O N/m) =800 N
Ry = %(4 m)}(600 N/m) = 1600 N
Then LE —R=-R - Ry
or R =800+1600=2400 N
and IM, ~X(2400) =-2(800) - 2.5(1600)
or X= 7 m
3
R=2400N}] ¥=233m «
(b  Reactions FLEF =00 A =0
7
F)EM, =0: (4m)B, _[E m}(24OON): 0
or B, =1400N
+TZ}5;, =0: A, +1400 N-2400 N=0
or A, =1000N

A=1000N! B=1400N1 «
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PROBLEM 5.68

B

¥ loading.
B

Determine the reactions at the beam supports for the given

SOLUTION

Zlerdfm

2w Ry
Ry = (4 1N/m) (6 o
1 ““2*( N/m)(6 m) 4,;“\3;,,.«\{ J
=12kN LN AT A A T A A A Ay AV .
Ry = (2 kN/m)(10m) MAR T 5w - l
=20 kN AP G o

+IEF),:O: A-12kN-20kN=0

DYEM =00 M, (12 kN)(2 m) = (20 KN)(5 m) =0

A=32.0kN| <

M, =1240kN-m )«
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A5 PROBLEM 5.69
l\\j\ 500 3tk
Al X b Determine the reactions at the beam supports for the given
| R - loading.
3 It ! G TR
SOLUTION
ziLpe-4 S 1
We have R= 5(3 1){480 Ib/ft) = 720 1b R, Ry '} . "
: b le T [ =)
Ry = (6 f){ 600 1b/t) = 1800 Ib o
2 ?QM.BL‘,VL _.c_'lzstL—
Ry = (2R)(600 Ib/ft) = 1200 [b
Then FLEF =00 B =0
FIIM =00 (2 (720 Ib) - (4 R (1800 1b)+(6 OC, — (7 A)(1200 1) = 0
of C, =23601h C=23601b] «
+HEF, =0: =7201b+ B, —1800 b+ 2360 1b—1200 1b =0
or B, =1360 b B=13601b] «
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200 Wit PROBLEM 5.70

N

Determine the reactions at the beam supports for the given loading,

R L 6 tt—>
SOLUTION
R, =(200 Ib/fty(15 ft) zww;.m
R =30001b '
Ry =5 COO @ k-8 g? ot yplg
Ry =6001b

FYIM, =0: —(3000 1b)(1.5 fi) — (600 Ib)(9 ft+ 2 1) + BUI5 f) =0
B=7401b B=7401b] «
+2F, =0: A4+74016-30001b - 600 1b =0

A=28601b A=28601b] <
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1600 N/m PROBLEM 5.71

Nﬁmﬁ” Determine the reactions at the beam supports for the given loading,
1200 NAn

re————— 3.6 m wl

SOLUTION

First replace the given loading with the loading shown below. The two loadings are equivalent because both
are defined by a linear relation between load and distance and the values at the end points are the same.

2,40

200 %A Rs
Voo ?“ b Ry

B

...._...BK

By

Afl—1e oo

We have R = —;—(3.6 m}(2200 N/m)y=3960 N
Ry = (3.6 m)(1200 N/m) = 4320 N
Then HEF =0 B =0
FYEM=0: (3.6 m)d, + (2.4 m)3960 N)
~(1.8 m)(4320 N) =0
or A, =480 N A=430N| «
+| £F, =0: 480 N-3960 N +4320+ B, =0

or B, =-840N B=840N| <
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Parabolas

IS RPN
i B

PROBLEM 5.72

Determine the reactions at the beam supports for the given
loading.

SOLUTION

A0 1038 r CLANIES- 3
K ‘L \OD%.

Ps

\1 it——«L v st

We have R = -;-(1 2 f1)(200 1b/1t) =800 Ib
R, = %(6 FY(100 T/t = 200 Ib
Then b SF, =00 A,=0
+12F, =00 4,-8001b-2001b=0
or A, =10001b A=10001b] <
DYEM = 0. M, —(3 1)800 1b) ~ (16.5 f)(200 b) = 0
or M, =57001b-fi M, =57001b-fi )«
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Vertex PROBLEM 5.73

B 4 . . . .
Parahola (lf o Determine the reactions al the beam supports for the given loading.
0 N

B

6in

-
SOLUTION

First replace the given loading with the loading shown below. The two Joadings are equivalent because both
are defined by a parabolic relation between load and distance and the values at the end points are the same.

Florala ?m
A By 1200 5%
\-‘
Ml
AC_‘.\_;I | { oe B
L—"Sm —J By
We have R, = (6 m)(300 N/m) = 1800 N

Ry = -i—(() m)(1200 N/m) = 4800 N
Then HEF =00 A =0
+15F, =0: 4, +1800 N - 4800 N =0
or A, =3000 N A=3000N| «

FYIM, =0: M, +(3m)(E800 N) {{—f— m}(4800 N) =0

or M,=12.6kN-m M, =12.6kN-m ) «

PROPRIETARY MATERIAL, © 2010 The McGraw-Hilt Companies, Inc. All rights reserved. No part of this Manual may be displayed,
reproduced or distributed in any formr or by any means, without the priey written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-ITil for their indivichial eourse preparation. If vou are a student using this Manual,
You are using it without permission.

630



gy

|-(—-— i —»i

PROBLEM 5.74

G N/

Determine {«) the distance @ so that the vertical reactions at
supports A and B arc equal, (h) the corresponding reactions at

the supports.

[ 4m
SOLUTION
(a)
% ™ “3"‘.4-0.\ ey
oo -3
" g, _ni_/. oo !i\_‘“
Ax A= e
o
ﬁ‘: 4 B
We have Ry = —;—(a m) (1800 N/m} = 900a N
Ry = %[(4— a)m ] (600 N/m) =300(4~a)N
Then +BF =0: A ~900a-300(4-a)+ B, =0
or A, + B, =1200+600a
Now A, =B, = A, = B, =600+ 300a(N) (1)
. (I-
Also VEM, =0 —(4m)d, +!:[4A“3w]m}[(900a)1\1]
i
+ = (4= aym || 300{4 - a)N =0
G- am|[300(a-an]
or A, =400+ 700a ~ 50a” (2)

Equating Eqgs. (1) and (2)
or
Then

or

Now

600 + 300a = 400 + T00a — 50a”

@’ ~8a+4=0

81 (=8 — 4D
2

a=10.53590 m

a

ag=4dm=

a=T7404Im
a=0536m 4
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PROBLEM 5.74 (Continued)

(5) Wehave FLEF =00 A =0

A, =B,
=600+ 300(0.53590)
=761 N

Eq. (1)
A=B=T761N| <
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PROBLEM 5.75

1800 N .
. r«r’ HH) Nm
A i B Determine (a) the distance a so that the reaction at support 5 is

minimum, (b) the corresponding reactions at the supports,

l«—-—() ——)—-|

| 4m
SOLUTION
(a)
We have Ry = —;(a m)(1 800 N/m} =900a N
Ry = 32{(4 — a)m (600 N/m) = 300(4 — a) N
Then YIM , =0 w(-gwm](‘)()()a N){8 ;a m)[300(4wa)N]+(4 m)B, =0
or B, =50a* —100a + 800 (O
dB,
Then e = 1000 100 =0 or a=1000m 4
{7
(b Eq.() B, =50(1)° - 100(1) + 800 =750 N B=750N| 4
and HLEF, =00 A, =0
2 =0: 4, —900(1)N ~300(4 - N +750 N =0
or A, =1050 N A=1050N1 <
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PROBLEM 5.76

a0 A

4.1 kipt il

fp  Determine the reactions at the beam supports for the given loading
: | when @y = 150 Ib/tt.

S

2t
SOLUTION
to Permtu 1.
450 ‘i}i r R Bx %
A2 §
441 wp- 1. 'Se
B Ly
45t .‘E..M._ 2 ;"{‘ 21 2 W
We have R, :%(: 8 f1)(450 Ib/ft) = 4050 Ib
R, = ;—(I & f1)(150 Ib/fl) = 1350 Ib
Then HLEF =00 C, =0
FYIM, =0: —(44,100 kip- 1) — (2 ft) - (4050 Ib)
(8 f)(1350 Ib) + (12 f)C, = 0
or C, =5250 b C=52501b] «
+HEF, =0: B, ~4050 b-1350 Ib+5250 b = 0
or B, =1501b B=150.01b] «
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PROBLEM 5.77

Determine (o) the distributed load @y at the end D of the
beam 4ABCD for which the reaction at B is zero, (b) the
corresponding reaction at C.

SOLUTION
(@)
f- e afa- it
ASO ‘-E__ "y Bn
wf = e %‘1
44\ g 3
Ble=0 W (‘L
4% je—— 128 —nd™ 5%
We have R = —é(} 8 (450 1b/f) = 4050 1b

Ry = é(; 8 11)(a, Ib/10) =9 @y, Ib

Then FPYEM, =0 ~(44,100 Ib-ft) + (10 fE)(4050 Ib) + (4 ft)(9e 1b) = 0
or ap, =100.0 1b/1t
(b HSF =0 C, =0
HEF, =0: ~40501b - (9%100)lb+C, =0
or C, =49501b C=49501b] «
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PROBLEM 5.78

The beam A8 supports two concentrated loads and rests on soil that
exerts a linearly distributed upward load as shown. Determine the
values of @, and @z corresponding to equilibrium.

SOLUTION
L Gy (2o O3w { O3m
|
| [ I Powi
A _ 2 8
al,
By fa €
* O.4m N O b O"”:i
et ™ A
R = é—a)A (1.8m) =09,
Ry = -;—a)b,(l 8m)=10.9w,
+‘)ZMD =0 (24kN)(1.2-a)~(30kNY0.3 m)—(0.9@,)(0.6 m)=0 (1
For a=0.6m: 24(1.2-0.6)-(30)0.3)~0.54 w, =0
144-9-0.54w, =0 a, =10.00 kN/m <
+T LF,=0: —24KkN-30KkN+0.9010 kN/m)+ 09, =0 @y =500 kN/m <«
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PROBLEM 5.79

24 kN 30 kN
a =08 m (0.3 m - . . . R
Iww,g For the beam and loading of Problem 5.78, determine {«¢) the distance a
A { DS SO S for which @, =20 kN/m, (b) the corresponding value of @y.
wit 144 I
uﬁ; - "¢ PROBLEM 5.78 The beam AB supports two concentrated loads and
L N rests on soil that exerts a linearly distributed upward load as shown.
' o ' Determine the values of @, and @y corresponding 1o equilibrium.
SOLUTION
M 30 BN
o .
N - «l ¢ o
m L] E
O f:ﬁ W
Oulo iX
" 310 " Rx
We have R = %(l Bm)(20 kN/m) =18 kN
R, = %(1.8 m)(ew, kN/m)= 09w, kN
(<) -F‘)ZM{). =0: (1.2-a)mx24kN-0.6 mx18kN-03m=x30kN=0
or a=0375m <4
) +12ﬁ; =0: =24 kN+18EN+{09@, ) KN-30kN =0
or @, =40.0kN/m «
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24m PROBLEM 5.80

The cross section of a concrete dam 1s as shown, For a 1-m-wide
dam section determine (a) the resultant of the reaction forces
exerted by the ground on the base 4B of the dam, (k) the point of
application of the resultant of Part a, {¢) the resultant of the
pressure forces exerted by the water on the tace BC of the dam,

SOLUTION

{a)  Consider free body made of dam and triangular section of water shown. (Thickness = 1 m)

72w
£
A
1"
p=(7.2m)10" kg/m’)(9.81 m/s”)
W, :%(4.8 m)(7.2 m)(1 m)(2.4x 107 kg/m™ )9.81 m/s?)
=542.5 kN

W, = -;-(2.4 m)(7.2 m)(1 m)(2.4x10° kg/m*¥9.81 m/s?)
=203.4 kN

W, = %(2.4 m)(7.2 m)(} m)(10° kg/m*)(9.81 m/s*)
=84.8 kN

P % Ap = %(7.2 m)(1 m)(7.2 m)(10° kg/m*}9.81 m/s™)
= 2543 kN
FIF =00 H-2543kN =0 H=254kN «
HEF, =0: ¥ -542.5-203.4--84.8=0

Y =830.7 kN V=831kN| <
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PROBLEM 5.80 (Continued)

T, = 4.8+ %(2.4) =5.6m

X, =48 +%(2.4) =6.4m

FYEM, =0: xV —EXW + P(2.4m)=0

x(830.7 KN) — (3 m)(542.5 kN) — (5.6 m)(203.4 kN)

~ (6.4 m)(84.8 KN) + (2.4 m)(254.3 kN) =0
X(830.7)~1627.5-1139.0 - 542.7+ 6103 =0
x(830.7) - 2698.9 =0

x=3.25m (To right of 4) «

(¢)  Resultant on face B8C Y
Direct computation: _ i

L g
P = pgh=(10" kg/m*)(9.81 m/s*)(7.2 m) 2m P e
P =170.63 kN/m* sL - ol
BC = J(2.4) +(7.2)° hae

=7.589m
6 =18.43°
R =%P/I

= —;—(7().63 kN/m*)(7.589 m)(1 m) R=268kN 77 18.43° «

Alternate computation: Use free body of water section BCO.

c Py
}4— W, P25t 34y
W, =
/ 4_f é‘?zl &y Y 74
£
g

~R =268 kN 7 18.43°
R=268kN = 18.43° 4

PROPRIETARY MATERIAL. © 2010 The McChaw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displaved,
reproduced or distributed in any form or by any means, without the prior writfen permission of the publisher, or used beyond the limited
distribution 1o teachery and educators permitted by MeGraw-Hill for their individual course preparation. If you are a shudent using this Manual,
you are using it without permission.

639




PROBLEM 5.81

The cross scction of a concrete dam is as shown. For a |-ft-wide
dam section determine (@) the resultant of the reaction forces
exerted by the ground on the base 48 of the dam, (b} the point of
application of the resultant of Part a, (¢) the resultant of the
pressure forces exerted by the water on the face BC of the dam.

SOLUTION

The free body shown consists of a 1-1 thick section of the dam and the quarter circular section of water above
the dam.

a

¥ .
= z 3] D
- x'

/:
A

F3
X oY
L1y

1
H
i
1
1
1
i

Note: X, :(21-4X2])ﬂ
In
=12.0873 i

T, = (21 +4)ft =25 fi

:fﬁ[sofxm}ft
3

7
=41.087 ft
For area 3 first note.
a X
ki 1

s B

11 I r— ar

4 n

. LEney +(21-420(-1x2r*)

Then Xy =2 5 .
@’ -1y

= (294 4.6907)1t = 33.691 {t
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PROBLEM 5.81 (Continued)

{a} Now W=V

So that W, = (150 Ib/At") i:—(zl fy° (1 ﬂ)] =51,954 b

W, = (150 To/ft* (8 f)(21 f(1 f1)]= 25,200 [b

W, = (150 Ib/ft?) (zr’- ‘glez]ﬂ? x(1 ft) }:14,196 tb

W, =(62.4 fb/ff)[—‘}(z] XA _i‘t)J =2L6131b

Also p= -;— Ap = —;-[(2; (1 TY][(62.4 /321 f6)] = 13,759 Ib
Then FLEF =00 H-13,7591b=0 or H=13.76 kips — <

+i LF, =0 V-51,9541b-252001b 14,196 1b ~ 21,613 1b=0
or V' =112,963 1b V=113.0 kipsT4

(h)  Wehave FYEM, =0 x(112,963 Ib)— (12.0873 f1)(51,954 Ib) (25 £)(25,200 Ib)
~(33.691 11)(14,196 Ib) - (41.087 ft)(21,613 Ib)
HT 1)(13,759 1b) =0
or 112,963x ~ 627,980 - 630,000 — 478,280~ 888,010+ 96,313 = 0
or x=224 1t 4

(¢)  Consider water section BCD as the free body

We have FF=0
| RV LU -

Then ~R =25.6 kips «7 57.5° or R=25.6kips ;> 57.5° 4
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PROBLEM 5.82

The 3 % 4-m side 4B of a tank is hinged at its bottom A and is held in place by a
thin rod BC. The maxinum tensife force the rod can withstand without breaking
15 200 kN, and the design specifications require the force in the rod not to exceed
20 percent of this value. If the tank is slowly filled with walter, determine the
maximum allowable depth of water d in the tank.

SOLUTION

Consider the free-body diagram of the side.

T
We have P= éAp = %A(pgd) 1
Now DEM, =0 h-SP=0 p J
Where h=3m % ® A
Then for d,,,..
3 dnrm‘ ! 3 3 2

(3 m)(0.2 x200x10° N) 5 —2—(4 mxd, (10" kg/m” =98I m/s* xd,, ¥ |=0
or 120 N-m—6.54d) N/m* =0
or d,. =264m €

HIY
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PROBLEM 5.83

The 3 x 4-m side of an open tank is hinged at its bottom 4 and is held in
place by a thin rod BC. The tank is to be filled with glycerine, whose density
is 1263 kg/m’. Determine the force T in the rod and the reactions at the hinge
afier the tank is filled to a depth of 2.9 m.

SOLUTION
Consider the free-body diagram of the side.
We have P }AJ iA( 1) !
b o = 4 ¢
S AP =3 4(pg | |
7 1 3 5 , 28 pe N
:5[(2.9 m)(4 m}] [(1263 kg/m” Y(9.81 m/s*)(2.9 m)] P m
= 20840 kN L_ e A i-
A
Then HEr <0 4, =0 B g
C
YEM, =0; (3 m)T w(g;mJ(ZOSA KN = 0
or T'=67.15] kN F=672 kN o
HUSE =0 A +208.40 kN~ 67.151 KN =0
or A, = 141249 kN A=1412kN + <
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AT PROBLEM 5.84

The friction force between a 6 x 6-ft square sluice gate 4B and its guides is equal
to 10 percent of the resultant of the pressure forces exerted by the water on the face
of the gate. Determine the initial force needed fo lift the gate if it weighs 1000 tb.

SOLUTION

Consider the free-body diagram of the gate.

Now B = Jz' Ap; = é-[(ﬁ % 6) {1 1{(62.4 /YO )]
=10,108.8 Ib
B, m—é—Apn :é—[(()x6) (2 J[(62.4 Ib/fCY(15 )]
=16848 Ib
Then F=01P=01F+f)
=0.1(10108.8 + 16848)Ib
=2695.7 b
Finaily +t LF,=0: T-26957lb-1000 Ih =0 or T=3.70 kips{ <4
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Ocean

Marsh

PROBLEM 5.85

A freshwater marsh is drained to the ocean through an automatic tide
gate that is 4 ft wide and 3 1t high. The gate is held by hinges located
along its top edge at 4 and bears on a sill at B. If the water level in the
marsh is 2=06 (i, determine the ocean level o for which the gate will
open. (Specific weight of salt water = 64 b/t )

SOLUTION

Since gate is 4 fi wide

Thus:

57 _
11

)’
]]I_

FVEM, =00 (BB (1 Y~ B~ (2 (P ~B) =0

&

I " G
3% ! / '
K :

MAESH -\
r=ézy % || ’
h '}
AR
tw, \?5 ‘n

o
pl

W= (4 ﬂ)[) = 4}/(dcpth)
wy = 4y(h - 3)

wy =4Ayh
wi =4y (d -3)
wy =47'd

A= “;—(3 D0~ wy)

= 5(3 )[4/ (d —3) ~ 440 = 3) = 6/(d ~ 3)— 63(h—3)

]

|
& 35(3 (5 —wy)

= %(3 4y d — dyh) = 6y'd - 6yh

1
3

. ’ 2 ’
B U= R) -2 - A)

1]

14

g — %“

/7

zg[sy’(dd)ﬂé,v(h—3)]~§[fw’dmﬁyh]

=29(d =3)~2¢(h~3) + 4¥'d — 4yl
B=67(d~1)—6p(h-1)

A

L 2
5%

2

PROPRIETARY MATERIAL. © 2010 The MeGraw-Hill Companies, Inc. All rights reserved. No part of this Mamal may be displayed,
reproduced or distvibuted in any form or by any means, withous the prior writtesr permission of the publisher, or used bevond the Iimited
distribution to teachers and edueators permitied by MeGraw-Hill for their individual course prepoavation. [f you are o student using this Manual,

You are using it withowt permission.

645




PROBLEM 5.85 (Continued)

With B=0 and h=6ft:  0=6y(d-1)—6y(h-1)
d-1=5%
4
Data: y =64 Ib/ft’
¥ =62.4 b/t
_y . 5524 T
64 1b/ft*
=4875 ft d=588ft 4
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PROBLEM 5.86

The dam for a lake is designed to withstand the additional force cansed
by silt that has settled on the lake bottom. Assuming that silt is
equivalent to a liquid of density p, =1.76x10° kg/m* and considering a
l-m-wide section of dam, determine the percentage increase in the
force acting on the dam face for a silt accumulation of depth 2 m.

SOLUTION

First, determine the force on the dam face without the silt.
R I

We have £, :—2—/1]7“, xEA(pgh)

i

—;—[(6.6 m)(1 m))f(10° kg/m*)(9.8] m/s)(6.6 m)]

= 213.66 kN
Next, determine the force on the dam face with silt
We have Po= —;—[(4.6 m)(1 m))[(10° kg/m*)(9.81 nv/s” }(4.6 m)]
=103.790 kN
(2 =1(2.0 m)(1 myIE(10° kg/m®)(9.81 m/s® )(4.6 m)]
= 90.252 kN

(P)y m—;[(z.o m)(1 mJ[(1.76 x10° kg/m* ¥(9.81 m/s? (2.0 m)]

=34.531 kN
Then P'= P+ (P), +(P), =228.57 kN

The percentage increase, % inc., is then given by
. PP,
% ing. = 2o HO0%

_ (228.57 - 213.66)

213.06
= 6.9874%

x100%

T

Lo

G
Rt
P
P\,L, Hilewn
[}

-

g |

7
(\?s\!;_ Vo

% inc.=6.98% <
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PROBLEM 5.87

The base of a dam for a lake is designed to resist up to 120 percent of
the horizontal force of the water. After construction, it is found that
stit {that is equivalent to a liquid of density p, =1.76xI1 0* kg/m’) is
settling on the lake bottom at the rate of 12 mm/year. Considering a
I-m-wide section of dam, determine the number of years until the
dam becomes unsafe.

SOLUTION

From Problem 5.86, the force on the dam face before the silt is deposited, is £, =213.66 kN. The maximum
atlowable force £, on the dam is then:

Py =1.2P, =(1.5)(213.66 kN) = 256.39 kN

Next determine the force 2" on the dam face after a depth o of silt has settled

!

Py (6-d)wm
}

L
a
Fo—

(P (Po)y
We have P = %[(6.6 —dymx (1 m)I[(10° kg/m” }(9.81 mis” (6.6 — d)m]

=4.905(6.6 ~ )" kN

(P, ={d(1 m)][(10" kg/m® )(9.81 m/s* (6.6 — d)m)]
=9.81(6.6d - d” kN

(P, x%{d(l m)][(1.76 x 10" kg/m* 9.8 1 nvs” Y )m}
= 8.63284° kN

P =P (P, +(P)y =[4.905(43.560 ~13.2000d +d”)
+9.81(6.6d —d)+8.63284% |kN

=[3.7278d” +213.66 kN
Now required that P’ = P, .. to determine the maximum value of d.
(3.7278d" + 213.66)kN = 256.39 kN
or d =33856m
Finally 33856 m=12x1 Oi}i:;X N or N =282 years 4
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PROBLEM 5.88

A 0.5 x 0.8-m gate AB is located at the bottom of a tank filled
with water. The gate is hinged along its top cdge A and rests on a
frictionless stop at B. Determine the reactions at 4 and B when
cable BCD is slack,

|-<—(Hi4 m—;l

SOLUTION
First consider the force of the water on the gate.
We have P=—;—Ap:l/{(pgh)
2 Bl 04%Sm
R L
so that P :%{(0.5 m)(0.8 m)]x[(10* kg/m®}(9.81 m/s?)(0.45 m)] X r}
O, 4B m

=882.9 N ) ‘
&

P = %[(0.5 m)(0.8 m)}x[(10° kg/m)(9.81 m/s”)(0.93 m)]

=1824.66 N
Reactions at 4 and B when T =0

We have

YIM =0 %(0.8 m)(882.9 N) +§(0.8 m)(1824.66 N)— (0.8 m)B =0

4
or B=1510.74 N Y a

or B=I1511 N™.53.1° 4
TNEF=0: A+1510.74 N~882.9 N ~1824.66 N =0

or A=FI9TN™53.1° 4
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¢ {2 .. PROBLEM 5.89

gy

;f (.27 m

A 0.5 x 0.8-m gate AB is located at the bottom of a tank filled with
043 m water. The gate is hinged along its top edge 4 and resis on a frictionless
siop at B. Determine the minimum tension required in cable BCD to

open the gate.
0,48 m

|4~().(‘3{1 [;]—*s

SOLUTION
First consider the force of the water on the gate.
We have P =1Ap xiA(pgh)
2 2 EI 0.4%5m
| & 5
so that R :3—[(0.5 m)(0.8 )} x[(10” kg/m’ }(9.81 mvs”)(0.45 m)] P e
=882.9N LV A

O = %[(0.5 m)(0.8 m)[x[(10° kg/m* ¥(9.81 m/s* }(0.93 m)]
=1824.66 N '

T to open gate

First note that when the gate begins to open, the reaction at 8 — 0.

Then +\) M, =0 %(O.S m)(882.9 N)+-§_(o.8 m)(1824.66 N)

—(0.45+0.27)m x{%.’r} =0

or 235444973152 ~0.33882T =0
or T=3570N 4
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PROBLEM 5.90

A long trough is supported by a continuous hinge along its
fower edge and by a series of horizontal cables attached to
its upper edge. Determine the tension in each of the cables,
at a time when the trough is completely full of water.

r=24 i~

SOLUTION

Consider free body consisting of 20-in. length of the trough and water

b
=]

{=20-n, length of free body

-5t
il
}

it

)

W =yv=y] —rd

1| 2|
Bosyr

1 1 1 4
P = Pyl = (W] =it
S Ll = Gyl ==y

FYEM =00 Tr—Wr ~.P(%r] =0

i

R
ULV T IR LY
R/

24 20,

Data: y=0624b/° r=""ft=20t I="Cf
12 12
1 3 2 20
Then T:~mz4mm)mﬁ)6—ﬁj
2 12
= 208.00 1b T=2081b 4
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PROBLEM 5.91

A 4x2-ft gate is hinged at 4 and is held in position by rod CD.
End D rests against a spring whose constant is 828 Ib/ft, The spring
is undeformed when the gate is vertical. Assuming that the force
exerted by rod CD on the gate remains horizontal, determine the
minimuim depth of water  for which the bottom B of the gate will
move fo the end of the cylindrical portion of the floor.

SOLUTION

First determine the forces exerted on the gate by the spring and the water when B is at the end of the
cylindrical portion of the floor

We have siné’x% & =30°
Then Xgp = (3 11) tan 30°
and Fo = kxgp

=R28 Ib/ft x 3 fi X tan30°

=1434.141b
Assume d=41t N

{d- 4'3&
We have P= —;—Ap = %A(j/h) / ' “ ‘ijﬁab
%L‘\‘.

Then A= —;—[(4 f1)(2 R [(62.4 o/t Y - B)ft] £ l

=249.6(d —4)lb

By = %{(4 f)(2 )] [(62.4 b/ )(d — 4 + 4c0s30°)]

= 249.6(d — 0.53590°)1b

For d;, so that gate opens, W=0

Using the above free-body diagrams of the gate, we have

PYEM =0 (-‘;i ft)[249.6(d —4)lb]+ (-2—ft][249.6(d ~0.53590)1b]

~(3 f)(1434.141b) = 0

or (332.84 —1331.2) +(665.6d —356.70) - 4302.4 = 0
or d=600H
d = 4 ft = assumption correct d=6001ft
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PROBLEM 5.92

Solve Problem 5.91 if the gate weighs 1000 b,

PROBLEM 5.91 A 4x2-ft gate is hinged at 4 and is held in
position by rod CD. End D rests agamst a spring whose constant is
828 Ib/ft. The spring is undeformed when the gate is vertical,

Assuming that the force exerted by rod CD on the gate remains
horizontal, determine the minimum depth of water ¢ for which the
bottom B of the gate will move to the end of the ¢ylindrical portion
of the floor.

SOLUTION

First determine the forces excrted on the gate by the spring and the water when B is at the end of the
cylindrical portion of the Hoor

We have

Then

and

Assume

We have

Then

For

min

sinf;?:E & =30°
4

Xgp = (3 Tt} tan 30°

Fop = kg = 828 1b/M1 >3 ft x tan30°
=1434.141h
d=41f

| i
P==Ap=— A(vh
SAP =5 {yh)

P = %{(4 2 f]x[(62.4 /) — ]
= 249.6(d - 4)lb

Py = %5(4 (2 FOIX[(62.4 I6/f°)(d — 4 + 4cos30%)]
= 249.6(d —0.53590%)1b

so that gate opens, ¥ =1000 Ib

Using the above free-body diagrams of the gate, we have

YIM, =0 [% Ft)[249.6(d —4)1b]+ (g t‘tj{249.6(a’ ~0.53590) 1b]

— (311434, 14 b)Y — (1 R)(1000I) =0

or (332.84 ~1331.2) + (665.6d —356.70) — 4302.4 - 1000 =0
or d="7001
d = 4 ft = assumption correct d=T.001 4
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PROBLEM 5.93

75w A prismatically shaped gate placed at the end of a freshwater channel is
supported by a pin and bracket at 4 and rests on a frictionless support at 5.
The pin is located at a distance /£ =0.10 m below the center of gravity C
of the gate, Determine the depth of water o tor which the gate will open.

0.40 m

SOLUTION

First note that when the gate is about to open (clockwise rotation is impending), B,— 0 and the line of
action of the resultant P of the pressure forces passes through the pin at A. In addition, if it is assumed that the
gate 1s homogeneous, then its center of gravity C coincides with the centroid of the triangular area. Then

a:i—(O.ES——h)
3 !
8(d 7
and b= %(0.4) ““l‘g[*:;) ATy
L
%&&4 m‘ - 3{0'.\5“‘\) 125w
Now fi:ji
b 15

4-(025-h) 3

s0 that e -4
PR E SR
T
Simplifying yields
~2§~—9~d+15hm--70'6 {hH
45

Alternative solution

Consider a free body consisting of a 1-m thick section of the gate and the triangular section BDE of water

above the gate,
i e
% &

s 3
Now PEEAP :E(Xmm)(pga') 3RI

] W

- d2 N I
5 P8 (N) C.l_w

L 1 e ¥ _L . A‘ —

w mpg,prg,(2>< dedxlm} A Al (025 -Rym

4 Yy

=—pgd® (N) ~J§04m
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PROBLEM 5.93 (Continued)

Then with B, =0 (as explained above), we have

0. 2o -2 W2 2119 sl o2 o
DYEM, =0 [3(0_4) 3(1551)}(15;)@’} [3 (0.25 h)](ngd) 0

Simplifying yields gﬁgd +15h = 706
45
as above,
Find d, h=0.10m
Substituting into Eqg. (1) —%?—d +15(0.10) mLIOz'G or d=00683m <
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PROBLEM 5.94

A prismatically shaped gate placed at the end of a freshwater channel
is supported by a pin and bracket at 4 and rests on a frictionless support
at . Determine the distance 4 if the gate is to open when o = .75 m.

NtaH!

e

040 m

SOLUTION

First note that when the gate is about to open {clockwise rotation is impending), 5, 0 and the Ime of
action of the resultant P of the pressure forces passes through the pin at 4. In addition, if it is assumed that the
gate is homogeneous, then its center of gravity C coincides with the centroid of the triangular area. Then

= -‘;im {0.25-h)

i
2 d T
and b=2(04) “?86(?} LI A
. o » L
_ 404 mieel L 205w + 0.28m
Now a. i
L 15

204 - (4) 15

0.25-h )

o
{
T

Simplifying yields
C
gﬁﬁd +15h= 70.6
45 i2

(O

Alternative solution

Consider a free body consisting of a 1-m thick section of the gate and the triangular section BDFE of water

above the gate. A
- =
Ra o /
r—

Now P = % Ap' = %(d x1m) ped) 3 (B
| P
=—pgd” (N)
2 CLW
' ol — ool L B AL 4
W ~ng—po(2X]5c1X£leln) »Z?‘Kx She-tyen
= 4 (‘sz ™N QEM
=3P (N) o §04m
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PROBLEM 5.94 (Continued)

Then with B, = 0{as explained above), we have

0 |20 - a2 ped? 1=l 4 —02s—mil L pou? | =
+)EM =0 [3(0‘4) 3[]551]}[]5,;@] [3 (0.25 h)}(ng,d) 0

T . 9 .
Simplifying vields %d +15h = 70.6
as above.
Find A, d=0.75m
Substituting into Eq. (1) %(0.75) A+ 155 = 70.6 or h=00711m <
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PROBLEM 5.95

A 55-gallon 23-in-~diameter drum is placed on ils side to act as a
dam in a 30-in.-wide freshwater channel. Knowing that the drum is
anchored to the sides of the channel, determine the resultant of the
pressure forces acting on the dram,

SOLUTION

Consider the elements of water shown, The resuliant of the weights of wat
and the resultants of the pressure forces acting on the vertical surfaces of th
hydrostatic force acting on the drum. Then

2
= 1[(5—9] fix (33) 1’1}{(62.4 1b/ﬂ*)(E i‘tﬂ
2[\ 12 12 12

= 286.542 Ib

-1 A0

e (30)

=71.6351b

I
B =—Apy,
n=3 P

W, =¥ = (62.4 1b/f°) WMQE

W, =V, =

er above cach section of the drum
e elements is equal to the resultant

A A

A by w T

l: (%].5] & }[}2“) 30.746 Ib
12 12

(62.4 tb/ft ){ ” 5y (“ SJ fi }(

12 12

j—qft} 255.801b

(115 30
w, = o, =624 )| Z 2] w2 |[2Y 0 = 112,525 1
y=hs = (0241 ){4(12] }(tz J

Then  FLEF: R, =(286.542-71.635)1b=214.911b
H{EF,: R, =(-30.746+255.80+112.525) 1b=337.58 Ib
Finally R= R + R} =400.18 b
R,
tan & = —
R

X

6 =575°

R=4001b <" 57.5° 4
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PROBLEM 5.96

Determine the location of the centroid of the composite body shown
when {g) h=2b, (b) h=2.5b

SOLUTION
v X v
. , 1, | o
Cylinder 1 wath 5!} —aah
Cone I —a“h b+—h ~pa*h|b+—h
3 4 3 4
a I,
Vega | b+—h
3
2f 12 1 15
xV =ga’| b +—-hb+—h
2 i
, A 1 5 5,
() For h=2b: V=ra f';+§(2b) =§7ra b
— 2l b2 1 3
XXV =mat| —b +—=(2Mb+—(20)
2 3 12

Centroid is 56 to left of basc of cone «
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PROBLEM 5.96 (Continued)

(b)  For h=2.5b: V =n4* [b + %(2.515)] =1.833374%

¥V = 1d’ [ibz + 1—(:z.sz;)b + L(z.slb)z}
2 3 12
= a’b*[0.5+ 0.8333 + 0.52083]
=1.854167a° b
XV =XxV: X(1833324°b)=1854167a°F X =1.01136b
Centroid is 0.011365 to right of base of cone 4
Note: Centroid is at base of cone for /= \[(;]) = 2.4495
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PROBLEM 5.97

Determine the y coordinate of the centroid of the body shown.

SOLUTION

First note that the values of ¥ will be the same for the given body and the body shown below. Then

V y 14
s [ 1 1T 5.5
Cone —xath —h — T h
3 4 12
2
. 2] I 1 I 242
(: 1 i" -7 — b:w— Z’f ..gub —ra b..
ylinder ﬁ(zj 4,“, h 5 .
2 T 2 2 2
z —a*{4h -3t ———a (2h° - 3D°
E2a { h) 24@ ( p2)
We have YZV =XV
7 a2
Then ?Faz(%—zm =2 a? (20 =307) or F=- 2 230
2 24 2(4h = 3h)
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PROBLEM 5.98

Determine the z coordinate of the centroid of the body shown. (Hint: Use
the result of Sample Problem 5.13.) :

SOLUTION

First note that the body can be formed by removing a “half-cylinder” from a “half-cone,” as shown.

@-@

4 z zv
- i 2 o E 3
Half~Cone —rah I L
i b3 6
2
. wla T 4 (a 2a 1 5
Half-Cylind | | h=alg? NELEN ol B i A
alf-Cylinder 2(2] b SG b 3”(2} o 12(, h
2 1 4
z e (423D g (2h - b
A ( ) 32a (2h~b)
From Sample Problem 5,13
We have 7TV =S5V
Then 7| Zatah-30) | =L o @b or 7 =232
24 12 7\ 4h-3b
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PROBLEM 5.99

The composite body shown is forimed by removing a semiellipsoid of
revolution of semimajor axis % and semininor axis /2 from a
hemisphere of radius . Determine () the ¥ coordinate of the centroid
when b = a/2, (b) the ratio Aa for which ¥ =-0.4a.

SOLUTION
Vv y 14
. 7 3 [
Hemisphere —a —=a Azﬂ'a
P ’ |
Semiellipsoid ——7{[%) he=——xa*h —-=h +?ﬁuzh2
. b

Then

Now

So that

or

(a)

Substituting

or

TV = 176{512 (4 )

nylV = wir—az(f}az D)
16

YZV =LV

}7[%@2(4(1 —h)} = —%az (4a” — 1)

2

At
a 8 a

Yy =2 when h=

Aol
ez k0 H, (1
2:11( q. (1)

«
2
Y 4~l :»Ea 4 - 1
2 8 2
7=t
112

h

Y =—0.402¢ 4
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PROBLEM 5.99 (Continued)

] h_ ? when Y =-04q
o

Substituting into Eq. (1)

2
or B(EJ —3.2(ﬁ]+0.8$0
a a

7324432 ~43)0.9)
a 2(3)

Then

e or

32+£08 ﬁ
6 a
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Ik PROBLEM 5.100

For the stop bracket shown, locate the x coordinate of the center
of gravity.

12 1mm

34 nin

SOLUTION

Assume that the bracket is homogeneous so that its center of gravity coincides with the centroid of the
volume,

©

E/ \“-m

RN

Y, mm* ¥, mm ¥V, mm’
1 (100)(88)(12) =105600 50 5280000
2 (100¥(12)}(88) = 105600 30 5280000
3 —;«(62)(5 1(10) = 15810 39 616590
4 ——;—(66)(45)(12) =-17820 34+ %(66) =78 ~1389960
p 200160 9786600

Then X = IxV _ 3786600 or X =468 mm <

= mm
¥ 209190
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f;/\} PROBLEM 5.101

For the stop bracket shown, locate the z coordinate of the center of
gravity,

1 ' : =
34 inm \13 uiﬁf/
e

SOLUTION

Assume that the bracket is homogeneous so that it center of gravity coincides with the centroid of the volume.

v, mm® zZ, nm zV, mm*
1 {100X88)12) = 105600 6 633600
2 (100X12)(88) = 105600 12 +—;~(88) =356 5913600
3 %(62)(51)(10)x]5810 ]2+—;—(51)=29 458490
4 ﬁ%(66)(45)(12):—17820 55+~§-(45):85 ~1514700
Z 209190 5491000
Then Z = L2V 3491000 or Z=262mm 4

= mm
IV 209190
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¥ omm PROBLEM 5.102

60 mm For the machine element shown, locate the ¥ coordinate of the

24 mm enier of gravi
14 mrrm ¢ gravity.

28 nun

A min gl

18 mm |\
¥
100 e =g 90 s ¥
\/ 25 mm
23 mm
20 mim
SOLUTION

First assume that the machine element is homogencous so that its center of gravity will coincide with the
centroid of the corresponding volume.

¥, mm® | X, mm ¥, mm T, mm? ¥, mm*

I (100)(18)(90) = 162000 50 | 9 8100000 1458000

H| {16)(60)(50) = 48000 92 48 4416000 | 2304000

11l 71‘(12)2 (10)=4523.9 105 54 475010 244290

v - (13)2(18) =-9556.7 28 9 ~267590 ~86010

z 204967.2 127723420 3920280

We have YV =3Sy¥

Y(204967.2 mm’) = 3920280 nun* or Y =1913 mm <«
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PROBLEM 5.103

For the machine element shown, locate the ¥ coordinate of the
center of gravity,

X
075 in.
SOLUTION
For half cylindrical hole:
r=1.25in,
- 4(1.25
Y =2- (122)
Im
=1.470in.
For half cylindrical plate: r=2in. z
Zyy =T+ 42 _ 7.851n.
Iz
V,in® 7, in. ¥, in y,int | zV,int

1 Rectangular plate {(7TH4X0,75)=21.0 -(.375 3.5 ~7.875 73.50

il Rectangular plate (M) =8.0 1.0 2 8.000 16.00
I —(Half cylinder) ——;E(l 25 (1) =2.454 1.470 2 —3.607 -4.908

v Half cylinder %(2)2(0.75) =4712 -0.375 —7.85 -1.767 36.99

\Y ~{Cylinder) ~72(1.25Y(0.75) = ~3.682 | —0.375 7 1.381 -25.77

b 27.58 -3.868 95.81

YIV =X3V

¥(27.58in*)=-3.868 in.* ¥ =-0.1403in. <
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PROBLEM 5.104

For the machine clement shown, locate the z coordinate of the
center of gravity.

075 .

SOLUTION

For half cylindrical hole:

r=125in.
— 41.25)
Yy =2
Ball| i
=1.470mn.
For half cylindrical plate: r=2in.
42 .
Zy =7 +——(-) =7.851n.
LY 4
V,in? ¥, in. Fom | yv,int b FV, !
I Rectangular plate (M(A)(0.75)=21.0 —0.375 3.5 ~1.875 73.50
11 Rectangular plate ()21 =8.0 1.0 2 C U 8.000 16.00
HI —(Half cylinder) »»325(1 25)%(1) = 2.454 1.470 2 —3.607 —4.908
v Half cylinder %(2)2((}.75) =4.712 —1.375 ~7.85 -1.767 36.99
vV ~{Cylinder) ~7e(1.25)°(0.75) = ~-3.682 | —0.375 7 1.381 ~25.77
% 27.58 -3.868 95.81
Now 7TV =Z¥
Z(27.58in.*)=95.81in* Z=347in. 4
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4 16 ran PROBLEM 5.105

36 e L G0 i For the machine element shown, locate the x coordinate of
EH RN SR ~ .
P 24 mmn the center of gravity.
[REETIH

40 nrim //

18 1un

g
20y
725 1m

- 25
/I/ Zoamm

20 mm

HIO v

SOLUTION

First assume that the machine element 18 homogencous so that its center of gravity will coincide with the
centroid of the corresponding volume.

V. mmy® X, mm ¥, mim ¥, mm* ¥V, mm*

I {1001 8)(90) = 162000 50 9 5100000 1458000

B (16)(60)(50) = 48000 92 48 4416000 2304000
il 7(12)°(10) = 4523.9 135 54 475010 mw

A% ~(13Y (18) = -9556.7 28 9 —267590 —86010

x 204967.2 o 12723420 3920280

We have XEV =X¥V

X (2049672 mm®) = 12723420 mm* X =621mm <

PROPRIETARY MATERIAL. € 2010 The McGraw-Hill Companes, Inc. All vights reserved. No parf of this Manual may be displayed,
reproduced or distributed in any form or by any means, withowt the prior written permission of the publisher, or used beyond the limited
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/i i

0.8 1m

L2 3
/
£

PROBLEM 5.106

Locate the center of gravity of the sheet-metal form shown.

SOLUTION

First, assume that the sheet metal is homogeneous so that the center of gravity of the form will coincide with
the centroid of the corresponding area.

— 1
¥y = mg

(1.2)

=04 m

7 :%(3.6)21.2m

oo 408 24

X R f

A, m? X, m ¥, m Z,m A4, m* v, m’ ZA, m*

1 5(3.6)(1.2): 2.16 1.5 ~0.4 1.2 3.24 ~0.864 | 2.592

11 (3.6)(1.7)=6.12 0.75 0.4 1.8 4.59 2448 | 11.016

1l %(1.8)2 =5.0894 m%; 0.8 1.8 | -3.888 | 4.0715 | 9.1609

by 13.3694 3.942 | 5.6535 | 22.769
We have XZIV =3xV: X(13.3694m?)=3942m* or X=0295m 4
YIV =X3F: Y(13.3694 m?)=5.6555m" or ¥=0423m o
ZIV =X7V: Z(13.3694 m?)=22.769 m* or Z=1703m 4

PROPRIETARY MATERIAL. © 2040 The MeGraw-Hill Companies, inc. All rights reserved, No part of this Manual may be displayed,
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PROBLEM 5.107

Locate the cenier of gravity of the sheet-metal form shown,

80

250 mm

SOLUTION

First assume that the sheet metal 13 homogeneous so that the center of gravity of the form will coincide with
the centroid of the corresponding area. Now note that symmetry implies
X =125mm <4

\1
5, =150+ 280
I m s
= 200.93 mm
- 2x8B0O
Iy =
T T
/ = 50,930 mm
2 4x125

Ty =230+

~ 3w
X =283.05 mm

A, mm? ¥, mm Z,mm ¥4, mm® zA, mm®
I (250)(170) = 42500 75 40 3187500 1700000
1 3;(80)(250) =31416 200.93 50930 6312400 1600000
1§ ~’25(125)2 = 24544 283.05 0 6947200 0
b 98460 16447100 3300000
We have YEA=S7A: ¥(98460 mm®) =16447100 mm’ or ¥=1670mm

ZYA=374: Z(98460 mm?)=3.300%x10°mm’ or Z=33.5mm <«
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¥ PROBLEM 5.108

10m” im"'“‘wl A waslebasket, designed to fit in the corner of a room, is 16 in, high
and has a base in the shape of a quarter circle of radius 10 in. Locate
the center of gravity of the wastebasket, knowing that it is made of

sheet metal of uniform thickness.

i6in.

SOLUTION ,
By symmetry: X=Z 10, 107
For I (Cylindrical surface) X= -i—;: = m%%gl =6.3662 m. éb
. il
Amfzfrh:12"-(10)(16):251.331;1.2 s
X
For IV (Quarter-circle bottom) X = —;% = %ﬁ[}) =4.2441tin, z ~
A=20 = 2(10)? =78.540 in2
4 4
A, in? X, in. ¥, in. ¥4,in? y4,in’
| (10)(16) = 160 5 8 800 1280
1 (LOX(16) =160 0 8 0 1280
111 251.33 6.3662 8 1600.0 2010.6
v 78.540 4.2441 0 333.33 0
) 649.87 : 27333 4570.6
XTLA=XXA4: X(649.87 in%)y=2733.3in?
X =4.2059 in, X=7=421in. 4
YZA=Z54: ¥ (649.87 in*)=4570.6in.’
¥ =7.0331in. Y =7.03in, 4

PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Marual may be displayed,
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PROBLEM 5.109

= (0.625 i

A
A 23, A mounting bracket for electronic components is formed from
sheet metal of uniform thickness. Locate the center of gravity
of the bracket.

47510,

SOLUTION

First, assume that the sheet metal is homogeneous so that the center of gravity of the bracket coincides with
the centroid of the corresponding area. Then (see diagram)

Z, =225~ 40.625)
Y i
=1.98474 in.

Ay = Jg(o_()zsf

=-0.61359 in.?
A int X,in. ¥, in. Z,1n. %A, in? PA, in? zA, in?
1 (2.5)6) =15 1.25 0 3 18.75 0 45
1l (1.25)(6)=7.5 2.5 ~0.625 3 1875 | —4.6875 22.5
1 (0.75)(6) = 4.5 2875 | -1.25 3 12.9375 | -5.625 13.5
v —[%)(3%—3.75 1.0 0 3.75 3.75 0 14,0625
—0.61359 1.0 0 1.98474 | 0.61359 0 ~1.21782
z 22.6364 46,0739 | 103125 | 65.7197
We have XEA=2%4
X(22.6364in7)=46.0739in? or X=204in 4
YZA=274
¥(22.6364in.2)=-10.3125 in’? or ¥ =—0456in. 4
ZEA=T5 A
Z(22.6364n.>) = 65.7197 in.} or  Z=290in

PROPRIETARY MATERIAL, €0 2010 The McGraw-Hill Companies, Inc. Al rights reserved. No part of this Manual may be displayed,
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Y

60 mm

L

PROBLEM 5.110

A thin sheet of plastic of uniform thickness is bent to
form a desk organizer. Locate the center of gravity of the
organizer,

74 mm
I“*“‘**I f«—?ﬁ i "w*l
2 30 mm r=06nmn
=6 r=06mm
SOLUTION

First assume that the plastic is homogeneous so that the center of gravity of the organizer will coincide with

the centroid of the corresponding area. Now note that symmetry implies

%, =6-2728 25 1803 mm
/i

%, =36 228 - 39,820 um
T

f3x58~2><6=54.180mm
T

%o = 1334 220 - 136,820 mm
/4

- e 2x6

Vo =Yy =Yg = P =0

ﬁ6:75+%~5~=78.183mm

Ay = Ay = A= Ay :gx()’x 60 = 56549 mm’

[

Ag = X 5% 60 =942 48 mm?

=2.1803 mm

Z=30.0mmn o

FPROPRIETARY MATERIAL. © 2010 The MeGraw-Hill Companies, Inc. All rights reserved. No pari of this Manual may be displayed,
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PROBLEM 5.110 (Continued)

A, mm? ¥, mm ¥, mm ¥4, mm’ 74, mm’
| (74)(60) = 4440 0 43 0 190920
2 565.49 2.1803 2.1803 1233 1233
3 (30)(60) = 1800 21 0 37800 0
4 565.49 39.820 2.1803 22518 1233
5 (69)(60) = 4140 42 40.5 173880 167670
6 942 .48 47 78.183 44297 73686
7 (69)(60) = 4140 52 40.5 215280 167670
8 565.49 54.180 2.1803 30638 1233
9 (75)(60) = 4500 95.5 0 429750 0
10 565.49 136.820 2.1803 77370 1233
by 22224.44 ' 1032766 604878
We have XEA=XT4: X(22224.44 mm’)=1032766 mm’ or X=465mm 4
Y3A4=%y4: ¥(22224.44 mm?®)= 604878 mm” or ¥ =272mm <
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PROBLEM 5.111

A window awning is fabricated from sheet metal of uniform
thickness. Locate the center of gravity of the awning,.

=
SOLUTION

the centroid of the corresponding arca.

First, assume that the sheet metal is homogencous so that the center of gravity of the awning coincides with

P = Py z4+§)@: 14.6103 in.
Iz
}
Iy S Iy = (#)23) 100 in.
Iz 3r
Yy = 4+~(M =199155m.
T
S
2 .09 _ 50,
Vs Fid

Ay = Ay, = %‘:-(25)2 =490.87 in2

Ay zg—(zs)(_u) =1335.18 in.?

A, in? v, in. Z, . VA, in? A, in’
i (4)(25) =100 2 12.5 200 1250
_ 100
11 490.87 14.6103 £ 7171.8 5208.3
a
11 (4)(34) =136 2 25 272 3400
{ .
v 1335.18 19.9155 20 263591 21250
T
v (4)(25) =100 2 12.5 200 1250
_ 0
VI 490.87 14.6103 13& 71748 5208.3
7T
b) 2632.9 41607 37567

FPROPRIETARY MATERIAL, © 2010 The McGraw-Hi#l Companies, Inc. All rights veserved. No part of this Manal may be displayed,
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PROBLEM 5.111 (Continued)

Now, symmetry implies X =17.00in. <«

and FEd=xy4: Y(2652.9in?)=41607 in’ or ¥=15.68in. 4
ZTA=3TA: Z(2652.9in7)=37567 or Z=1416in

PROPRIETARY MATERIAL. © 2010 The McGraw-Hill Companies, Inc. All rights reserved. No part of this Manual may be displayed,
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PROBLEM 5.112

An ¢lbow for the duct of a ventilating system is made of sheet
76 metal of uniform thickness. Locate the center of gravity of the

: \i clbow,

7

100 mm

SOLUTION

First, assume that the shect metal is homogeneous so that the center of gravity of the duct coincides with the
centroid of the corresponding area. Also, note that the shape of the duct implies _
Y =380mm 4

Note that ¥y =2 =400~ £(400) =145.352 mm
b
X =400— —2~(20()) = 272,68 mm
b
Z =300 3%(200) =172.676 mm
T

Xpy =Zy =400 %(400) = 230.23 mm

¥, = 400~-2-(200)=315.12 mm
i

%, = 300 -1 (200) = 215.12 mm
RS

Also note that the corresponding top and bottom areas will contribute equally when determining ¥ and Z.

Thus A, mm? X, mm Z, mm ¥4, mm® 4, mm’
1 325(400)(76) = 47752 145.352 | 145.352 6940850 6940850
I %(200)(76) =23876 272.68 172.676 6510510 4122810
1l 100(76) = 7600 200 350 1520000 2660000
Fa

v 2(7‘:}(400)2 =251327 | 23023 230.23 57863020 57863020

T 2 .
Vv ~2(—4~)(200)~ =~62832 315.12 21512 | 19799620 | -13516420
VI =2(100)(200) = 40000 300 350 ~12000000 | —14000000
b 227723 41034760 44070260
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PROBLEM 5.112 (Continued)

We have XTA=3%4 X(227723 mm®) = 41034760 mm’ or X =1802mm <«
ZLA=%7 4 Z(227723 mm®) = 44070260 mm’ or Z=193.5mm «
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PROBLEM 5.113

An 8-in.-diameter cylindrical duct and a 4 x 8-in. rectangular
duct are to be joined as indicated. Knowing that the ducts were
fabricated from the same sheet metal, which is of uniform
thickness, locate the center of gravity of the assembly.

4in.

SOLUTION

Assume that the body is homogenecous so that its center of gravity coincides with the centroid of the area.

¥ (120 T TereTeY

@ @& reng))

&
Mﬁﬂ
ShnirEd Fim
]
-~ S
+
A, in? X, in. v, in. %4, in? 34, in?
1 (8)(12) = 967 0 6 0 5767
2 | ~Z@@=-ior 4.8 0 ~128 | -1607
2 bra 7t
3 T4y =38 Jds 16 12 —42.667 967
2 3x 3z
4 (8)(12) =96 6 12 576 1152
5 (8)(12)=96 6 8 576 768
6 T4y =8 a4 s 8 ~42.667 | —64r
2 3r 3w
7 (4)(12)=48 6 10 288 430
(4)(12)=48 6 10 288 480
3 539.33 1514.6 4287.4
Then X = x4 = 1514.67 in. or X =281in. 4
4 53933
Yo E}ﬁ = 4287'4in. or ¥ =795in. 4
Y4 53933
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J PROBLEM 5.114

0.6m A thin steel wire of uniform cross section is bent into the shape shown.

06m .
' Locate its center of gravity.

0.8 m

SOLUTION

First assume that the wire is homogeneous so that its center of gravity will coincide with the centroid of the
corresponding line.

x =0.3s8in60°=0.1 5/3m

Z =03c0s60°=0.15m

- 6s5in30° ) . 0.9

X, = +---%-~O 6sin 30 Jsm?a()“m_—-m
Z T

Zy = w0.632130 Jcos30°:9—°—9~\/§m
it E’ .

3

L, = %{] (0.6) = (0.27) m

L.m X,m ¥, m Z,m %L, m? yL, m” ZL, m*
1 1.0 0.153 0.4 0.15 0.25981 0.4 0.15
0.9
2 027 T 0 0.9v3 0.18 0 031177
7 T
0.8 0 0.4 0.6 0 0.32 0.48
0.6 0 0.8 0.3 0 0.48 0.18
3.0283 0.43981 1.20 1.12177
We have XEL=%¥L: X(3.0283 m)=0.43981 m* or X=0.1452m 4
YEL=X3L: Y(3.0283m)=120m’ or ¥=03%m <«
ZEL=%FL  Z(3.0283m)=112177 m’ or Z=0370m o
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PROBLEM 5.115

Locate the center of gravity of the figure shown, knowing that it is
made of thin brass rods of uniform diameter.

1.5m
0]
13
z Im 74 )&611’1/( )
\‘\/ B\
SOLUTION
Uniform rod
AB* =(1m)* + (0.6 m)> + (1.5 m)
AB=19m
2
L,m X, m V. m Z,m XL, m* ¥, m? 31, m?
AB 1.9 0.5 0.75 0.3 0.95 1.425 0.57
BD 0.6 1.0 0 0.3 0.60 0 0.18
DO 1.0 0.5 0 0 0.50 0 0
04 1.5 0 0.75 0 0 1.125 0
)3 5.0 2.05 2.550 0.75
XEL=3%%L: X(5.0m)=2.05m> X=0410m o
YEL=XJL: Y(5.0m)=2.55m? Y=0510m <

ZIL=X7L: Z(50m)=075m> Z=0.1500m <
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I PROBLEM 5.116

Locate the center of gravity of the figure shown, knowing that it is
made of thin brass rods of uniform diameter,

X r=18in

SOLUTION
By symmetry: X=0 4
2
L, in. F,in. %, in. VL, in.” 5L, int
AB 302 +16% =34 15 0 510 0
AD 302 +162 =34 15 3 510 272
AE 30 + 167 =34 15 0 510 0
BDE 7{16) = 50.265 0 _2%?% 10.186 0 512
z 152.265 1530 784
YEL=EyL: Y(152.265in)=1530in?
Y =10.048 in. ¥ =10.05in. «
ZXL=3ZL: Z(152.265in)="7841in’
Z =5.1491n. Z=515in. 4
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v PROBLEM 5.117

The frame of a greenhouse is constructed from uniform aluminum
channels. Locate the center of gravity of the portion of the frame
shown,

2

SOLUTION

First assume that the channels are homogeneous so that the center of gravity of the frame
will coincide with the centroid of the corresponding line.

- .. 2X3 6
X = ¥y = = e f
s
Vi =V —54+2%3 _69099 11
T
L, ft X, ft y, ft 70 | XL VL, [t ZL, ft’
I 2 3 0 1 6 0 2
2 3 1.5 0 2 4.5 0 6
3 5 3 2.5 0 15 12.5 0
4 5 3 2.5 2 15 12.5 10
5 8 0 2 0 32 16
6 2 3 ] 6 10 2
7 3 1.5 2 4.5 15 6
b 6
8 5><3 =4.7124 — 6.9099 0 9 32.562 0
3
T 6
9 -2m><3 =4.7124 - 6.9099 2 9 32,562 9.4248
7w
10 2 0 8 i 0 16 2
39.4248 _ 69 163.124 | 53.4248
We have XTL=Y5L: X{(39.4248 ft) =69 fi? or X=17500t 4
YIL=YyL: Y(39.4248 ft) =163.124 {t? or Y=4.14f <
ZEL =37 Z(39.4248 ft) = 53.4248 fi’ or Z=13551t 4
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PROBLEM 5.118

A scratch awl has a plastic handle and a steel blade and shank. Knowing that the density of plastic is 1030 kg/m’

and of steel is 7860 kg/m”, locate the center of gravity of the awl,

90 mn

> ‘« 16 s

‘ 3.5 mumn
IM 8O 1y e
SOLUTION
First, note that symmetry implies Y¥=Z=0
o oy
/@ i - T -1 1 ..‘-E-_-I-:m
2 (PLASTK) X

X :3(12.5 mm)=7.8125 mm

= (1030 kg/m’ )[ J(o 0125 m)’

=42133%107 kg
X =525mm

W, = (1030 kg/m )[ )(0 025 m)>(0.08 m)

=40.448 %107 kg
Xy =925 mm -~ 25 mm =67.5 mm

Wy = ~(1030 kg/m’ )[ )(O 0035 m)* (.05 m)
=—0.49549x 10 kg
Xy =825 mm-T0 mm=112.5 mm

W, = (7860 kg/ma)[i{J (0.0035 m)*(0.14 m)* =10.5871x107 kg
# 1
¥y = 182.5 mm +~A(]O mm) =185 mm

W, = (7860 kg/m’ )( ](0 00175 m)?(0.01 m) = 0.25207x 10" kg
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PROBLEM 5.118 (Continued)

or

W, kg X, mm XW, kg -mm
I 4.123%107° 7.8125 32.916x107
i 40.948x 107 52.5 2123.5%107
1l ~0.49549 %107 67.5 —33.447 %107
v 10.5871x 107 112.5 1191.05%107
0.25207 107 185 46.633x107°
s 55.005x107 3360.7x 107
We have XEW =S3W: X(55.005x107 kg) =3360.7x107° kg - mm

X =611mm <«

(From the end of the handle)
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1,125 i PROBLEM 5.119

51,

]

’ A bronze bushing is mounted inside a steel sleeve. Knowing that the
: specific weight of bronze is 0.318 Ib/in® and of steel is 0.284 1b/in.*,
determine the location of the center of gravity of the assembly.
-~ (3,75 i;zr*—i
—————1 .80 jn: >
SOLUTION
First, note that symmetry implics X=7=0 4
I
! V.

A
RN,

RN

PP

e s AR N

N

\ \\/

Now W =(pgW
v =020in. W, =(0.284 ]b/in.}){{%)[(lﬁg w(}.75 m (}4111 } 0.238891b

iy = 0.90 in. W,,:(0.284Ib/in‘){(ﬂ[(i.lzy 0.75 )i 1;11)} 0.156834 1b
Foy = 0.700n. Wy = (0318 Ib/in. ){[j)[(oﬂwos in? J {.4in) }:()10926‘) Ib

We have YEW =X7W

V- (0.201n,)(0.23889 1b) +(0.90 in.)(0.156834 b} + (0.70 in.)(0. 109269 1b)
0.23889 1b + 0.156834 1b + 0.109269 1b

or ¥ =0.526in. 4

{above base)
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L.Gin.

PROBLEM 5.120

A brass collar, of length 2.5 in., is mounted on an aluminum rod
of length 4 in. Locate the center of gravity of the composite body.
{Specific weights: brass = (.306 Ib/in.”, aluminum = 0.101 Ib/in.”)

SOLUTION

-

L&,
Y

Y

Bin.
* >

1.& tw,

I -

Ain, Kl -

L N

"f

2.5 1.

Aluminum rod;

Brass collar:

—f.
L

Aturainum
¢ = 0.101 W/ n®

X

W=
=(0.101 ]b/in."”)[g—(l 6in) (4 in.)}

=(.81229 Ib
W=V

O
N’

BRASS

-

*

Y= 0.306 b/’

={0.306 1b/1n.3)§[(3 in)? (1.6 m.)*(2.5in.)

=3.8693 b
Component W{lb) 3 (in.) v (Ib-in.)
Rod 0.81229 2 1.62458
Collar 3.8693 1.25 4.8366
x : 4.6816 6.4612

VEW =X3W: ¥(4.68161b)=6.46121b-in.

Y =1.38013in.

Y =1.380in. €
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P PROBLEM 5.121

The three fegs of a small glass-topped table are equally spaced and are
made of steel tubing, which has an outside diameter of 24 mm and a
cross-sectional area of 150 mm®. The diameter and the thickness of
Q%U mm the table top are 600 mm and 10 mm, respectively. Knowing that the

: ;—l— density of stecl is 7860 kg/m® and of glass is 2190 kg/m®, locate the
eI A TSD mm center of gravity of the table,
4 . ey
e
SOLUTION

First note that symmetry implies

Also, to account for the three legs, the masses of components | and [1 will each bex

multiplied by three

_ 2x180
P, =12+180 -2 8 my = perVy = 7860 kg/m® x(lsoxw"(’mz)xfzf(o. 180 m)
T
= 77.408 mm =0.33335kg
Py =12+180 £ 22280 my = PorVy = 7860 kg/m® x (150 10°° m? )x%(OQSO m)
FA
=370.25 mm ={).51855 kg

Vi =24+180+280+5  my = p, Vyy = 2190 keg/m? x%(o.(} m)* x(0.010 m)

=489 mm =6.1921 kg
m, kg 7, mm yim, kg -mm
I 3(0.33335) 77.408 77.412
il 3(0.51855) 370.25 515.98
1 6.1921 489 3027.9
zZ 8.7478 36813
We have YEm=Tym: Y(8.7478 kg)=3681.3 kg mm
or Y =420.8 mm

The center of gravity is 421 mm <

{above the tloor)
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PROBLEM 5.122

Determine by direct integration the values of X for the two volumes obtained by passing a vertical cutting
plane through the given shape of Figure 5.21. The cutting piane is parallel to the base of the given shape and
divides the shape into two volumes of equal height,

A hemisphere

SOLUTION

Choose as the element of volume a disk of radius » and thickness dx. Then

AV =mridx, Xy =x
The equation of the generating curve is x% + 1% =a” sothat #? = 4® —x* and then
dv =nm(a® - x*)dx
a2 x3 o2
Component [ W= jﬂ ma® ~xDde=x a2x~»~§m
o
11, oo
=T Z 2z
24
and J‘ K, dV = j‘ﬂx[x(& ~ x|
yEL 0
- ai2
2 x- )C4
=T T —————
2 4 "
= — g’
04
_ (1 T,
Now b = | xpdV: x| —ma® j=—7xa
1l L EL | (2 4 } 7]
Component 2
" x3 o
V,= J ma® ~xde=n| a’x~ -
@i 3 ~

3
2 a a2 A
= 5 R AR, o
a(a) 3 a[z] 3

3

5
=——7q
24
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PROBLEM 5.122 (Continued)

2 47
T dV = | SR S i P
and Lxﬁ‘LdeLainfr(a x )d),]-ﬂ: a i
@ @] | L8 ()
=7 a e e [
2 4 2 4
—iﬁa"’
64
- - {5 5 9 4 - 27
N oV, = dr: 7 ol o=
ow 0V, LxEL x2(247m} 6471'51 or X, 0° 4
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PROBLEM 5.123
Determine by direct integration the values of ¥ for the two volumes obtained by passing a vertical cutting
plane through the given shape of Figure 5.21. The cutting plane is parallel to the base of the given shape and

divides the shape into two volumes of equal height.

A semiellipsoid of revelution

SOLUTION

Choose as the element of volume a disk of radius r and thickness dx. Then

2 —
dV =nride, Xy =x
2

2
. . . . X
The cquation of the generating curve is }“z“ + % =1 so that
1 o

2
2 _d 2 2
ro=—(0Fh -x)
h2

2
and then av = 7:5:?(;:2 ~ ¥ )dx
B2
hi2 a2 3 2 a” 2 x3
Component | Vo= (" —x Y =m—| W x—
’ ! -[U W ( ) B 3 o
i1
= math
24
and I? dV = jmx ﬁgi(hz - X% Yelx
R T i
w2
N at| .x* o«
iy
0
=—ga'h’
- I 7 2
Now A '[1*},-1 dv: % —mah | = nd i
I 24 64
b g a’ x* "
Component 2 V, = j. T (W = x")dx = g —| W x——
: SR Y R I 1

: 2 3
=7z%§ hz(h)ugfi - h?[ﬁjh(g)m

3 2 3

= ~5"~ math
24
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PROBLEM 5.123 (Continued)

- h az 2 9
: XpdV =1 x|a—Hh -
and L Xy Y frhz (" —x" e
az xz I4 ’
=Ty W= =
h 24,

@ o o] | ) @)

W 2 4 2 4
:—%—Hazifz
64
5 9 27
Now B, = | ¥udV: 5| ——ad*h |=—xd*h* of x,=—h 4
W [ x2(24 ¢ ] 64 2740
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PROBLEM 5.124
Determine by direct integration the values of X for the two volumes obtained by passing a vertical cutting
plane through the given shape of Figure 5.21. The cutting plane is parallel to the base of the given shape and

divides the shape info two volumes of equal height.

A paraboloid of revolution

SOLUTION

Choose as the element of volume a disk of radius r and thickness dx. Then

s
©

AV = zridy, Ty o=x
S : ®
. . . h 2 2 (12 i
The equation of the generating curve is x=h—— " so that r* = —]—(h - x)
a | - -
*
a
and then dV = ?rT (h—x)dx
1
a] ,‘, h
W2 gt i z
Component 1 V= A ﬁ—;—(h——x)dx
h
2 3 hi2
h N
= xa’h
» 2 a’
and jxde = j x| L h = )
i 0 h
, )
S R0 R
h 2 3 1
Now TV = Ifﬂ, dv: zﬂmzh]:—]—fmzhz or Feh 4
1 8 12 9
“omponent 2
1
P 2 2
Vy=| ale(h-xdv=n| by
w2 h h
/2
@ ; (hy? ny (4)
= | )~ || b R
h 1 2 2) 2
= —E—fmzh
8
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PROBLEM 5.124 (Continued)

7 h
A 2 2 2 3
and J’x‘ﬂ dV:j x|l - x)de |= | p - X
‘ 2 o 2 h | i 2 3|,
- 2 3
2 2 3 h h
ey ot |, G ()
h 23| 2 3
=—pa
12
Now oV :jf.. av: 5| Lrath =L g or T, =2h 4
: o 22T LAY g 5 =3
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PROBLEM 5.125

Locate the centroid of the volume obtained by rotating the shaded area
about the x axis.

SOLUTION

First note that symmetry implies 7=0
and =0 4
We have y=k{X - h)

at x=0, y=a a=k(-h)

or k= %

Choose as the element of volume a disk of radius » and thickness dx. Then

dV = mrtdx, X"E.L =x

Now F o= m%w(x—-k)z
h
az
so that -dV =7r?1-4~(x~w #y* dx
I a2 4 E (12 5 5
Then v=| mo ) dx:—s——}}—[(x— n) ]ﬂ
=—ga‘h
" h a* 4
and Ixde= L x| 7
LA
= FI—E&— J-(} (x° —4hx* + 6175 — 4P x* + B x)dx
2 I
:ﬁ%_ _l_xs __"f_hxs +Ehzx4 __ihsxa +lh4x2}
Kle™ 5 2 3 2
=—l~ﬂ:a2h2
30
Now ¥V = [%dv: Fc"(ﬁa?‘h =L an or Fein 4
"’ 5 30 6

PROPRIETARY MATERIAL. © 2010 The McGraw-Hilf Companies, Inc. All rights reserved. No part of this Manual may be displaved,
reproduced or distributed in any forsr or by any means, without the prior written permission of the publisher, or used beyond the limited
distribution to teachers and educators permitted by McGraw-Hill for their individual course preparation. If you are a sindent using this Manual,
you are using it without permission.

697




S Y PROBLEM 5.126

Locate the centroid of the volume obtained by rotating the shaded area
about the x axis.

SOLUTION

=l
I

First note that symmetry implies

N
H

= <
A A

Choose as the element of volume a disk of radius » and thickness dx. Then

dvV =mridy, xg =x

Now r= ke
s0 that dV = mkix*dx
at x=h, y=a: a = ih'"
_a
or -—-';?’,—3*
2
Then dv m;'r;%auxmdx
hooa 2/3
and V= Lﬂ;—iﬁr dx
2 h
=7 6;3 [ilm]
h 5 o
wgftazh
- h a 2/3 a 3 ®/3 ’
Also XpedV = 3 x| Wmem x*dy | = | — x5
_[LL L 2 13| g )
3
mgﬂazhz
Now XV o= %dV: f[%frazh):gﬁazhz or k‘z—g—h <
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y PROBLEM 5.127

Locate the centroid of the volume obtained by rotating the shaded
area about the ling x =/,

SOLUTION

First, note that symmetry implies x=h 4
=04
Choose as the element of volume a disk of radius » and thickness dx. Then
dv :.m'zdy, Yo =y
12
Now x* m—%—(az —y*) so that r =kwﬁ-\/a2 -y
a a
. " 7 2)

Then dV:ﬂ“w:?(a-— a -y ) dy %

o

« B 2 7\
and V= 7[——2—(a- a’ -y ) dy

0 g
Let y=asinf=dy=acos8d8

2 2

Then V=7£”% J: (a—-\fa2~azsin29) acos@ dé

a

2 a2
= n'ﬁ__ r [az —2a(acos @)+ (a® —a’ sin’ 9)] acost d6
a’ Jo

2 Ji o4 2 5
= 7t ah L (2cos8—2cos” & —sin” HcosB)do

. ki)
= zah’| 2sin@ - 2[g+ s ngwlsin3 7]
2 4 3

0

P
=gaht|2-2| & |-=
2] 3

=0.095870zah’
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PROBLEM 5.127 (Continued)

- a | W 2
and [Foav={"» fr;;(a— az")fz) dy

1t
B e
zﬂ;—z— .“u (2a2y~2ay\fa2 —y? ——ya)dy

n 22, 2 2 22 | 4”
= a +—a{a” — -
az[ y 3( ¥ red

]
W 2,02 1oy 2 2432
:fr}—{[a (a) —-Za - Ea(a )
=—ga‘h’
12
Now PV = j}"ELdV: jﬁ(0.095870;rah2)=m1357m2h2 or ¥=0.869a
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¥ _ PROBLEM 5.128*
y=bsin %
B Locate the centroid of the volume generated by revolving the portion
T of the sine curve shown about the x axis.
1}
X

SOLUTION
=0 <
=0 o

First, note that symmetry implies

Choose as the element of volume a disk of radius r and thickness dx.

Then dV =nridx, X =x
. X
Now r=bhsin
24
so that dV = zh* sin? de
2a
2o L 4 X
Then Vo= I 7h* sin” ——dx
a 2a
. 2
- 71”!)2 _{h S}nqia'
2 ooz
(<] 01
_ 2 2ua
= b [(T)“(é")]
=—zal’
_ 24 7 . 2 X
and Xy dV = j x| mh*sin® ——dx
- a 2a
tUse integration by parts with
=X dV = sin® 2~
2a
x sin 71‘
du = dx V= 5 -5

o
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Then

Now

PROBLEM 5.128* (Continued)

2a
- J KW Sjl’l'{{{;‘y— Za| y gin ’;‘-
f"‘mf”’:”f’zl W] L
[ o 2a
37[})2’[ 2a gﬁ —q E_ - _l_xl'i"agc()sﬁ
l* 2 2 4 27 a |
2 2
= 7h* I(ia?’Jw l(2@!)2+ 02 m_]_(a)2+ a?
1 2 4 2t 4 277
5 2(3 1 )
=xah”| =
4 g
=0.648687a°h*

YV = {3,dV: f(%mszzo_mxegmzbz or ¥=1.297a 4
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PROBLEM 5.129*

Locate the centroid of the volume generated by revolving the
portion of the sine curve shown about the y axis. (Hint: Use a
thin cylindrical shell of radius » and thickness dr as the element
of volume.)

SOLUTION

First note that symmetry implies

Choose as the element of volume a cytindrical shell of radius # and thickness dr.

Then

Now

so that

Then

Use integration by parts with

Then

¥=0 4
Z=04d
_ 1
AV =QurfyRdr), Y = 5
. Tr
= hsin ——
y=hsin 5

AV = 2xhrsin - dr
2a

2a
V= j Db sin 2o dr
I Iel

w=rd dv =sin Edr
2a
di = dr v= -35 cosfﬂ;
e 2a
2 i 2er 7a 2 )
V = 2mh (r)(~~£cosﬂ - J‘ [ﬁcosﬂ) dr
2 2a /] a \ 1T 2a

2a
2
xr

= 2%[){*—2;—?[(20)(4)] + %sin Sa

a

=5.45354%h
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PROBLEM 5.129* {Continued)

2a N "
Also jyﬂdV: J’ ? (gmm%}(zmrsin%mj

o o7r
:ﬁ'sz. Fsin® ——dr
@ 2a

Use integration by parts with

U= dv =sin® ——dr
2a
roosin#
du = dr e
2 2z
o

Then j P dV = b’

2a

Y| I A T R IR A
=7h {"(2@(2} (a)(zﬂ 4+2ﬁ2 cos™ n

=zb*lia +
2 4 2t 4 270
= ma’b* (i —wl;]
4 x
= 2.03794 b
Now PV = j-j:"h.,‘dV: V(5.45354%p) = 2.0379a° b or 7=0374h 4
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PROBLEM 5.130*

Show that for a regular pyramid of height # and # sides (1 =13, 4,...) the centroid of the volume of the pyramid

is located at a distance #/4 above the base.

SOLUTION

Choose as the element of a horizontal stice of thickness dy. For

the pyramid is given by

A =kb?

base

where k& = k(N); see note below. Using similar triangles, have

i_hwy
bk
b
or =k
y h( »)
2 b’
Then dV = A dy=ks dy:k?(h
b b2 2
and Vo= Lk-];-;(h—y)zdy:kw;
=L
3
Also VgL =Y
- h b2 3 bz
So then [Faav = L y{k?(h— ) dy}mk;{
~k5’i L 2]
w2l T3 Ty
o (1.,
Now yV:_"yELdV: Pk ==
I b
Note Ape = N| =X bx—2
2 lanj
= N o b
4 tan %
= k(N)b*

LRI
h[3(h .V)L

any number N of sides, the area of the base of

“w

e

-3 dy

i

i
[ #y=2m7 + )y

it 1

] = — kb H’

o 12
L or y=h QED. «
T ¥y 4 b

/CENTE.R OF RAGE
Siz,
BITN ™Ny
N e
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PROBLEM 5.131

Determine by direct integration the location of the centroid of one-half of a
thin, uniform hemispherical shell of radius R.

SOLUTION
First note that symmetry implies X =() o

The element of area dA of the shell shown is obtained by cutting the shell with two planes parallel to the xp
plane. Now

dA = (zr}(RdB)

— 2r
Ve =~
id
Where r=Rsiné
so that dA = nR* sin 66
2R .
Vg =———sing
V4
/2
Then A= L " R sin0d6 = mR[ - cos O]
= I R*
/2
and _[ Py dd = r (Mgﬁsin 9) (7R sin8dO)
0 T
- R} & sin 28}”’2
2 4 |
=3
2
Now A = I})ELdA: V(zR )ZWER or yz—wiR <
. . — i
Symmetry implies Z=y Z= m~2—R |
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PROBLEM 5.132

The sides and the base of a punch bowl are of
uniform thickness £, If 1 <<<R and R = 250 mm,
determine the location of the center of gravity of
() the bowl, {H) the punch.

SOLUTION
(«) Bowl
First note that symmetry implics =0 4

F=0 4

for the coordinate axes shown below. Now assume that the bow! may be treated as a shell; the center of
gravity of the bowl will coincide with the centroid of the shell, For the walls ol the bowl, an element of
arca is oblained by rotating the arc ds about the y axis. Then

dA,. = 2ARsin B RIE) Y
e
and ' Vit Yyan = ~Reos@ R
(P hvan 2 R T
2 5 G @R
Then Ao = I 27R” sin Gdé 30° z
76 }
7712
= 27 R [~cos O] l—r—J A
= 3K
and y\\'il]lA\\“d“ = j(:ﬁEl,)wall dA
a2 5
= j  (“Reos@)(2x sin 06
y:d
= 7R [cos” @17,
LY
4
By observation Ay = i741;}’(’.2!, Pouse = W\B— k
T4 ' 2
Now FEA=EyA
- T 3 T J3
or AR +=R? = =g R+ = R - 22 R
y( V3 4 ) 4 4 2
or ¥ =—048763R R=250mm ¥=-121.9mm
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PROBLEM 5.132 (Continued)

{b)  Punch
First note that symmetry implies i=0 4
=0 4

!

and that because the punch is homogeneous, its center of gravity will coincide with the centroid of
the corresponding volume. Choose as the element of volume a disk of radius x and thickness dy. Then

AV =gx’dy, Yy = ql
kS
2 2 _ p2

Now =R ?;‘ & _lq
zR T,

s0 that dV = g(R* — y" )y d J

0 %
N Yoo 2 .2
Then _[ R 3y

- , 1, 0
=l R y——y
—J3nr

3
=7 R? »—I:iR —%[—m@RJ :%zﬁ#

2 2
. 0
and [Far = [, )| a(&-y")dr |
0
=Jr[—l—R2y2 Mly“}
2 47 1 fine
2 4
= 7 E_Rz wm\/m?,,R _l _M@R :__.I_S..R'R4
2 2 4 2 64
(3 15
Now V= |Fpdv: | oa3R |=——xR’
7= [ y[s ] 64
— 5 —
or ypm——=R R=250mm y=-90.2mm <

83
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PROBLEM 5.133

After grading a lot, a builder places four stakes to designate the
corners of the slab for a house. To provide a firm, level base for
the slab, (he builder places a minimum of 3 in. of gravel
beneath the slab. Determine the volume of gravel needed and
the x coordinate of the centroid of the volume of the gravel.
(Hint: The bottom surface of the gravel is an oblique plane,
which can be represented by the equation y = a + by + ¢z.)

SOLUTION
The centroid can be found by integration. The equation for the bottom of the gravel 1s:
y =g + bx + ¢z, where the constants a, b, and ¢ can be determined as follows:

For x=0, and z=0: y=-31in, and therefore

Mil’t =g, Of a= uiﬂ
12 4

For x=30ft,and z=0: y=-51n., and therefore

Aiftzélﬁ.%b(fi() fi}, or b= !
12 4

For x=0, andz =50 ft: y=-0in.,and therefore

6 1. 1
——ft=——ft+e(50f1), or ¢c=——n
12 4 200
Therefore: y = —-lﬂ - —lax - ~—]~z
| 4 180 200
J‘xde
Now Y=
: |4
A volume element can be chosen as:
dV = |y| iz
I ] 1
or dV =—| 1+———x+-—2 |drdz
4 45 30 :
and Xy =X
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Then

The volume is:

Then

Theretore:

PROBLEM 5.133 (Continued)

50 30 y ]
jxudV IJ: ( x+—5~64}dxdz

Y R 30
= R Ty
4d0 1 2 135 100 |,

L 650+ 9z)d:
_ZJ.U (650 +9z)dz
50

=m]"~ 6502+222
4 2

=10937.5 ft*

deV ISGJ( [ “““)C'?'g%z’?]dldz
0

50
:#J‘ [x»%Aﬁx +~*~x} iz
50

0
[ 50 3
:uj 40+ 7 |dz
4 Jo 5
50
:l 402+~3—~z2
4 10" |,
= 687.50 {t°

Ifm,dV 10937587

= = 159091t

X =

V=688 11" <
T=15911t «
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i PROBLEM 5.134

Determine by direct integration the location of the centroid of
the volume between the Xz plam and the portion shown of the
surface y = 16h(ax — x*)(bz - )’ b’

SOLUTION
|
l . *
4 o
%
First note that symmetry implies X = fzi
7=0

2

Choose as the element of volume a filament of base dx x oz and height y. Then

dV = ydxdz, vy, = %y

or dV = 12}; (ax - x* )bz — 27 dz

Then v :-[ r fon (ax—*c Wbz — 2% )dx dz

0
_16h 1,
= j' (bz - [——. -3 Ldz
_d6h[a, 5 1 GTTe, 1T
a2b2|:2(a) 3@ ]{22 30

Bah 3
sz[ by ~ (b) }

= iabh
9
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PROBLEM 5.134 (Continued)

— bopal| 16k 164
and JyH_dV = L J; E[W(ax —x*)(bz—z2? )][azbz (ax— x> Wbz — zz)dxdz}
2 b ea
31—24%%— J.u L (a®x? = 2ax® + x*) B 2? =202 + 2N )dn
a b :

o

1280 (b 5 4 3, .4 a soa g4 1og
= | (B72T = 2Bz ey e X =X
PTG Iﬂ( z- =2hz" +27) 3 X 2x x| dz

(
=1f%’%i %i(a)%g(a)%%(af if;z%_;zuézs 0
- (‘:;ﬁ ’ ?(5)3 - %(b)“ + %(b)5 - %abhz
Now W = [Fudr: ?[%abh}z%abhz o 5::585-11 <
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4 PROBLEM 5.135

h Locate the centroid of the section shown, which was cut from a thin circular

. /\\
—— {r
o

X

PA]

SOLUTION

First note that symmetry implies ¥=0 4

Assume that the pipe has a uniform wall thickness ¢ and choose as the element of volume A4 vertical strip of
width ad@ and height (v, ~ ). Then

"‘! ‘/k{".

LR,

o o

i . 1 o
dV =y, ~ yYadb, y :5(.})[ + V)i =2

4 h S
Now N I PR Sy A
N7 PR
=~£1m(z+a) :i{—z-i-?wa)
6a a
and z=gCosd
h h
Then (yy =y )= —(—acos @+ 2a)——(acos &8 +a)
3a 6a
h
w1~ cos &
2( )
h h
and (n + ) =—I(acos@+a)+—(—acost + 2a)
6a 3a
“fi—(ﬁ-cosﬁ)
6

dV = fg{(i —cosdl yp = —1%—(5 —cosf), Z, =acosl
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PROBLEM 5.135 (Continued)

Then V=2 j N (§_ cos@)d6 = at]6 - sin O
= srerht
and J'— av =2 j”f’—(smcose) A cos9)do
YL o 12 2

ah ! j (5—6cos8 + cos” 6)dO

3 . T
ah 58 - 651n9+ + sin 26
12 2 o

m—Eifmhzz
24

j”z}:.fldV =2 j:a cos 6’[935(! ~Cos H)df)]

. ¥4
= a’hi I:Si!l &~ E s 29}
2 0

4
1
=——na’ht
2
Now “;FVMJ‘“ av: *(:mhz)uif-zz-ah% or =1Ly 4
] Y av .y 24 ¥ Y
— _ — 1, - 1
and zV = J.ZE,,dV: z(;'raht):m—wifra ht or Z=-a <
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PROBLEM 5.136*

Locate the centroid of the section shown, which was cut from an elliptical
cylinder by an oblique plane.

'S N
P

SOLUTION
First note that symmetry implies x=0 4
4
ha~c<
Z N .
S
Choose as the element of volume a vertical slice of width zx, thickness dz, and height y. Then
Yy

_ 3 —
GTV = 2xyd2, yEL = "é:i"! Zl:'f, =z

=

;

Nu
b

Now =9
b
W2 h h
d =l D - £
arn ¥ . z 5 2b( z) LbJ
b
Then V:j 29p? - 22 fl(b-z) dz
-6\ D 2b
Let z=hsin@ dz=bcosBdE
ah 72 .
Then v=2 J' (b cos Qb1 —sin B)]b cos 046
b dan

/2 3 , 5
= ath /2(005 6 —sin d cos” ) d@

. . /2
- abh{g FRLLEL A 9}
2 e 3L,

V= —1~ mabh
2
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PROBLEM 5.136* (Continued)

and [Frav = _[ [ x_(f)mz)H( g\/bT—?)[zib(b——z}]dz}

] ah2 2 3 2
=7 bj' Ib(b——z) bt - z%dz
Let z=bsinf dz=>cosHdO
1 ah®
Then IyE, dV = e {b(l ~sin (b cos @) x (b cos #dE)

= lablz2 r (cos” @ —2sin 6 cos” @ +sin’ 8 cos” B)dO
4 —7f2

Now sin® @ mw;w(l ~c0s28) cos’@= %(l +c0s 26)
So that sin” @cos” 6 :%(1 ~cos” 260)
. P ik 2 : 2 I )
Then J.yF,dV:Habh j cos” & —2sinfcos” @+ —(1—cos” 28) |d0
- 4q ) 4
. . 72
LIPAE AL PR R (L
4 2 4 3 4 4\ 2 3 a2
=—§~ﬂ'abh2
32
Also J-z”dff '[ a -z jm(bwz) dz
2h
_ah j' 2(b— b2 — 22
Let z=phsginé dz=bcos &dé
Then Ty dV = mzﬁ (b sin @) H(1 —sin &)](h cos )< (b cos 6dB)

=ab*h _[ (sin & cos® @ —sin” & cos” B)d@
—ii2

Using sin® @cos’ 6 = ?‘l:(l —cos” 28) from above

tl

5 2| 2 1 3
Zg dV =ab hj sin #cos” @ ——(1-cos” 28) |d€
-2 4

. 2
al)zh[w]w()s3 9m19+}%(€-+%ﬂ :—lﬁabzh
3 4 /2

il

442 8
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PROBLEM 5.136* (Continued)

N s
Now W = [Tpet?: y(zfmbh}mmbh :

e (1 1, o
and V= Z2,dV: Z Eﬂzabh =~—§7rab h or Z=-—b 4
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! PROBLEM 5.137
30 i"l" Locate the centroid of the plane area shown.
54 mim 5
48 man
- |
e mun 72 s
SOLUTION
4 :‘_ﬁ}fu&
@
e St T ]
(34410)
+C
2 l ) ]
T o ettt %
Cap | ‘e
® T
g STFCYR
e 4B
12
A, mm* X, mm ¥, mm x4, mm’ ¥4, mm®
1 120 %54 = 6804 9 27 61236 183708
2 %X126><30 =1890 30 64 56700 120960
3 %x72x48 =1728 48 -16 82944 —27648
z 10422 200880 277020
Then XEA=X54
X (10422 m?) = 200880 mm? or X =19.27 mm <€
and YZA=L74
Y (10422 m*) = 270020 mm® or Y =266mm 4
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¥ PROBLEM 5.138

Locate the centroid of the plane area shown.

Ry A=+ 1 3 RE——.

SOLUTION
k1
— X,
3 8 i
aré 3% 4
|4 ot
Gz D
¥ X R
Dimensions in in.
A,in? X, in. p,in. ¥4, in? VA, in?
i %(4)(8) =21.333 48 | 15 102.398 32.000
1
2 -—~2~(4)(8) = —16.0000 5.3333 1.33333 85.333 ~21.333
> 5.3333 | 17.0650 | 10.6670
Then XEZA=X%4
X(5.33331n.2)=17.0650 in.* or X =320in. o
and YIA=XV4
¥(5.3333in.2)=10.6670 in or ¥=200in <
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|J’;"'i, PROBLEM 5.139

The frame for a sign 1s fabricated from thin, flat steel bar stock of mass
per unit length 4.73 kg/n. The frame is supported by a pin at C and by a
cable AB. Determine (@) the tension in the cable, (h) the reaction at C.

e L35 i —

SOLUTION

First note that because the frame is fabricates from wniform bar stock, its center of gravity will coincide with
the centroid of the corresponding line.

‘1
l @ . Fie,, 281
5= Olom
+ 2 025m)

P24

® @ ®

@
*
L,m X, m i, m’
1 1.35 0.675 091125
2 0.6 0.3 0.18
3 0.75 0 0
4 0.75 0.2 0.15
5 %(0.75) =1.17810 1.07746 1.26936
x 4,62810 2.5106
Then XEL=3FL NG
_ 4 N l
X(4.62810)=2.51006 I ig.
or ¥ =0.54247 m Jw
c
The free-body diagram of the frame is then Cx . i —
Y
Where W= (m'El)g h% J
=473 kg/mx 4.62810 mx9.81 m/s”

=214.75N
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PROBLEM 5.139 (Continued)

Equilibrium then requires
(a) IM, =0: (1.55 m)(%TBA)—(O.MZd? m)(214.75 N) =10

or T,, =125264N  or T, =1253N o

(b) SF.=0: C, %%(125.264 N)=0

or C,=T75158 N—

) 4 ,
LF, =0: C +~§(125.264 Ny— (21475 Ny=0

or C, =114.539 N}

Then C=137.0N a7 56.7° 4
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v PROBLEM 5.140

Determine by direct integration the centroid of the area shown. Express
your answer in terms of ¢ and A.

Y=Y+ b

! g Lo
SOLUTION
. h x
By observation y=——x+h=h{1-=
a 2] 4
For y,: at x=0, y=h h=k(1-0) or k=h 1
at x=a, y=0. 0=h{l-ca®y or C= L? M Hen
: | [
. x* L?uvl L—dﬁ
Then ¥y =h| -
a
Now dA={y, — vy )dx
I 2
=h||1-2 -(im’i] dx
a a
. 2
= It iM% dx
a a°
Xpp =¥
” |
m‘m’z‘(yl“h)
2
:..;1 (]_Zx_ ]_i
2 a a’
LIPS
2 a a°
" 2 2 3 "
Then A:IdAmI h i——i; dx="h fmm_f_z_
0 {a a 2a 3a® |
=—ah
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PROBLEM 5.140 (Continued)

2 3 4 \I°
_ a X x r  x
and Xppdd= 1 x| bl =~ |dx|=h |~
JEL J‘G a o 30 4a°
xmlnmazh
12
- a x x x X
da= At X
jyudA N Bl LIESe E
2 34
B 223 4 T
2 90| a a-  a
__h2 < XX H_I 52
B e el
2l a a 3a N 10
o I 1, o
Id= |X,dd; x| —ah|=—a"h T=—a 4
j”’ (6 ) 12 2
I i 3
Fd = |7, d4: —ah |=—ad*h T=2t 4
» jyb[, J’[é J 10 Y 5
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2h

PROBLEM 5.141

Determine by direct integration the centroid of the area shown. Express your
answer in terms of @ and b,

|f~wﬁ%

SOLUTION

First note that symmetry implies

at

Then

or

Then

Now

and

Then

and

F=b 4
x=a, y=bh
© b=ka’ or k*né— ! * %
yl' 02 —.Ir_
y]::—bz—_)c2 |
Mz,
¢ 4 S|
vy b=2b-cd? P
_ b
L
2
x
Yy =b 2_;2‘
2
dA=(p, - y)dx, =| b 2-"5 m%xz dx
d a
2
=25 1~ |dx
a
Xp =X
d x? X i 4
A= [da [ 20 1= |y =2 5= | =Tab
0 a 3a* |, 3
2 2 4+
_ o X X X 1
XpgdAd= 1 x| 2b| 1= — |dx |= 2b| v v | = —a™h
KL L = 2 4| 54
— - 4
XA = |Xg dA: f(gaszéazb fmga <
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PROBLEM 5.142

Knowing that two equal caps have been removed from a 10-in.-diameter wooden
sphere, determine the total surface area of the remaining portion.

10 in. |

Now

or

Then

and

or

SOLUTION

The surface area can be generated by rotating the line shown about the y axis. Applying the first theorem of
Pappus-Guldinus, we have

A=2zXL=27%x1L
=27(2% L, +%,L,)

4
tan g = —
3
a=53.130°
—  Sin.xsinS53.130°
Xz = - =
53.130° X i
=4.3136in.

L= 2(53.130°><T§’%g](5 in)
=9.2729in.

A= 2;:[2(%1].](3 in)+(4.3136 in.)(9.2729 in.)j’

A=308in° o
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PROBLEM 5.143

GO0 Ném

¢ Determine the reactions at the beam supports for the given loading.

! 3m ! !

Tm
SOLUTION
R, = (3 m)(%00 N/m) ol ¢ t.sm.l L
=L
=2700 N W !ﬁ s
Ry = (1 m)(900 N/m) B '
Ry=—(m m A W
2 h“,____. 2w ...__1 ton L-
=450 N
Now ALEF =00 A4, =0
FYEM, =0: ~(3m)4, +(1.5m)(2700 N) w(ém](%ﬂ N)=0
or A, =1300 N A=1300N1 <
{EF, =0: 1300N-2700 N+ B, 450 N =0
or B, =1850 N B=1850N| 4
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PROBLEM 5.144

n ” | 1200 N/m
€A éﬁl A beam is subjected to a tinearly distributed downward

i load and rests on two wide supports BC and DE, which
’ exert uniformly distributed upward loads as shown,
Determine the values of wye and wpy corresponding to

0.6 m l equilibrium when w, = 600 N/m.
G8mpe———3.1 ] 1.0 1 j=—
i G
SOLUTION
b 2,00 Zm FALN
R"; B.‘!!. —-[
ooty 12005
g,
I Boac L—J
i irn 4™ B e
We have R = }5(() (600 N/m) = 1800 N
R, = —;—(6 m}1200 N/m)=3600 N
Rpe =(0.8 m)(Wp,. N/m)= (0.8 W, )N
Ry = (1O m)(W,; Nfm)= (W), ) N _
Then +‘>XMG =0 ~(1m)(1800 N)— (3 m)3600 N)-+ {4 m)(W,, N)=0
or Wpop =3150 N/im
and +T ZF, =0: (0.8Wp ) N~1800N 3600 N+3150N=0
or Wye =2812.5 N/m Woe =2810 N/m
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PROBLEM 5.145

The square gate A8 is held in the position shown by hinges along its top edge 4
and by a shear pin at B. For a depth of water  =3.51t, determine the force
exerfed an the gate by the shear pin,

SOLUTION

First consider the force of the water on the gate. We have

P= —;—Ap

1
M“Z"A(}’/?)

1o
Then R=-03 £)* (62.4 Ib/)(1.7 £1)
=171.8501b

B, :%(1 B 1) (62.4 bt*)x (1.7 +1.8cos30°) ft

=329431
1 ) 2 )
Now IM, = ;LAB A+ '3‘[443 R =Lypky =0
1 2 .
or S(TL850 1) +2.(320.43 1) - Fy =0
o F, =276.90 b E, =2771b &5 30.0° 4
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PROBLEM 5.146

Consider the composite body shown. Determine («) the value
of x when A= L/2, (b)the ratio /L for which X = L.

SOLUTION
4 X XV
Rectangular prism Lab %L %Lzab
1 (b i I I
Pyramid Ea(—z—) h L+ Zh gabh[L + Ehj
Then EVzab(L—t%h]
e, 1 2 1
XXV =—ab| 3L +h| L+—h
6 4
Now XIV =I5V
- 1 1 2 1,4
so that Xiab| L+—h||=—ab| 3L +hL+—h
6 6 4
2
or Flieil)l, 3+f’-+l% (D
6L) o L 4L
(@) X =7 when h:%L
Substitutin L into Eq. (1}
s g I3 g
2
R LA L PO LA Y
6\ 2 6 2) 43\2
or ¥=27 X =05481 4
104
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PROBLEM 5.146 (Continued)

(h) %:? when X =1

_ 1hY |1 ho1H
Substituting into Eq. (I Lil+—— ==L 3+—F——
& et ( 6 ) 6 L 471
1h 1 1h 1M
or LI uls Hnls S
6L 2 6L 24/
2
or f_zm=12 £=2\/§ <
I? L
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PROBLEM 5.147

ey
4 I(H2m
-

Locate the center of gravily of the sheet-metal form shown.

SOLUTION

First assume that the sheet metal is homogeneous so that the center of gravity of the form will coincide with

the centroid of the corresponding area.
V= 0.18+—;—(0.12) =022m

7 = %(0.2 m)

— _2x018 036
= )

Xy =py = e
™~
%, =034 4x0.05
in
=031878 m
A,m* X,m y,m | Z,m x4, m* $d, e’ 74, m
! 0.2
I 5(0.2)(0.12): 0.012 0 0.22 % 0 0.00264 0.0008
I —75(0.18)(0.2) =0.0187 0.36 Qﬁé 0.1 0.00648 0.00648 | 0.005655
ya
i (0.16)(0.2) = 0.032 0.26 0 0.1 0.00832 0 0.0032
v m-g-(o.osf =--0.001257 | 031878 0 0.1 —0.001258 0 —-0.000393
b 0.096622 0.013542 | 0.00912 | 0.009262
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PROBLEM 5.147 (Continued)

We have XTV =55V: X(0.096622 m®)=0.013542 m® or X=0.1402m <
YEV =XV Y(0.096622 m”)=0.00912 m’ or ¥=009%4m o
ZIV =3FV: Z(0.096622 m?) = 0.009262 m* or Z=0.0959m «
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i PROBLEM 5.148

Locate the centroid of the volume obtained by rotating the shaded area about
the x axis.

3m 1
SOLUTION
First, note that symmetry implies v=0
z=0 4
Choose as the element of volume a disk of radius r and thickness dx.
\.«1
Then AV =mridy, Xy =x o % r— 3%
! 1y
Now r=1-—— so that dVﬁft(’]-~—J dx
x x
= 75(1 - m% + J?)dx
X X
3 2 1 17
Then V:J- ﬁ(lm——%m—-z—]dxmfr[xwfzian*}
1 X x x|,
! I
=i 3-2In3-— |- -2Inl—~
3 |
=(0.4694477) m*
3 2 1 2 ’
and IEELdV:Ix T 1—w+m~;~]dx =7t e 2x b Inx
1 X x° 2 |
32 13
=74 =23+ M3 |~ —=2(1) +1In]
2 2
=(1.098617) m
Now 5V = [%ydv: $(0.469447 m’)=1.098617 m* or T=234m «
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